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ABSTRACT. The aim of this manuscript is to establish fixed point results satisfying contractive conditions of
rational type in the setting of b-metric spaces. The results proved herein are the generalization and extension
of some well known results in the existing literature. Example is also given in order to illustrate the validity

of the presented results.

1. INTRODUCTION AND PRELIMINARIES

The Banach contraction principle [2] is considered to be the pioneering result of the fixed point theory,
and plays an important role for solving existence problems in many branches of nonlinear analysis. This

principle asserts if (X, d) is a complete metric space and K : X — X satisfies
d(Kz, Ky) < Ad(z,y), (1.1)

for all z,y € X with A € [0,1), then K has a unique fixed point.
This principle have been improved and extended by several mathematicians in different directions some

of them are as follows: Let K be a mapping on a metric space (X,d) and z,y € X, then K is said to be
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(1) Kannan type contraction [10], if there exists a number A € [0, 1) such that
A(K, Ky) < Nd(e, Kz) + d(y, Ky)]. (1.2)

(2) Chatterjee type contraction [4], if there exists a number A € [0, 1) such that

A(Kz, Ky) < Nd(x, Ky) + d(y, Kz). (13)
(3) Reich type contraction [12], if there exists a number A, u,v € [0,1) with A + g+ v < 1 such that
d(Kz, Ky) < M\d(z,y) + pd(z, Kz) + vd(y, Ky). (1.4)

(4) Das and Gupta [7] rational type contraction, if there exists a number A, p € [0,1) with A+ p < 1
such that

d(y, Ky)[L + d(a, K)]

d(Kz,Ky) < Ad(z,y) + p T+ d(.y)

(1.5)

The contractive conditions on underlying functions play an important role for finding solutions of metric
fixed point problems. Inspired from the impact of this natural idea, the above contractions have been
extended and generalized by several researchers in various spaces such as quasi-metric spaces, cone metric
spaces, G-metric spaces, partial metric spaces and vector valued metric spaces etc. Following this trend,
Bakhtin [1] and Czerwik [5] generalized metric space with non Hausdorff topology called b—metric space
to overcome the problem of measurable functions with respect to measure and their convergence. They
presented the generalization of the Banach contraction principle in b—metric spaces. Since then, several
papers has been studied by many authors dealing with the existence of fixed point in b—metric spaces
(see, [3,6,8,9,11,13,14] and the references therein).

The aim of this contribution is to investigate some fixed point results using the concept of the contractive
conditions of rational type in the context of b—metric spaces. Moreover, an example is given here to illustrate
the validity of the obtained results. Actually the derived results generalizes the results of [2,4,7,10,12].

Now, we recall some essential notations, definitions and primary results known in the literature. Through-

out this manuscript, R = set of real numbers, RT = [0,00) and N = set of positive integers.

Definition 1.1. [1,5] Let X be a nonempty set. A function d : X x X — RT is called a b-metric with

coefficient s > 1 if:

(1) d(z,y) =0 =z =y;

(3) d(z,y) < sld(z,y) +d(z,y)] V =z,y,z € X.

Then the pair (X,d) is called a b-metric space.
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Remark 1.1. Every metric space is b-metric space with s = 1, but in general, a b—metric space need not
necessarily be a metric space, as in below example 1.1, (X,d) is b—metric space but not a metric space (see

also, examples in [6,15]). Thus, the class of b-metric spaces is larger than the class of metric spaces.

Example 1.1. Let X = R and let the mapping d : X x X — RT be defined by d(x,y) = |v — y|? for all

x,y € X. Then (X,d) is a b—metric space with coefficient s = 2.
Sintunavarat [14] generalized Example 1.1 as:

Example 1.2. Let (X, p) be a metric space and p > 1 be a given real number. Then d(x,y) = [p(x,y)]? is

a b-metric on X with parameter s < 2P71,
The following example 1.3 shows that b-metric is not continuous in general (see also, examples in [9,11]).

Example 1.3. [8] Let X = NU{co} and d: X x X — R be defined by

0, if m=n,
’% + % , if one of m,n is even and the other is even or oo,
d(m,n) =
5, if one of m,n is odd and the other is odd (and m =n) or oo,
2, otherwise.

Then, considering all possible cases, it can be checked that (X, d) is a b—metric space with s = % However, let
zn, = 2n for eachn € N. Then lim d(2n,00) = lim 5 =0, that is, z, — 00, but d(zy,,1) =2 -+» 5 = d(00, 1)
n—oo n—oo

as n — oQ.

Definition 1.2. [3] Let {x,} be a sequence in b—metric space (X,d) and x € X. Then

(1) {zn} converges to x if and only if for every e > 0, there exists n(e) € N, such that d(x,,z) < & for
all n > n(e) and we write lim d(x,,z) =0 or lim z, = x.
n— 00 n—oo

(2) {zn} is a Cauchy sequence if for every e > 0, there exists n(e) € N, such that d(z,,z,,) < € for all

m,n > n(e).

Proposition 1.1. [3] In a b—metric space (X,d), the following assertions hold:
e a convergent sequence has a unique limit;
e each convergent sequence is Cauchy;
e a metric space (X, d) is complete if every Cauchy sequence is convergent in X .

2. FIXED POINT RESULTS IN b-METRIC SPACES

To present the main results, we need the following lemma.
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Lemma 2.1. Let (X,d) be a complete b-metric space and L : X — X. Let zo € X and define the sequence
{zn} by

Ly, =x,41 V n=0,1,2,..

Let there exists a mapping A : X x X — [0,1) satisfying
ALz, y) < XMz,y) and Mz, Ly) < Mz,y), forall z,y€ X.

Then

AMxn,y) < Mzo,y) and Mz, xpa1) < M, z1) for allz,y € X andn=0,1,2,....
Proof. Let x,y € X and n=0,1,2,..., then

M2n,y) = MLxp—1,9) < M@n-1,Y) = ALZn-2,Y) < MXpn-2,9) = ... < A(z0,y).

Similarly,

Mz, xpt1) = Ma, Lry) < M, z,) = M, Lrp—1)) = ... < A(z,x0).

Now, we prove the main result.

Theorem 2.1. Let (X, d) be a complete b-metric space and A; : X x X —[0,1),i=1,2,...,6. IfL: X - X
be a self-map such that for all x,y € X the following conditions are satisfied:

(1) Ai(Lz,y) < Xi(z,y) and Ai(x, Ly) < Ai(z,y);

(iz)

[d(z, Ly) + d(y, Lz)]

+ As(z,y)ld(z, L) + d(y, Ly)] + M(2,y)

d(an Ly) S>‘1(x7 y)d({);‘7 y) + )\2(26, y)

d(y, Ly)[1 + d(z, Lz))
1+d(z,y)
d(x, Ly)d(y, Lz)
[1+d(z,y)d(y, Lx)]’

d(x, Ly)d(x, Lx)
s[1 +d(z,y)]

+)\5(‘T7y) +)‘6(‘T>y)5

6 6

where Ao(z,y) + Asz(xz,y) + As(x,y) + s> Nz, y) < 1, with 0 < > Ni(x,y) < 1. Then the mapping L has a
i=1 i=1

unique fized point in X.

Proof. Let zp € X and construct a sequence {z,} by the rule
Lr, =241, V n=0,1,2,.. (2.1)
First, we show that {z,} is a Cauchy sequence in X. For this, consider

d(anrh xn+2) = d(an; Lmn+1)7
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by using condition (i¢) of Theorem 2.1 with « = z,, and y = z,,41, we have

[d(@n, LEni1) + d(@pi1, Lan)]
s

d(ana an+1) S/\l(xm xn+1)d($m xn+1) + /\Q(xm xn+1)

+ )\3 (In, In—i—l)[d(wn; an) + d(xn+1; an+1)]

d(@pi1, LTng1)[1 + d(zp, Lzy)]
1+d(zn, Tnt1)
d(xp, Ltpnt1)d(Tn, Ley,)
s[1 + d(@n, Tpi1)]
d(xp, Ltpi1)d(Tnt1, Lay,)
14+ d(xn, Tni1)d(Tny1, Loy’

+ M (s Tt1)

+ )\S(xnz xn+l>

+ )\G(xnwrnJrl)s[

using (2.1), we get

) [d(2n, Tnt2) + d(Tnt1, Tny1)]

d(anrly xn+2) S)\l ((Eny anrl)d((Eny anrl) + )\2 ((Eny Tn+1

+ A3(Tn, Ty 1) [d (@ Tng1) + d(Tngr, Tny2)]
d(@nt1, Tni2) [l + d(@n, Tni1)]
1+ d(zn, Tnt1)
d(ZEn, xn+2)d(xn7 JCn—i—l)
s[1 4+ d(zn, Tni1)]
d('rnv xn+2)d($n+1, xn-i-l)
L+ d(2n, Tpy1)d(Tng1, Tny1)]

+ A (s Tg1)

+ )\5(33”, $n+1)

+ )\G(x’ruxn—i-l)s[

with the help of condition () of Theorem 2.1, we get

) [d(xnv xn+2) + d(xn-‘rl; xn-‘rl)]

A(Tpt1, Tnya) <A1(20, 20)d(Tn, Trny1) + A2(z0, 20 S

+ A3(zo, o) [d(2n, Tni1) + d(Xni1, Tnt2)]

d(anrla mn+2) []- + d(.’En, anrl)]
1+ d(xn, Tnt1)
d(Tn, Tnt2)d(Tn, Trni1)
s[4+ d(zn, Xni1))

+ A4(o, o)

+ )\5(5007 ’l,’())

d(:l?n, ‘TTH-Q)

<Ai(z0, 20)d(Tn, Tny1) + A2(z0, 7o) .

+ A3(xo, x0)[d(xp, Tpi1) + d(XTni1, Tng)]
d(ry, Ty
+ (20, 20)d(Zn41, Tnt2) + As (2o, 330)%”)-

Using triangular inequality, we get

A(Tpt1, Tnt2) <Ai(z0, 20)d(Tn, Tnt1) + Aa(Zo, o) [d(@n, Tnt1) + d(Tnt1, Tng2)]
+ A3(zo, 20)[d(zp, Tpi1) + d(@nt1, Tng2)] + Aa(@o, 20)d(Zni1, Tnta)

+ As(xo, 20)[d(zn, Tnt1) + d(@nt1, Tng2)),s
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which implies that

e

Ai(zo, zo) + As(xo, o)
1

d($n+17xn+2) < : d(l‘n7$n+1)'

5
1- ZAi(xme)

=2

i i (zo,20)+As5(0,20)
Let h = =L - < % Then
1— _22)\1'(1707170)

d(Tpy1, Tnr2) < hd(Ty, Tpy1)-

Similarly,

d(xn7 JCn+1) < hd(zn—ly xn)

Consequently,

d(Tpio, Tni1) < hd(Tpy1, n) < B2d(Tn, 2n_1) < ... < h"Td(zy,20).

Now, for m > n and sh < 1, we have

ATy Tm) < $d(Tpy Tpg1) + s2d(:rn+1,xn+2) + o+ 8" (1, ),
< sh™d(zy, w0) + s2h" Td(zy, x0) 4 ... + 8™ "™ (2, 20)
< [sh™ + A" 4+ s R d( (2, 1)

< sh™ [14 (sh)' + (sh)* 4+ ... + (sh)™ "] d(z1, 20)

sh™
<
—1-sh

d(z1,x0).

Therefore lim d(z,,zm) = 0. Hence, {z,} is a cauchy sequence. But X is complete, so there exists t € X
n— oo
such that z,, — t as n — oco.

Next, we show that ¢ is a fixed point of L. For this, assume that Lt # ¢, then d(¢, Lt) # 0. Now
d(t, Lt) < d(t, Lzy) + d(Lxy, Lt). (2.2)

By applying condition (i7) of Theorem 2.1, equation (2.2) become

d(xy, Lt) + d(t, Lz,,)]
d(t, Lt)[1 + d(zy, Lzy,)]
1+ d(zp,t)
d(zp, Lt)d(t, Lx,,)
1+ d(zp,t)d(t, Lzy)]’

d(t, Lt) <d(t,Lzy) + A (2n, t)d(xn, t) + Aa(2n, t) [

+ A3(@n, t)[d(zn, Lay,) + d(t, Lt)] + Ag(zn, t)

d(xpn, Lt)d(xy, Lzy,)

+ A5 (2, t) s[1 4 d(zn,1)]

+ )\G(x’rut)s
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with the help of equation (2.1) and condition (¢) of Theorem 2.1, we can write

[d(xy, Lt) + d(t, Tp11)]
d(t, Lt)[1 + d(xn, ni1)]
14 d(xn,t)
d(xp, Lt)d(t, xpe1)
[1+d(zn, t)d(t, 2n11)]

d(t, Lt) Sd(t, an) + A\ (xo, t)d(In, t) + Ao (33‘0, t)

+ )\3(1‘0, t)[d(In, $n+1) + d(t, Lt)] + )\4(1‘0, t)

d(xpn, Lt)d(xp, Tni1)
s[1+ d(zp, t)]

+A5($Oat) +)‘6(x07t)8

Taking limit as n — oo, we get

d(t, Lt)
S

d(t, Lt) <Aa(wo,t) + Az(wo, 1)d(t, Lt) + Aa(zo, t)d(t, Lt).

d(t, Lt) < [Ma(z0,t) + sAs(20, t) + sAa(z20,1)] d(t, Lt)

(2.3)

But Aa(20,t) + sA3(20,t) + sAa(z0,t) < 1, so the above inequality (2.3) contradict the fact that d(t, Lt) # 0.
Thus Lt = t. Hence t is a fixed point of L.
Finally, we have to show that ¢ is a unique fixed point of L. For this, let t* # ¢ be another fixed point of

L. Then on putting =t and y = t* in condition (i¢) of Theorem 2.1, we get

d(t,t*) =d(Lt, Lt*)

[d(t, Lt*) + d(t*, Lt)]

<A (6, 1) d(E, 1) + Ao (E, 1)
d(t*, Lt*)[1 + d(t, Lt))
1+d(t,t7)
. d(t,Lt*)d(t", Lt)
>\6(t7t )8[1 4 d(t,t*)d(t*,Lt)]
[d(t, %) + d(t*,1)] d(t, t*)d(t*,t)
s [L+d(t,t*)d(t*,t)]

+ A3 (t, %) [d(t, Lt) + d(t*, Lt*)] + Aa(t, %)

d(t, Lt*)d(t, Lt)

+>\5(t,t*) S[1+d<t,t*>]

<A1 (E,t7)d(t, t°) + Ao (2, 1) + Xg(t, ") .

implies that

d(t, t*)d(t*, 1)

d(t, ) <A (8, E)d(t, t°) + Ao (t, ) T3t ) a0

2d(t, t* .
g + )\G(t,t )
S S

d(t,t*
S[sAL(t, %) + 222 (t, %) + A6 (t, 7)) (’S )7

which is contradiction because sA1 (¢, %) + 2 2(¢,t*) + Ag(t, t*) < 1. Hence ¢ is a unique fixed point of L. 0O

From Theorem 2.1, we can easily derive the following corollaries and the proofs of which are simple, so

we omit it.

Corollary 2.1. Let (X,d) be a complete b-metric space and A; : X x X —[0,1),i=1,3. If L : X — X be

a self-map such that for all x,y € X the following conditions are satisfied:

(1) Mi(La,y) < Ni(z,y) and Ai(z, Ly) < Ni(x,y);



Int. J. Anal. Appl. 16 (6) (2018) 911

(i)
d(Lz, Ly) < X\3(z,y)|d(z, L) + d(y, Ly)],

where 0 < Az(z,y) < ﬁ Then the mapping L has a unique fized point in X.

Corollary 2.2. Let (X,d) be a complete b-metric space and \; : X x X —[0,1),i=1,2,...,8. If L: X - X
be a self-map such that for all x,y € X the following conditions are satisfied:
(i)
[d(x, Ly) + d(y, Lx)]

d(Lz, Ly) < Xa(x,y) . ,

where 0 < Aq(z,y) < ﬁ Then the mapping L has a unique fized point in X.

Corollary 2.3. Let (X,d) be a complete b-metric space and A; : X x X —=[0,1),i=1,4. If L: X — X be
a self-map such that for all x,y € X the following conditions are satisfied:

(1) Ai(Lzx,y) < Ni(z,y) and \i(z, Ly) < Mi(x,y);

(i)

d(y, Ly)[1 + d(z, Lz)]
14 d(x,y) ’

where 0 < s\ (z,y) + \a(x,y) < 1. Then the mapping L has a unique fized point in X.

Corollary 2.4. Let (X,d) be a complete b-metric space and \; : X x X —[0,1),i=1,2,3. If L: X - X

be a self-map such that for all x,y € X the following conditions are satisfied:
(i)
d(Lz, Ly) < M(z,y)d(z,y) + Ao(x,y)d(z, Lr) + As(z, y)d(y, Ly),

where 0 < s[A\1(z,y) + Aa(x,y)] + As(x,y) < 1. Then the mapping L has a unique fized point in X.

Corollary 2.5. Let A\g = 0 and all other conditions of Theorem 2.1 are satisfied, then L has a unique fized

point in X.

Corollary 2.6. Let A5 = A\¢ = 0 and all other conditions of Theorem 2.1 are satisfied, then L has a unique
fixed point in X.

Corollary 2.7. Let Ao = A3 = 0 and all other conditions of Theorem 2.1 are satisfied, then L has a unique

fixed point in X.
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Corollary 2.8. Let Ay = A5 = A\¢ = 0 and all other conditions of Theorem 2.1 are satisfied, then L has a

unique fized point in X.

Remark 2.1.
(1) In Theorem 2.1, if s =1,\; =0, fori=2,3,4,5,6 and A\ (-) = A1, we get the Banach Theorem [2].

(2) In Corollary 2.1, if \; =0, fori=1,2,4,5,6, A\3(-) = A and s = 1, we get the Kannan Theorem [10)].

(3) In Corollary 2.2, if \; =0, fori=3,4,5,6, Aa(-) = X and s = 1, we get the Chatterjee Theorem [/].

(4) In Corollary 2.3, if \; = 0, for i =2,3,5,6, \;j(-) = A; for j = 1,4 and s = 1, we get the result of
Dass and Gupta [7].

(56) In Corollary 2.4, if s =1 and N\;(-) = N; for i =1,2,3, we get Theorem & of [12].

3. CoMMON FIXED POINT RESULTS IN b-METRIC SPACES

For the proof of our next result we use the following Lemma.

Lemma 3.1. Let (X,d) be a complete b-metric space and K, L : X — X. Let xg € X and define the
sequence {x,} by
Kxoy = x9p41 and Lxopy1 =xop42 V. n=0,1,2,..

Let there exists a mapping X : X x X — [0,1) satisfying

MLKz,y) < Mz,y) and Az, KLy) < Az,y), forall z,yeX.

Then

Mzon,y) < AMxo,y) and Az, xan+1) < ANz, x1) for all z,y € X.
Proof. The proof easily follows from lemma 2.1 . |

Our next result is proved for a pair of self-maps.

Theorem 3.1. Let (X, d) be a complete b-metric space with s > 1 and A\; : X x X —[0,1), 1 =1,2,...,5. If
K,L: X — X be two self-mappings such that for all x,y € X the following conditions are satisfied:
(i)
d(z, Ka)[d(z, Ly) + d(y, Ly)]
sl +d(z,y)]
d(y, Kz)[d(z, Ly) + d(y, Ly)]
s[1 +d(z,y)]
d(y, Ly)|d(z, Kz) + d(y, Kz)]
s[1 4 d(z,y)]
d(z, Ly)[d(z, Kz) + d(y, Kz)]|
sl +d(z,y)] ’

d(Kx7 Ly) S/\l(xv y)d(az, y) + /\2(.73, y)

+ )\3(-/15,y>

+ )\4(5(}, y)

+ )\5(.’E,y)
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5 5 5
where 3 Ni(z,y) + s> Ni(z,y) + LXa(z,y) + Aa(z, y)] < 1, with 0 < Y N;(z,y) < 1. Then K and L have a
i=2 i=1 i=1

(2

unique common fixed point in X .

Proof. Let zp € X and construct a sequence {z,} by the rule

Kxop = 29p41 and  Laopg1 = Topt2, V. n=0,1,2,.. (3.1)

First we to show that {z,} is a Cauchy sequence in X. For this, consider

d(zak+41, xor) = d(K Lzog—1, Lxog_1).

By using condition (ii) of Theorem 3.1 with x = Lxzor_1 and y = xog_1, we have

d(KLxog—1, Laok_1)

<\ (Lwog—1, Tok—1)d(Laog—1, Top—1)

+Ao(Lxok—1, Top—1)
+A3(Lzok—1,Top—1)
+Ma(Lagk—1, Tok—1)

+As(Laok—1, Tok—1)

By equation (3.1), we get

d(Lxog—1, KLxog—1)[d(Lxok—1, Lrog—1) + d(xop—1, Laok_1)]
s[4+ d(Laog—1, Tar—1))
d(xor—1, K Lrop_1)[d(Lwog—1, Lrog—1) + d(xop—1, Lrog—1)]
s[1 4 d(Lrog—1,Top—1)]
d(xok—1, Lxog—1)[d(Lrog—1, K Lrog_1) + d(zap—1, K Lrok_1)]
s[1 4+ d(Lxog—1,Ton—1)]
d(Laog 1, Lwog 1) [d(Lwog—1, K Lxop 1) + d(zop—1, K Lxog_1)]
s[1 4+ d(Lxog—1,Ton—1)] ’

d(Tor41,Tor) <A1 (@2k, Top—1)d(Tok, Tak—1)

<A (Tor, Top—1)d(@ok, Tar—1) + Ao (Tak, Tor—1)

d(xok, Top1)[d(@or, Tor) + d(T2r—1, Tok)]
s[1 4 d(22k, 22k—1)]

d(2or—1, Topq1)[d(Tar, Tor) + d(22k—1, Tor)]
s[1 4 d(xok, ar—1)]

d(22r—1, ok ) [d(T2k, Tory1) + d(Tok—1, Top11)]

s[1 + d(xak, Tor—1)]

d(xak, Tor)[d(T2k, Topt1) + d(Top—1, Tory1)]

s[1 + d(zak, zar—1)]

+ Ao (2ok, Tak—1)

+ A3(zok, Tak—1)

+ Aa(wok, Tak—1)

+ As(@ok, Tak—1)

d(zak, Tog+1)d(T2k—1, Tak)
s[1 + d(zak, Tor—1)]

d(Tor—1,Tok+1)d(T2k—1, T2k)
s[1 + d(zak, T2k—1)]

)d(ﬂ«"z/ﬁ Toky1) + d(Tap—1, Tagt1)
s

+ A3(z2k, Tak—1)

+ A (2ok, Tak—1
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d(xok, x
<A (Toks Tok—1)d(T2k, Tak—1) + A2 (@ar, kafl)%
d(xop_1,x
n As(myx%fl)w
d d _
T+ Aa(22, B2 1) (@2k, Tok+1) +8 (wak 1;$2k+1).
From Lemma 3.1 and triangular inequality, we can write
d(xok, Tog11)
d(ar41, T2r) <A1 (o, 21)d(@2k, T2p—1) + )\2($0,$1)f
d($2k7$2k+1)
+ A3(xo, 1) [d(x2p—1, T2r) + d(@2k, Tar+1)] + Aa(20, 1‘1)f
+ M(xo, 1) [d(z2p—1, T2k) + d(Tak, Tak41)]-
Finally one can get
A (zo, 1) + As3(xo, x1) + M (o,
d(zop41,T2k) < 1(T0, 21) + da(20, 1) (i(rg)o ) d(22k, Tok—1)-
1- (%/\2(960,551) + A3(wo, 21) 4+ 1 >\4($0,$1))
5
Let h o) L. Th
et - 1*(@>\2($0,$1)+)\3(I0,$1)+@)\4($07I1)+)\5(I0,11)) <5 en
d(xor41,T2r) < hd(Tog, Tog—1)- (3.2)
Similarly, consider
d(zgk_l,x%) = d(Kka_Q, LKIQk_Q). (33)

By applying condition (i7) of Theorem 3.1 with © = xor_o and y = Kxgx_o to equation (3.3) , we get

d(Kxog—2, LKxo)_2)

<A (Tor—2, Kaogp—2)d(vop—2, Kxogp_2)

d(zor—2, Kxog—2)[d(v2—2, LKTog—2) + d(Kwog—2, LKT2)—2)]
s[1 + d(xap—2, Kxop—_2)]

d(Kzop—2, Kxop_2)[d(xor—2, LKxop_2) + d(Kxop—2, LKxo)_2)]

+ Xo(zop—2, Kxogp—2)

+ A3(zop—2, Kxog—2)

s[1 4+ d(zor—2, Krogp—2)]
d(Kxo—o, LKxop_2)[d(wox—2, Kxop_2) + d(Kxog—2, Kxop_2)]
s[1+ d(xor—2, Krop—2)]
d(xop—2, LKxop_o)[d(xok—2, Kxog—_2) + d(Kxop_2, Kxog_2)]
s[1 4+ d(xor—2, Krop—2)]

+ M(won—2, Kxop—2)

+ As(2op—2, Kxop—2)

9
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with the help of (3.1), we get

d(zak—1, Tor) <M (Tap—2, Top—1)d(T2n—2, Tak—1)
d(xak—2, Top—1)[d(T2r—2, Tar) + d(Tak—1, Tor)]
s[1 + d(xak—2, Tok—1)]
d(zor—1,Tok—1)[d(T2k—2, Tor) + d(@2k—1, Tok)]
s[1 + d(zak—2, x2k—1)]
[

d(zop—2, Top—1) + d(Top—1, T2x—1)]

+ Ao (z2k—2, Top—1)

+ A3(z2p—2, Top—1)

) d(zor—1,Tark)

A _ _
+ 4(332k 2, L2k—1 S+ d(@op—2, Ton1)]

d(zok—2, k) [d(Tok—2, Tok—1) + d(T2k—1, Tok—1)]

A _ _
+ As(z2—2, Top—1) S[L+ d(zar_a, Zon )]

<Ai(@ok—2, Top—1)d(Tak—2, Tagp—1)

d(2n— d(ay
+ Ao (Tok—2, Tak—1) (xar 2’33%)1‘ (Tok—1, Tak)

)d(ilfzk—hx%) )d(ka—%ka)

+ As(@ak—2, Tak—1 S

+ M (wop—2, Ta—1

Using Lemma 3.1, one can get

d(zak—1, Tok) <M (zo,x1)d(Tar—2, Tap—1) + A2 (x0, 1) [d(Z2k—2, Tok—1) + d(T2k-1, T2k)]

)d(mqu,xzk) )d($2k717$2k)

+ Ao (o, 21 .

+ Aa(zo, 21
+ As(zo, 1) [d(z2k—2, Tok—1) + d(z2p—1, Tar)].
Finally,

A1(xo, x1) + A2(wo, 1) + As(0, 1)
1- (@AQ(IO,IO + 4(xo, 1) + As (20, 1)

d(zak—1, k) < ) d(zak—2, Tok—1)-

Implies that
d(zor—1,2k) < hd(Tok—2,Top—1)-

Now, from equations (3.2) and (3.4), we have
d(wrt1, wok) < hd(Ta, Top—1) < hPd(war—1, Tog—2)-
Consequently, we can write
A(Tpy1,20) < hd(Tp, n1) < B2d(2n 1,20 _2) < ... < h"d(21,20).

Now, for m > n and sh < 1, we have
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A(Tn, Tm) < $d(Tp, Tpt1) + szd(xn+1,:pn+2) + .+ 8" (1, ),
< sh™d(zy, o) + s2h"Td(zy, x0) 4 ... + 8™ "R (2, 20)
< [sh™ + S2ht 4+ sm_”hm_l]d(ml, Zo)

< sh™ [1+4 (sh)! + (sh)* + ... + (sh)™ "] d(z1, 20)

Therefore lim d(x,, zm) = 0. Hence, {z,} is a Cauchy sequence. But X is complete, so there exists t € X
n—oo
such that z,, — t as n — oo.

Next, to show that ¢ is a fixed point of K. For this, consider
d(t, Kt) < d(t, Lrap+1) + d(Lzopy1, Kt).

Using condition (i) of Theorem 3.1 with x =t and y = z,41, we have

d(t, Kt) <d(t, Lran11) + M(t, Tany1)d(t, ans1)

d(t, Kt)[d(t, Lxon+1) + d(@2n+1, Loon1)]
s[1+d(t, z2p41)]

d(@2n+1, K)[d(t, Lrans1) + d(@2n41, Lrani1)]

s[1+ d(t, zan+1)]

d(m2n+17 Lx2n+1)[d(t7 Kt) + d($2n+1’ Kt)]
s[1+d(t, v2n41)]

d(t7 L$2n+1)[d(t, Kt) + d($2n+1, Kt)]

s[1+d(t, v2n41)]

+ Ao (t, T2n41)

+ A3(t, T2n41)

+ Aa(t, 2n41)

+ As(t, 2n41)

Using equation (3.1) and Proposition 3.1, we get

d(t, Kt) <d(t,zan+2) + A1 (t, 21)d(t, 22n41)

d(t, Kt)[d(t, x2n+2) + d(T2n+1, Tant2)]
s[1 +d(t, z2n+1)]
d(z2n41, Kt) [d(t7 Topyo) + d(T2nq1, x2n+2)]
s[1 4+ d(t, zant1)]
d(22n41, Tang2)[d(t, Kt) + d(w2,41, K1)]
s[L +d(t, v2n+1)]
d(t, am2)[d(t, K1) + d(wany1, KE)]
s[1 +d(t, z2p41)]

+ )\2(15,.7;1)

+ A3(t, 1)

+ Aa(t, 1)

+ )\5(25, Il)

Taking limit as n — oo, we get d(Kt,t) < 0. Thus d(Kt,t) = 0 implies that Kt = ¢. Hence ¢ is a fixed point
of K.
Analogously, using condition (i) of Theorem 3.1 with = z9,, and y = ¢ one can show that ¢ is a fixed

point of L. Therefore Kt = Lt = t, that is ¢ is a common fixed point of K and L.
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Finally, we prove that ¢ is a unique common fixed point of K and L. For this, suppose that t* # t be
another fixed point of K and L. Then putting = ¢ and y = t* in condition (iz) of Theorem 3.1, we have

A(Kt, Lt*) <Ay (¢, t%)d(t, t*) + A2(t7t*)d(t, Kt)[d(t, Lt*) + d(t*, Lt*)]

S[L+ d(t, )]
d(, KO[d(L L) + d(t, L))
+As(t, 1) s[14d(t, t*)]
d(r, LY, K + (i, K1)
+A(t:1) S[1+d(t, )
d(t TA(L, KE) + d(t, K1)
+As(17) ST+ d(t, )] )
which implies that
d(t, t*) S/\l(t, t*)d(t, t*) + /\3(t, t*)(m + /\5(t7 t*)m
(6 7)d(E 1) + As(t, t*)d(t;’ Dt t*)d(t’st*)
d(t, 1)

<[sA1(t, %) + As(t,t7) + As(t, )] S
Which is contradiction because sAq(t,t*) + As(t,t*) + As(¢,t*) < 1, thus d(t*,t) = 0 and hence t* = .

Therefore ¢ is a unique common fixed point of K and L. |

From Theorem 3.1, we can derive the following corollaries and the proof of which is simple, so we omit it.

Corollary 3.1. If K = L and all other conditions of Theorem 3.1 are satisfied, then L has a unique fized

point in X.

Corollary 3.2. Let (X,d) be a complete b-metric space with s > 1 and \; : X x X — [0,1), ¢ = 1,2. If
K,L: X — X be two self-mappings such that for all x,y € X the following conditions are satisfied:

(1) Xi(LKw,y) < Ai(z,y) and Ai(z, KLy) < Xi(z,y);

(i1)
d(z, K)[d(z, Ly) + d(y, Ly)]

d(Kx, Ly) < M\i(z,y)d(z,y) + Az, y) s+ d(z, )] ’

where 0 < sA1(x,y) + (SQJFTSH) Aa(z,y) < 1. Then K and L have a unique common fized point in X.

Corollary 3.3. Let (X,d) be a complete b-metric space with s > 1 and \; : X x X — [0,1), ¢ = 1,4. If
K,L: X — X be two self-mappings such that for all x,y € X the following conditions are satisfied:

(1) M(LKz,y) < Ai(x,y) and A\;(x, KLy) < \i(z,y);

(i)

d(y, Ly)ld(z, Kz) + d(y, Kz)]
s[1 +d(z,y)] ’

d(K'T7 Ly) < )‘l(xvy)d(xvy) + )‘4($7y)
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where 0 < sA1(x,y) + (SQJFTSH) A(z,y) < 1. Then K and L have a unique common fized point in X .

Corollary 3.4. Let (X,d) be a complete b-metric space with s > 1 and \; : X x X — [0,1), ¢ = 1,2,4. If
K, L: X — X be two self-mappings such that for all x,y € X the following conditions are satisfied:
(1) Mi(LKz,y) < Ai(x,y) and N\;(x, KLy) < \i(z,y);
(i1)
d(x, Kz)[d(z, Ly) + d(y, Ly)]
sl +d(z,y)]

d(y, Ly)[d(z, Kz) + d(y, Kz)]
s[1+d(z,y)] ’

d(va Ly) S)‘1("1"7 y)d((E, y) + )\2(%, y)

+ )\4(.%, y)

where 0 < sAq(x,y) + (52;1) Xo(x,y) + (SZJFTSH) A(x,y) < 1. Then K and L have a unique common fized

point in X.
For the validity of Theorem 3.1, we construct the following example.

Example 3.1. Let X = [0,1] and d : X x X — RT defined by d(x,y) = (a|z —y|)* = o2|z — y|? with

a>8,s=2. Define K,L:X — X by Kv =7 and Lv = 2. Let \j : X x X — [0,1), i =1,2,....,5 are

defined as:
2 2 3 3
r .y _*r . Y .y _Tty
zy
A5
(@,9) = 13-

To check condition (i), we have, since LKz = 35 and KLy = 5. Then by routine calculation, one can
easily obtained that
MN(LKz,y) < Ni(z,y) and \j(z, KLy) < X\i(x,y) for alli=1,2,...,5;

To check condition (ii), we have,

d(Kz, Ly) =a?|Kz — Ly|* =

‘4 5
z |2 y2 yQ
T YN oo L Z| {|x—5| +|y73”
§<19+21>0‘|x vl +<17+23> 2[1+ 2|z — y|?]
2 2
(2 ay e ]
29 37 214 a?|z — y|?]

+<363+y3>a4|y—z|2 [lo = 51" + |y - £I°]

41 21+ a?lx —y|?]

yf

OZ4|I7

ryy o= 4 [lo = 2"+ 1y - 3P
+(5s)

43 2[1+ a2z —y|?]
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d(z, Kz)[d(z, Ly) + d(y, Ly)]
s[1+d(z,y)]

d(y, Kz)ld(z, Ly) + d(y, Ly)|
s[1+d(z,y)]

d(y, Ly)|d(z, Kz) + d(y, Kx)]
s[1+d(z,y)]

d(x, Ly)[d(z, Kx) +d(y, Kx)|
s[1+d(z,y)] ’

d(Kx7 Ly) :)\1(‘%’ y)d((E, y) + )\2 (.’ﬂ, y)

+ )‘3(5553/)

+ )\4('1:a y)

+ )\5(1‘,2/)

5

5
where Y- Xi(z,y) + 23 Nz, y) + e (z,y) + Ma(z,y)] < 1.
=2 =1

Thus all the conditions of Theorem 3.1 are satisfied, hence K and L has a unique fived point 0 € X.

To state the next result, we need the following Lemma the proof of which can be easily obtained from

Lemma 2.1.

Lemma 3.2. Let (X, d) be a complete b-metric space with s > 1 and K, L : X — X. Let z9 € X and define

the sequence {x,} by
Kl‘gn = T2n+1 and Lx2n+1 = T2n+2 V n= O7 1, 2,

Assume that there exists a mapping X : X — [0,1) such that A\(LKz) < X(x), for all x € X. Then A(x2,) <
Mzo) and Mxapt1) < AMxq) forallz € X andn=0,1,2, ...

Theorem 3.2. Let (X,d) be a complete b-metric space with s > 1 and \; : X — [0,1), i = 1,2,...,9. If
K, L: X — X be two self-mappings such that for all x,y € X the following conditions are satisfied:

(1) M(LKz) < N(2);

(i)
d(x, Kz)[d(x, Ly) + d(y, Ly)]

d(Kz, Ly) <Ai(x)d(z) + A2(z)

s[1+d(z,y)]
d(y, Kz)[d(z, Ly) + d(y, Ly)] d(y, Ly)[d(z, Kz) + d(y, Kz)]
+As(@) S+ d(@, )] + (@) ST+ d(@, )]
d(z, Ly)[d(z, Kx) + d(y, Kx)]
+ 2s(@) [+ d(z, ) |

5 5 5

where Y \i(x) + 53 Ni(@) + L[ha(z) + M(@)] < 1, with 0 < Y N\i(x) < 1. Then K and L have a unique
i=2 i=1 i=1

common fized point in X.

Proof. By using Lemma 2.1 and following the same steps as in Theorem 3.1 one can easily prove the

Theorem. O

One can deduce corollaries from Theorem 3.2 in the same way as derived from Theorem 3.1.
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