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ABSTRACT. The paper consists of some extensions in Hardy and Copson type inequalities on time scales.
The main results are proved by using induction principle, Rules to find derivatives for composition of two
functions, Hélder’s inequality and Fubini’s theorem in time scales settings. The related results and examples

are also investigated in seek of applications.

1. INTRODUCTION

Advancements in inequalities had started since the end of 19th century, which laid the theocratical foun-
dations of approximation methods. Generally it is accepted that the classic work “Inequalities [7]”, which
appeared in 1934, gave a systematic discipline to a collection of isolated formulas. This work had played a
role of a strong stem in continuous growth to modern field of Inequalities.

Many researchers had paid attention to these inequalities since invention of these inequalities. A large num-
ber of papers related with extensions, new results, and generalizations can be seen on the topic [5,8,10].

Copson in [6] extend weighted Hardy inequality in the following result:
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If o> 1, A(l) = Z a(gi))(o;)(i), then

Y WA < p? Y wla)(AW) < p Y wl)al(l). (1.1)

=1 =1 =1

In [12] R. P. Agarwal et al., proved some dynamic Hardy inequalities via time scales calculus. Those
inequalities as special cases contain some integral and discrete inequalities due to Hardy and Copson. One
of their results is stated as:

“Consider T is a time scale with a € [0,00)T, 0 >1, w and g be non-negative functions.

Further assume that

Q) = /cw(r)Ar, Q(0) =00, P(s) := /gw(r)g(r)Ar, V¢ € [a,00)r

o0 o o(e—1)
and/ <Q (g)> w(s)g°(s)Ag exists. Then

e} UJ(C) o 0 0 [e%s) W(C)g(g) ”
/a W(w (©)fAe < Q—l/a Qe—1(§)w "(9)Ag

[Twgmerors < (35) [T (Rg) sorose

Taking into account the worth of inequalities, we are motivated to extend the results of [12] for functions of

and

several variables.

2. PRELIMINARIES

A closed non-empty subset of real numbers is called a time scale. Notation to be used for a time scale
is T. R, Z, N, Ny, [a,b] are examples of time scales whereas rationals, irrationals and (a,b) are not closed,

therefore not time scales. Few basic concepts related to time scales theory, are as under (see [2-4]):

Definition 2.1. Let T denotes a time scale. For ¢ € T, the forward jump operator o : T — T is defined as
o(¢):=inf{z € T;2 > ¢},

and the backward jump operator p: T — T is defined as
p(c) :==sup{z € T;z <c}.

The point ¢ € T satisfying o(¢) > ¢ is right-scattered whereas the point ¢ satisfying p(¢) < ¢ is left-
scattered. Points which are simultaneously left and right scattered are isolated. Also, the point ¢ is called
right-dense if ¢ < sup T and o(s) = ¢ and is called left-dense if ¢ > inf T and p(s) = ¢. The points that are

left and right dense simultaneously are dense points.



Int. J. Anal. Appl. 17 (2) (2019) 246

Definition 2.2. The Graininess function p: T — [0, 00) is defined by,
(<) :=o(s) — <.

Definition 2.3. Suppose a function g : T — R is satisfying:

(a) g is continuous at all right dense ¢ € T,

(b) the left hand limits exist and finite at all left dense ¢ € T

then, g is called right-dense continuous (rd-continuous) in T. The set denoted by Crq(T) contains all rd-

continuous functions.

Remark 2.1. If we exchange the role of left dense points and right dense points in definition of rd-continuous
function, we get left dense continuous functions. If function is continuous with respect to both sided dense

points, it is continuous function Vt € T.

Definition 2.4. Let g: T — R and ¢ € T, if g™ (s) exists with the condition that, for e > 0, there exists a

neighborhood O of ¢ such that
[8(a(s)) = ()] = g2 () (0 (s) = 5)| < €lo(s) — s,
for all s € O, then g is differentiable at s and is denoted by g™ (s).

Theorem 2.1. Assume delta derivatives of g1,92 : T — R exist at ¢ € T. Then derivative of the product

g192 : T — R exists at ¢ € T and satisfies
(9192)2 () = 97 (<) 82(<) + 7 ()95’ (s) = 81 (<) () + 07 ()95 (<)- (2.1)
Definition 2.5. Consider g is rd-continuous function. Then for o € T, the function & defined by

S
6= / 9(s)Ag, forceT

<o

is called the antiderivative of g.

Definition 2.6. If « € T,sup T = oo, and g1 is rd-continuous on the interval [, 00), then

. 8
/ 01(6)Ac = 1im/ 01(5)As.
« B_>OO (0%

Existence of limit gives convergence of the integral elsewise it diverges.

Theorem 2.2. If o, 3,7 €T, c€ R and uy,us € Cpq, then
(i) [7u(us () A = Juyua ()2 — [ uf ()uz (<) A,
(i) 7 w1 ()ud (6)As = Jurua(6)|2 — [ ub (c)ug (¢)As.

These are known as integration by parts formulae.
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Theorem 2.3 (Chain rule 1). Let uz : R — R be continuous, uz : T — R is delta differentiable on T and

suppose that u; : R = R is continuously differentiable. Then there exists ¢ € [¢,0(s)] with
(u1 0 u9)®(s) = g (ua(e)uz' (<)- (2.2)

Theorem 2.4 (Chain rule 2). Assume u; : R — R is continuously differentiable and suppose ug : T — R is

delta differentiable. Then u; ous : T — R is delta differentiable and
1
1 0w)>(0) = { [ (ua(e) + m)aB ©)an b3 (o) 2.3
0
holds.

Chain rule 2 is given by C. Potzsche [11], likewise it also appeared in S. Keller’s paper [9].

A simple consequence of Theorem 2.4 is given below:

(uP ()2(s) = w/o {huf + (1= R)ur (<)} dhug (). (2.4)

Theorem 2.5. (Holder’s inequality) Let o, B € T, for rd-continuous functions ¢,,9, : [o, 8] = R, we have

B B % B %
/ 10:(6)g2 ()| A < / |gl<<>|m<] [/ |gz<<>PA<] , (2.5)

where p > 1 and g =p/(p —1).

Next, we present Fubini’s Theorem on time scales [1].

Theorem 2.6. Let T1, Ty be two time scales. Suppose S : T1 x Ty — R is integrable with respect to both
time scales. Define ®(y2) le (y1,y2)Ayy for a.e yo € A and ¥(yy) fm (y1,y2)Ays for a.e yy € Ty.

Then ® and U are both differentiable in time scales settings and

[ o [ swemde= [ [ Swsn. 26)
T, To T2 Ty

In the sequel, we denote [a,b)r = [a,b) N T, where T be any time scale. Also partial derivatives for
i € {1,...,n} are denoted by %g(gl, coysn) = 82(s1,...,6n). We also assume that the functions are

nonnegative, rd-continuous and the integrals considered are assumed to exist.

3. DyNaMIiCc HARDY & COPSON-TYPE INEQUALITIES VIA TIME SCALES FOR FUNCTIONS OF n

INDEPENDENT VARIABLES

Theorem 3.1. Let Ty,...,T, denote time scales. For p > 1 and i € {1,...,n}, consider a; € [0,00)r,

and g : Ty x ... x T, — R, Let \; : T; — RT be such that A;(s;) := ;; Ni(8:)As; and (s, ...,6n) =
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f . f;"HZ 1 Ai(8:)g(s1,. .., 8n)AST ... Asy,.

Assume A;(00) =0 and the delta integrals

/00 . /OO H [J/iig(j)l])p Ai(si)[g(sty .-y sn)]PAG ... Ag, exist. (3.1)

Then
/ / H A;’ Plo1(sa)s s o))’ A A,

S(l) / /aw

n =1

oi(\\ P(P—1)
<1>\z((€z))> Xi($i)gP (st oy 6n) At ... Ag,,  (3.2)

where n is any positive integer.

Proof. We prove the result by using Principle of mathematical induction.
For n = 1, statement is true by [12, Theorem 2.1]. Assume for 1 < n < k (3.2) holds. To prove the result

for n = k 4 1, Take left hand side of (3.2) in the following form

/ / H Aa {/‘X’ M[w(al(ﬂ)wn70k+1(§k+1))]pA§k+l}A§1~-~A§k~ (3.3)

k = 1 k+1

Consider

o0 A
i1 = /ak+1 m&b(gl(ﬁ), ooy kg1 (Skr1)) )P Ay (3.4)

Apply integration by parts (Theorem 2.2 (i)) on Ixy1 w.r.t g1 € [ag+1,00) to get

Tio1 = |ug1 (S 1)YP (01(s1)s -+, 0 (S)s Skt 1) g

+ / 1 (s )P (1 (S1)s - - -3 O(k)s a1 )] 24 Agrrs, (3.5

k+1

where

<A s -1
—Uk41(Sk+1) Z/ ﬁ}(—’M)I)ASk-ﬁ—l < (p)

(AL 72 (Spq1)] 2+ Aspgr.
Sk+1 [Ak+1 (SkJrl)] / R+l * +

Sk+1

1 1
Ukt (Sk41) < (1 —p> (Az+i(§k+l)> . (3.6)

By chain rule (2.4) and for dig+1 € [Sk+1, Tk+1(Sk+1)],

[WP(o1(s1),-- s O'k(gk)7§k+l)]Ak+1

= p¢? N (o1(s1)s - - - Ok(Sk), drg1 )V (1 (51, - - - Ok(Sk)s Shr1). (3.7)



Int. J. Anal. Appl. 17 (2) (2019) 249

Since

YA (01(51)y -+ Tk () Sht1) = Y(o1(s1)s -5 0k(Sk), Sht1)

o1(s1) or(sk) K
a1 ak i=1

AGrt1

8 Sk+1
{A / )\k+1(3k+1)g(317~~~75ka5k+1)A5k+1}A51~~A3k7 (3.8)
Sk4+1 Jagsa

also

b Sk41
A / Met1(Se+1)9(o1(s1), .., 0k(Sk), Ska1)ASp1 > 0
g}i}+1 ki1

and og41(Sk+1) > dg41. Therefore (3.7) implies

YA (01 (51), - Ok (Sk)s Sh41)
o1(s1) or(sk) _F
:/\k+1(§k+1)/ / H)\i(si)g(sl,...,sk,gk_,_l)Asl...Ask.
a Ok i=1
Thus
wAk+1 (Ul(gl)a ey O-k(gk)7 §k+1> = )\k+1(§k+1)¢k(0’1(§1), ey O-k(gk)7 §k+l>7 (39)
where

o1(s1) or(sk) _F
Yr(o1(s1)y -y 0k (Sk)s Skt1) =/ / H)\i(si)g(sl,...,sk,ng)Asl...Ask.

al ag

Use (3.9) in (3.7) to get,

[’l/)p(gl (§1)7 ey O—k(gk)7 §k+1)]Ak+1
= pP (o1(s1)s -+, 0k (Sk)s Dt 1) N1 (Sk1)Vn(01(51), - -+ 5 Tk (SE), Skt 1)
< pP M o1(q), o 0k (Sk)s Sk 1) Akp1 (k1)U (01(1)s - -y Ok (Sk)s k1) (3.10)
“P(S1,%2, - -+, k1) = 0 and ugy1(c0) =0, (3.5) becomes
Iy :/ 1 (St 1) [P (01(51)s - -+, Tk (k) Sh41)] 24 Agrr. (3.11)

Use (3.6) and (3.10) in (3.11) to get

P % A1 (k1) ¥ (01(s1), - - - 0n(Sk)s Skr1) -
IkHS(p—l) /aw e kAzlﬁz%H) BRI (01 (1) -+ Ok (Sk1))P T A (312)
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A 5
Multiply and divide by W on right hand side of (3.12) and then apply Holder’s inequality
[AiT (k)P
to get

1
P P

Ayt

p—1

) /°° Mot (S 1) A5 (S ) ¥k (01 (1), - -, ok (k) Skt

IkJrl < <€1
g o A Gt )] P X1 ] 7

p—1
P

X (/Oo [)\M(%Jrl)[¢(01(§1)a~~7Uk+1(§k+1))]pA<k+1> - (313)

AT (Sks1)IP

Divide both sides by right most term and take power p on both sides. After simplification, we get

I 1

p—1 Agy1(Ske1)

» P oo ATk (§k+1) p(p—1)
< ( ) / ( kel DR ) Mot1(Set1) YR (o1(s1), -, 0k(Sk)s Sht1) Achr1.  (3.14)
Ak41

Substitute (3.14) in (3.3) to get

- k+1

[
<) [ /HA?f

- N (ck11) p(p—1)
X / Tkl DREE) )\k+1(§k¢+1)'¢)£(0’1 (gl)a B Uk:(§k)7 §k+1)Agk+1 A§1 te ACk. (315)
arsr \ Met1(Sk+1)

gl))]p [W(o1(s1), -5 0k(Sk), Oht1(Sk+1))]P At . . . Ak AGk11

Use Theorem 2.6 “k times” on right hand side of (3.15) to get

ok (r=1)
/°° AP () ) N,
Ar41 Ak?+1 (gk"l‘l) k+1 k+1

X {/al / H Am ) l/fp O’1(§1) k(§k),§k+1)Ag1 .. .A(k} Agk_H. (3.16)

Ak = 1
By using induction hypothesis for ¢¥x01(s1), . - -, 0k(Sk), Sk+1) (instead for ¥y (o1(s1), ..., 0k(sk)), ) with fix

tg+1 € Tr11, in (3.16) and use Fubini’s Theorem (Theorem 2.6) “k times” to get

o k+1 )
/ / P [W(o1(s1)s s Oht1 (k1)) P AT Ay
ay [P 1

(k+1)p 0o k+1 A% () (p—1)
( 1) / / ( ) Xi(Si)gP(S1s v k1) AT o AGhg.
o Ap41 j—1 i 2)

Thus by principle of mathematical induction, inequality (3.2) holds for all n € ZT, which completes the

proof. ]
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If we assume
. Ai(si)
inf
si€laq,00)T, A “(si)

=L;>0 Vie{l,...,n}, (3.17)
in Theorem 3.1 (in particular in (3.2)), we obtain the following result.
Corollary 3.1. Forp> 1 andi € {1,...,n}, consider T; be time scales, a; € [0,00)T,, \; : T; — R* and

g:Tyx...xT,, = R. Let Ai(s;) and ¥ (s1,...,5,) be defined as in Theorem 3.1 such that (3.17) holds and

the delta integrals

< AT ) ,
/al .. /an H Ao )P Ai(si)lg(stss2, -y n)]PAGIAG ... Ag,  exist.

Then (3.2) takes the form
L [ T g el oras .o,
p = p(1—p)
-
< <p_1> H( / / gla-'-agn)Agl...AQl, (318)

=1

[

where “n” is any positive integer.

Remark 3.1. As a special case of Corollary 3.1 when T; =R, Vi € {1,...,n}, generalization of integral
Hardy inequality for the functions of n independent variables (note that when T; = R, we have o;(s;) = s;

and L; = 1) takes the form:

<1
/ / Z)p</ / H)\ $i)g sl,...,sn)dsn...dsl]p>dgn...dgl

n j= 1 nog=1
< < pil> / /a 1_[1)\ Gi)gP(S1y. v ysp)dty .. ds.  (3.19)
As a special case of this inequality when \;(s;) =1, Vi={1,...,n}, we have

[ i ([ [t s
_< _1>"p/ / (S15---sSn)dsy ... dsy,  (3.20)

where p > 1.

Remark 3.2. Forp > 1 and V i € {1,2,...,n}, assume that T, = N with a; = 1 in Corollary 3.1.

Furthermore assume that

Z Z )\1 ll )gp(lla"'aln)

=1 In
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is convergent. In this case (3.18) becomes the following discrete Copson type inequality for the functions of

{( ”

independent parameters:

<X A1) Anlln) ( b v )p
s $n)g(81,- -, 8n)
llzl ; (2?1:1 Al(sl)...Zizzl)\n(sn)) Slzl 2_:1 1(s1) 9(s1

kp
< (pfl) H yP(-p) Z Z M) Aa(l)gP (. L), (3.21)

1=1 I1=1

Theorem 3.2. Let Ty,...,T, denote time scales. Forp>1 andi € {1,...,n}, consider a; € [0,00), and

g:Ty x...xT, = RY. Let A : T; = RV, Ay(;) = fg‘ Ai(si)As;, Ai(00) =0 and the delta integrals
/ / H Ai(s)[g(sty .- yn)]PAqr ... Ag, exist. (3.22)
a1 n =1

Assume for any <; € [a;, 00)T,,

D(S1,y - y6n) = /(1 /OO - ( ')>g(sl,...,sn)Asl‘..Asn‘ (3.23)

Sn =1

Then

/:"'/aooﬁ&(ci)[qb(q,...,gn)]PAgl,”Aqn

no 4=1
< p)np/ / H)\ ()97 (s1s- - 5n) 61 ... Agn,  (3.24)

n =1

where n s any positive integer.

Proof. We prove the result by using Principle of mathematical induction.
For n = 1, statement is true by [12, Theorem 2.5]. Assume for 1 <n <k (3.24) holds. To prove result for

n =k + 1, Take left hand side of (3.24) int the following form

/ / H)\'(%') {/OO )\k+1(§k+1>[¢<§17~--7§k>§k+1)]pA§k+1} Ag ... Ag. (3.25)

Consider

Ipt1 = / M1 (Sk41)[A(S1, -+ s Skt 1)) PAG4 1 (3.26)

Ak+1

Apply integration by parts (Theorem 2.2 (i)) on I3 w.r.t Sg1 € [ag+1,00) to get

> 0
w1 = [97(st, Skt 1) Mt (Sk1) lan +/

— ST PATEEL (¢ Agiq. (3.27
o Aan [P(s1 et )P AL (k1) A1 (3.27)

Since ¢(S1, .-,k 00) =0 and Agt1(ag+1) =0, (3.27) becomes

e 0
T =/ v A OTRE s S )PALEE (Sh 1) At (3.28)
a1 Sk+1
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Apply chain rule (2.2) to find upper bound of — Ac [d(s1y- -y ska1)]?, for disq1 €
k+1
[Sht1, Ot1 (Skt1)], we get
9 P p—1 9
- A§k+1 [¢(<17"'7§k+1)] = 7p¢ (gla'"agkadk-'rl)md)(gla'"agkﬂgk-‘rl)' (329)

Also

a %) k+1 ) )
Ackr1 DSty - -5 Sht1) A§k+1 / / (Aal )> g(s1,. - Sk41)As1 .. Asppy
S1 Sk+1 j—1
o u 0 * Arr1(Sk41)
= o 79(31,...,% 1)ASk11 p Asy ... Asg
/al / 11 <A sz>) {A@m oo AP (sk11) U
o o Ai(si) ) —Ak1(Sks1)
= e T 9(S1y- -+, SkySkt1) p Asy ... Asy
/al /ak };[1 (Ai (si) { Akfl (Skt1) !

) < Sk
- l]::l ki1) / / (A‘” > (81, Sk, Skt1)AST ... Asy. (3.30)
k+l Ck"l‘l Ak ;=1 )

Since dg+1 > Sk+1, use (3.30) in (3.29) to get,

0
A§k+1

[D(s1, -+ s k) PALL (Shg1) < P (k1) P (61, ooy k1) On (St -+ oy Sk),  (3.31)

where

S1 Sk
¢l~c(§1a---7§k>:/ / ( )>9(51,~--;3k7§k+1)A51--~A51~c~
a1 @k §=1

Then (3.28) becomes,

I < P/ Mot 1 (S 1) 71 (515 -+ Skt 1) Dk (S - -4 Sk (3.32)

Q41

Multiply and divide by [Ak+1(§k+1)]% on R.H.S of (3.32) then apply Hélder’s inequality on R.H.S, we get

P

Int1 <p (/ A1 (Skp) [@r (15 - - - ,Ck,§k+1)}pA§/c+1>

k+1

p—1

P

X (/OO >\k+1(§k+1)[¢(§17 e ,§k+1)]pA§k-+1> . (3.33)

k+1

Divide both sides by right most term then take power p on both sides and after simplification, we get

o0

/ M1 (k1) [0(S15 - -+ 5 St 1) [P AG41 < Pp/ N1 (k1) [08(S15 - -+ 5 Sy Skt 1) [P AGRt1. (3.34)

Ak+1 Ar+1
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Substitute (3.34) in (3.25), we get

o k+1

/OO . / H Ai(S)[@(s1s - Shr1)]PAGH. . Ak

k1 =1

k =1 Ak+1

o0 o0 k; o0
Spp/ / HAZ‘(Q‘) {/ )\k+1(§k+1)[¢k(§1,~--,§k+1)]pA§k+1}A§1-~-A§k~ (3.35)

Use Fubini’s Theorem (Theorem 2.6) “k times” on right hand side of (3.35), we get

o k+1

/OO . / H Ai(S)[@(s1s - Shr1)]PAGH. .. Ak

k1 =1

o jo%s) co k
< pp/ Me+1(Sk+1) {/ . / H ()P (sty oy k1) Ay .. A§k} Agpt1.  (3.36)
Ap+1 ai Ak ;=1

By using induction hypothesis for ¢ (1, - . ., sk+1) (instead ¢g(s1, ..., Sg+1), with fix tx41 € Triq, in (3.16)

and again apply Theorem 2.6 “k times” on right hand side to get

oo k+l1

/ ‘- / H Ai(Si)[B(sty -5 1) [PAGH. . Ay
ai Ak+1 5=1
~ oo K+l
< p(k+1)p/ . / H Ai(Si)gP (st oy Skr1)AGr .  Agerr. (3.37)
ay Ak+1 j—=1

Thus by principle of mathematical induction (3.24) holds for all positive integers n, which completes the

proof. O

Remark 3.3. As a special case of Theorem 3.2 when T; =R, Vi€ {1,...,n}, we have following general-
ization of integral inequality of Copson-type for the functions of “n” independent variables (note that when
T; = R, we have ¢(a(s1),...,0(sn)) = &(s1,---,5n), AT (i) = Ai(si) and u(s;) = 0) and (3.24) takes the

form

[T ([ [T s )

noj=1

gpnp/ / [[2i()g? (1, sn)dsn . der. (3.38)

noi=1

As a special case of (3.38) when \i(s;) =1, Vie{l,...,n}, we have

n P
// // Hﬁg(sl,...,sn)dsn...d‘sl ds, ...ds;
ai Qn S1 Sn j=1 Si
(o] o0
§p”p/ / 9P (1, Sn)dsy ... ds1,  (3.39)
ai an

where p > 1.
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Remark 3.4. For p > 1 and V i € {1,2,...,n}, assume that T; = N with a; = 1 in Theorem 3.2.

Furthermore assume that
S ) An(l)gP (- )
h=1 1l,=1
is convergent. In this case (3.24) becomes the following discrete Copson type inequality for the functions of

{( »”

independent parameters:

Z ZM L. (Z Z Al(sl)...Anl(nsn) g(sh_._’Sn))

11=1 l,=1 s1=l Sn=ln 81 1 )\1(81) R anzl )‘n(sn)

< ph? Z Z M (). (L)gP (11, ... 1), (3.40)

h=1 l,=1
Theorem 3.3. Let Ty,...,T, denote time scales. Forp>1 andi € {1,...,n}, consider a; € [0,00), and

g: Ty x...xT, = RY. Let \; : T; — RV, Ay(qy) - fgl Ai(si)As;, Aij(00) =0 and the delta integrals

[ LT HGE

nog=1

> [9(s1y- - s n)|PAG ... Ag, exist. (3.41)

Assume for any <; € [a;, 00)T,

o= [T [T

”11

(81,0, Sn)AST. .. Asy,. (3.42)

Then
/ /an H/\'(gi)[¢(§1,...,gn)]pAgl.“Agn
<(p / /a HA Si ( AT i))>pgp(§1,...,§n)Agl_.'Agn’ (3.43)

n =1

where n is any positive integer.

Proof. This result is proved by using Principle of mathematical induction. For n = 1, statement is true
by [12, Theorem 2.8]. Assume for 1 <n < k (3.43) holds. To prove the result for n = k + 1, Take left hand

side of (3.43) in the following form

/ / H/\-(ci){/oo )\k+1(§k+1>[¢<§17~-~7§k+1>]pA§k+1}A§1~-~A§k- (3.44)

k=1

Consider

Tia =/ Net1 (Ske41)[0(s1, - -+, Sk 1)]PAGh41. (3.45)

Ak+1

Use integration by parts Theorem 2.2 (i) with ¢(<1, ..., <k, 00) = 0 and Agy1(sk+1) = 0 to get

/ M1 (k1) [@(s1s -y h1)]PAGyr = / 0

N (G5, -+ Sk )IPALY (Sh41) Ak yr. (3.46)
A1 A1 Sk+1
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By chain rule (2.4) for dx+1 € [Sk+1, Sk+1],
N s CITRUT AN ) WL (3.47)
Agk_l,_l 1s+-+5Sk+1 y4 1y+-+3SkyUk+1 A§k+1 1s+-+3Sk+1), .
and
Ao G515+ s Shg1)
o0 k o0
51 0 >\k+1( k+1)
S1y...,8 As Asy...As,. (3.48
/ / (s1) {Ang /ak+1 Aot (Sein )g( 1 k+1)Ask 11 1 ke ( )
Also
0 /Oo A1 (Sk41) Aot1(Sk41)
S1y...,8 As = ——¢g(s1,...,¢ <0
Acpit . Ak+1(5k+1)g( 1 k1) Aspi1 Ak+1(§k+1)g( 1 k+1)
and dgy1 > Gpa1. So after simplifications (3.48) implies
0 A
Ai(i)(§1,...,<k+1) AkH / / g(s1,- -, Sk+1)AS1 ... Asy. (3.49)
Sk+1 k+1 Sk 1
Substitute (3.49) in (3.47),
0
_ P
Aerr [(s1s- -5 1))
—1 )\ +1
:p(;ﬁp (§1,...,§k,dk+1)A / / 81,...7§k+1)A81...A8k
+1 Sk j— 1
_ A S,
< pg? 1(§1,---,§k+1)m¢k(§1,~-,§k+1) , (3.50)
At1(Sk1)
where
k
Or(Sty ey Shy1) = /ql /gc H Ai(si)g(Sla“-;gk-‘rl)ASl“-ASk-
=1
Put (3.49) in (3.46),
/ At 1(Se41)[@(S15 -+ s Shr1)]P Ak
Ak+1
> AT (k1) -
< p/ Aot (St 1) = 8P (e 1) Ok (St k1) Aggr. (3.51)
arit A1 (Skt1)

Multiply and divide by [)\kJrl(ngrl)]pTi1 on right hand side of (3.51) and apply Hélder’s inequality to get

> AT () ) » !
Ijy1 Sp/ Mer1(Shyr) | | (st o sShp1)AGkq1 | X

k1 AkJrl(ngrl)

p—1
P

(/ Aet1 (Se41) 0 (51, - - -,§k+1)A<k;+1>

k+1

(3.52)
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Divide both sides by right most term then take power p on both sides and after simplifying, we get

/ Mot 1 (k1) [0(S1, - - -5 St 1) )P ASp1

Ak+1

p [T AP ) ),
< (p) / A1 (Sk+1) Ao Ar(Sty ey 1) A1 (3.53)
anit k41 (Ska1)

Substitute (3.53) in (3.52),

) co k+1
/ / HAi(@)[qb(q,---,Ck+1)]pA§1...A<k+1

R+l =1

* AT ()
< (p)’ Ai(Si / A S, A P LSty Sl ) A Aqt ... Ac.
p) /a1 /a H ( ){ o kt1(Sk+1) Aot (oeen) Pr(s1 k1) Ak 41 1 k

k4=1

(3.54)
Use Theorem 2.6 “k times” on right hand side of (3.54), to get
fe'e) A:k-ql k
= (p)p/ Aot1(Sk41) ( - ) / / HA'(%)Qﬁi(q, e Sh1) G AG A1 (3.55)
k41 ak ;=1

By using induction hypothesis for ¢y (s1, ..., sk+1) (instead ¢r(s1, .- ., Spt1), With fix tp41 € Tg41, in (3.55)

and again by applying Theorem 2.6 on right hand side, we get

o oo k1
/ / H)\i(§i)[¢(§1a---7§k+1)]pA§1-~-A§k+1

R4 1

0o k+1 o p

AT (s

< (p)(k+1)p/ / <Al‘((§‘))> 9°(S1y -y Sk+1) A Agiy1. (3.56)
Qp+1 i=1 (2 1

Thus by principle of mathematical induction (3.43) holds for all n € ZT, which completes the proof. O

From Theorem 3.3 with condition (3.17), we obtain following result.

Corollary 3.2. Forp>1 andi € {1,...,n}, consider T; be time scales, a; € [0,00)T,, \; : T; = R* and

g:Tyx...xT, =R, Let Ai(s;) and ¥(s1,...,5,) be defined as in Theorem 3.1 such that (5.17) holds and

[0 LT HGE

n =1

the delta integrals

) [g(glv e ,§n)]pA§1 L Ag, exists.

Then

/a1 /% ZHIA'(%)WQ,...,cn)]pAgn,,,Agl
=7 ﬁ( )/ /a HA )P (st 6n) A ... Ay (3.57)

n og=1
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Remark 3.5. As a special case of Corollary 3.2 when T; = R, integral inequality of Copson-type for the
functions of “n” independent variables is

p

/ / Ai(si) / / HAZ (81, 80)dSy . dsy | dsy ... dsy
ay a 1 S1 Sno j—1 i(si)

n 3= n

<p"? / .. / Xi($i)gP(s1y ooy sn)dsn .. dsy,  (3.58)
al a 1

n 4=

where p > 1.

Remark 3.6. Assume that T, = N in Theorem 3.3, p > 1, a; =1,V i € {1,2,...,n}. Furthermore assume

that 35001 - > e g Ai(s1) - An(sn) A/l\(ls(ls;l) .. AXELS(’;j:)l)gp(sl, ..., 8p) is convergent. Then (3.43) becomes

the following discrete inequality of Copson’s type for the functions of “n” independent variables:

oo 0 ) > A1(s1) - An(sn) . . P
I;...I;Al(ll)...An(zn) 2; Al(sl)._.An(Sn)g( Ly Sn)

= A (41 AL, + 1
<pPy Y 1lh )” A( D) Anll)g? (L L),

11=1
Sifl

where A;(s;) = Z Ai(si), Yi=1,2,... n.
ai:1
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