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ABSTRACT. In the present article, we have established a result on generalized indexed absolute Norlund
summability factor by generalizing results of Mishra and Srivastava on indexed absolute Cesaro summabilty

factors and Padhy et.al. on the absolute indexed Norlund summability.

1. INTRODUCTION

In 1930, J.M.Whittaker [18] was the 1st to establish a result on the absolute summability of Fourier series
and in 1932, M. Fekete [6] established a result on generalized indexed summability. Later on the researchers
like Daniel [4] in 1964, Das [5] in 1966, Siya Ram [15] in 1969, Mazhar [11] in 1971, Mishra and Srivastava [13]
in 1984, Sulaiman [16] in 2011 etc. have established results on indexed summability factors of an infinite
series.

Let > a, be a given infinite series with sequence of partial sums {s,} . Let ¢, be the nth (C, @) mean
(with order a > —1) of the sequence {s,} and is given by

F'n+a+1)
a4+ 1)I(n+1)’

1 O o
o = FZAz—’isk’ n € N,where A5 =
" k=0
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then the series > a,is said to be summable |C, oy, k > 1, [7] if
Do) —tny F < oo,
n=1

Let t,, be the nth (C, 1)- mean of the sequence {s,} and is given by

1 n
tn, = n+ 1’;]5/67

then the series > a,is said to be summable |C, 1|,k > 1, [3] if

Z(n)k_l\tn —tn1|F < 0. (1.1)
n=1

Suppose {gn} be a sequence of real numbers with g, > 0, such that

n

Qn=> g —00, asn—00(Qi=q;="0,i>1) (1.2)
v=0

The sequence to sequence transformation

n

T, Gn—vSv (1.3)
0

1
Qu ?

defines the sequence {T},} of the (IV, ¢,,)- means of the sequence {s, } generated by the sequence of coefficients
{an} -

The series Y ay, is said to be summable | N, g,| if the sequence {T},} is of bonded variation i.e; Y |T,, — Ty, —1|
is convergent.

The series ) a, is said to be summable |N, g, |,,k > 1 if (see [8])

[e%s} Q k—1
Z(n> T = T |* < 00 (1.4)

QTL

n=1

Clearly,|N, ¢, |,-summabiity is same as |C, 1|-summabiity,when ¢, = 1, for all values of n. Further any
sequence {ay, } of positive numbers the series ) a,, is said to be summable |N, ¢,,, o, k& > 1 if

oo

k—1 k

Z (an)™ T = Tya]” < 00 (1.5)

n=1
and is said to be summable |N, g, a3 6|,k > 1,8 > 0 if

LS
(O‘n)ék-i_k_l‘Tn - Tn—1|k < 0o (16)

n=1
For any sequence {fi,},Y »o | Gnfiy is an infinite series.

We define

Ay = o — fn—1, | Aptn| = |pon — pn—1]

Also, for any sequence {pn}, by p, = O(n), we mean that the sequence {£=} is bounded.
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2. KNOWN THEOREMS
Concerning with |C, 1| and |N, g,,| summability Kishore [10] has proved the following theorem:

Theorem 2.1. Let gy > 0,q, > 0 and (¢,) be a non-decreasing sequence. If > a,, is summable |C, 1| then

the series Y a,Qn(n + 1)t is summable |N, qy|.

Later on Ram [15] has proved the following theorem related to absolute Norlund factors of infinite series.

Theorem 2.2. Let (¢,) be a non-increasing sequence with qo > 0,q, > 0. If
n
k=1

where (Yy,) is a positive non-decreasing sequence and (i) i a sequence such that

|sk] = O(Yy) as n — oo;

| =

00
Z n‘A2ﬂn|Yn < 00;
n=1

|n|Yn = O(1) as n — oo,

then the series Y. anQn(n +1)~1 is summable |N, q,|.

Also verma [17] has proved the following summability factor theorem:

Theorem 2.3. Let (gn) be a non-increasing sequence with qo > 0,q, > 0. If > ay, is summable |C, 1|, then

the series Y anQn(n+ 1)1 is summable [N, q,|,, k > 1.

In 1984, Mishra and Srivatava [13] proved the following theorem for |C, 1|, summability.

Theorem 2.4. Let (Y;,) be a positive non-decreasing sequence and let there be sequnces {B,} and {un} such

that
|Apa] < Bn; (2.1)
Bn — 0 as n — oo; (2.2)
|en|Yn = O(1) as n — oo; (2.3)
> AR, < oo (2.4)
n=1
> ~Jsn|" = O(¥) as m — o0, (2.5)
n=1

then the series Y .~ | appn is summable |C, 1],k > 1.
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Very recently, Padhy et al. [14] have proved a theorem on |N, ¢, |,-summability by extending theorem 2.4,

in the following form:

Theorem 2.5. Let for a positive non-decreasing sequence (Yy,),there be sequences {8,} and {u,} satisfying

the conditions 2.1 to 2.5 and {q,} be a sequence with {q,} € R™ such that

Qn = O(nQn)' (26)
Z | WF = 0(Y) as m — oo; (2.7)
Q"é;_l =0 <q"52’;‘1 ?) : (2.8)
m+1 k—1

Qn qn—r
n:zr;rl ( in ) Qn -9 (Qr> (2.9)

then the series Y oo anjin is summable [N, ¢y |k, k > 1,where 0 < r < n.

n=1

It should be noted that if we take ¢, = 1¥n then condition 2.7 will be reduced to 2.5.
In what follows, we have generalized known theorems 2.4 and 2.5 to |V, g, a,; 0], - summability in the form

of the following theorem after studying [1] and [2] :

3. MAIN THEOREM

Theorem 3.1. Let (Y,) be a positive non-decreasing sequence and there be sequences {B,} and {p,} such
that the conditions 2.1 to 2.5 are satisfied. Further let {q,} be a sequence of real numbers with ¢, > 0, such

that

Qn = O(ngn); (3.1)
Z | WF = 0(Yim) as m — oo; (3.2)
anrfl _ qn—r—1 & A
Qn =0 ( Qn ar ) ’ (3'3)
= Sk+k—1 dn—r q
+ n—r r
2 g0 (&) (34)

then the series > | anfiy is summable [N, ¢y, ;0] k> 1,8 > 0.

We require the below mentioned lemma to prove our main theorem:
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4. LEMMA [5]

Let (Y,) be a positive non decreasing sequence and there be sequences {3,} and {u,} such that the

conditions 2.1 to 2.5 are satisfied.Then
BrnYn =O0(1) as n — oo, (4.1)
Z Bn)/n < 0. (42)
n=1
5. PROOF OF THE MAIN THEOREM

Suppose (7,,) refers to the (N, g,)- mean of the series Y-, apft,. Then by definition, we have

Tn =

o an rzasus
=0 s=0
1
= @ZasusZ%w
s=0 r=s
1 n
- 5 s,usQn—s

1 n
- 5 af’r,urQn—’r
02

Thus

Tn — Tn—1 =

1 n 1 n—1
Qn ;anrar,ur - @;anrflarﬂr

n

_ Qn—r o anrfl
;( Qn Qn—l )arﬂr

1
(Qn r@Qn— Qn—r— Qn)ar,ur
QnQn 1; e !
A{ Qn rQn Qn r— Qn /147«} ay, thhp =0
QnQn 1 l; ' ! Zl 0

1 n—1 n—1
= QT lz (QTL—TQn—l - Qn—r—lQn) WSy + Z (Qn—T—lQn—l — Qn—r—QQn) Aﬂrsr
n«@n—1 —1 =

(By Abel’s transformation)

= 1in,1 + Tn72 + Tn73 + Tn74 (Say)

Now, to show Y ° | anp, is summable |N, g, an; 6|,k > 1,6 > 0, by 1.6,we need to show that

oo

5kk1
E + n — Tr— 1\ < 00.
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i.e; to show that
o0
Z (an)6k+k_1|Tn,1 + Tn,2 + Tn,?’ + Tn,4|k < 0.
n=1

It will be enough to show that

9]
j : 6k:+k 1

to establish the main theorem by using the inequality given by Minkowski.

iI¥ < oo forj=1,2,34.

Now we have

m—+1
Sktk—1 k
Y ()™ T
n=2
m—+1 Kk
Sktk— 1
an n—r n T"S’I"
nz:;() QQ”quQwI
m—+1 k-1
< Z (an) M'HC ! (an T\,ur| [ )(Q an T) (Using Holder's inequality)
n=2 o=
m—+1 q
Sk+k— n—r
Zw sl () ()
n=r+1 n
qr
Z|/1'7‘| |3rk , by 3.4
Z |ST‘ ‘ﬂr||/~Lr|
m—1 m
ZA\MZ \Sw| +0(1 |Mm|Z \8r|
m—1
DD [Ape|Ye + O) | Vo, by 3.2
r=1

=0(1), as m — o0

(By the lemma and 2.3)

Next,
m-+1
5 _
Z (Oén) k+k—1 |Tn72|k
n=2
m—41 k
Sk+k—
= Z (an) * 1 an r— 1Qnﬂr5r|
n=1 QnQn r=1

m—+1 n—1 n—1 k—1
Skk—1 1 ki |k 1
S Z (an) -~ Zanrfl‘,U/r‘ ‘87‘| Z(Jnfrfl
n=2 Qn-1 r=1 Qn-1 r=1

(5.1)
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m m+41
) S N
n=r+1 n—1

Zw sl 5 fr

= O(l), as m — 0o, As in proof of the 1st part.

Further,
m—+1
Z (O[ )5k+k—1 |T k
n=2 ,
m+1 k
Ok+k— 1
= Qo n—r—1&n— A rSr
2 (an) QninZQ 1Qn 1Ay,
m+1 1 n—1 1 n—1 k-1
< (O‘n)ék—i_k_l* ZQn—r—ﬂAﬂrHSr‘k 7ZQn—T—I|AMT’|
n=2 Qn r=1 Qn r=1
1 n—1 n—1
Stince, (QHZQ”THAMT) < Z|Aﬂn| < n|Apr| <npy,
r=1 r=1
Therefore,
m—+1
n=2
m m+1 Q
— — —r—1
<O (B Aplls* DT (an) o
r=1 n=r+1 n
qr
Z|Aﬂr||5r‘k
k Qdr
I)Zﬂr|5r a
- Qr
ZM%Z |w| +0(1 ﬁmz
m—1
D) 1ABY: + O(1)(Bn) Y
r=1
=0(1) as m — ©
Now,
m—+1
Z (an)6k+k—1 ‘Tn74|k
n=2
m—+1 k
Ok+k— 1
= Qp n—r— nA rSr
> (e oo 12@ 2Qu s,
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m—+1 1 n—1 1 n—1 k—1
Sk+k— k
S Z (an) + 17 ZQ7L—7‘—2|A,U¢H57'| 7ZQTL—7'—2|A,U“7'|
n=2 anl r—1 anl r—1

m m—+1
=0 Y ) s, 3 ()™ (L5 (as abore

r=1 n=r+1 Qn

S ar
= O(l)ZIAur\Isr\ka
r=1 r

= 0(1) as m — 0. (as above)

This completes the proof of the theorem.

6. CONCLUSION

If (Y,,) is a positive non-decreasing sequence and there be sequences {3, } and {u,} such that the condi-

tions 2.1 to 2.5 along with the conditions 4.1 and 4.2 are satisfied then the series Y > | anp, is summable

IN, @n,an; 6|, k> 1,0 >0, under the conditions 3.1 to 3.4.Thus, our result generalizes the result of Mishra

and Srivastava [13] and Padhy et. al [14].
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