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ABSTRACT. Let G be a topological locally compact, Hausdorff and second countable groupoid with a Haar
system and K a proper subgroupoid of G with a Haar system too. (G, K) is an internally Gelfand pair
if for any u in the unit space, the algebra of bi-K (u)-invariant functions on G(u) is commutative under
convolution. In this work, we give some characterizations of these pairs and extend to this context some

classical results of harmonic analysis.

1. INTRODUCTION

The notion of Gelfand pair, introduced by I.M.Gelfand, has been extensively studied on groups in papers
such as [1,4,5,7-10]. It has permitted to extend many results of commutative harmonic analysis to non-
commutative case. The notion of groupoid is an extension of the notion of group. In [21,22], we have
extended the notion of Gelfand pair from groups to groupoids. In these papers, our analysis is done on a
transitive locally compact groupoid, G, and a compact subgroupoid, K. For instance, in [21] we have proved
that (G, K) is a Gelfand pair if and only if for any u € G the pair of isotropy groups (G(u), K(u)) is
a Gelfand pair in group sense. Thanks to this result, we have extended some results of harmonic analysis

from groups to groupoids. But this result is not true in general. For instance, the groupoid algebra is
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not necessarily commutative even for abelian groupoids that means groupoids with abelian isotropy groups.
Nonetheless, there is a "nice” harmonic analysis on abelian groupoids [3,11,16]. So our purpose is, in order to
do harmonic analysis on pairs (G, K) for general locally compact groupoids, to define an alternative notion
of Gelfand pairs on groupoids taking into account only the isotropy groups. Since any compact groupoid
is proper and if K is proper then the isotropy groups K (u) are compact, we have giving our definition for
proper subgroupoid, K. In fact, for a locally compact groupoid G and a proper subgroupoid K, (G, K)
is an internally Gelfand pair if for any » in the unit space, the algebra of bi-K (u)-invariant functions on
G(u) is commutative under convolution. After notations and setup in the next section, we give in section 3
some characterizations of internally Gelfand pairs, in particular we show that a Gelfand pair is an internally
Gelfand pairs. We also study the link between Gelfand pairs and internally Gelfand pairs. In section 4, we
define the notion of G(?)-spherical function associated to internally Gelfand pairs and study some properties
of these functions. We establish a connection between G(®)-spherical functions and internally irreducible

representations introduce by R. Bos in his paper [3]. In section 5, we give an extension of Bochner Theorem.

2. PRELIMINARIES

We use the notations and setup of this section in the rest of the paper without mentioning. For basic
notions on groupoids and Haar systems, we refer the reader to [20]. Throughout G will be a second countable
locally compact Hausdorff groupoid with unit space G(©) and left Haar system {\*, u € G0}, G® will

L2 are respectively the range and

denote the set of composable pairs. For z € G, r(z) = zo~! and d(z) = 2~
the domain of . For u,v € G| let us put G* = r~*(u), G, = d~'(v), G* = G* N G, and for each unit
element u, G(u) = {z € G : r(z) = d(x) = u} is the isotropy group at u. The set G' = {x € G : r(z) = d(z)}
is the isotropy group bundle of G. The relation on G(®) defined by: u,v € GO, u ~ v iff G* # ) is an
equivalence relation. The equivalence class of u is denoted by [u]¢ and is called the orbit of u. The graph
R = {(r(x),d(x)) : x € G} of this equivalence relation is a groupoid with unit space G(?). The anchor map
6=(r,d) is a continuous homomorphism of G into G(*) x G(®) with image R. A groupoid is transitive if 6 is
onto i.e. the range of 6 is equal to G(©) x G(9). Otherwise, a groupoid is transitive if it has a single orbit.
A groupoid is proper if 6 is a proper map. For u € G \, will denote the image of A\* by the inverse
map and {\,, u € G(O)} is a right Haar system on G. Let p be a quasi-invariant measure on G©) for the
Haar system {\%,u € GO}, v = [ A*du(u) be the induced measure by p on G, v=! = [ A\,du(u) be the
inverse of v, v? = [ A" x A,du(u) be the induced measure by p on G® and A the modular function of p.
There is a decomposition of the left Haar system {A%, u € G(O)} for G over R. Firstly, there is a measure
B concentrated on GY for all (u,v) € R such that 8% is a left Haar measure on G(u), and 8¢ is a translate
of By ie. By=xBy if x € G}.

Notice that 8% is independent of the choice of x € G¥. Then, there is a unique Borel Haar system a={a" :
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u € GO} for R with the property that for every u € G(®, we have \'= [ B%da*(w,v). C.(G) will denote
the space of complex-valued continuous functions on G with compact support, endowed with the inductive
limit topology and L!(G,v) the space of v— integrable functions on G. In [12], P. Hahn defines the following
roill F llna) where || £ [l1,= sup{ [ |f(@)|dX*(@),u € GO},
| fllra= sup{qu |f(x)]d\y(x),u € GO} and introduce the following groupoid algebra,

norm on LY(G,v): || f |1 = max(|| f

(G A\ p) ={f € L'YG,v) || f |lr< oo}
Under the convolution product defined by: for all f,g € I(G, A, ),

fro@= [ st nar )

and the involution defined by: for f € I(G, A, ),

fr@) =A™ f@™h) = A f(z).

I(G, A\, ) is a Banach *-algebra. Let K be a proper subgroupoid of G with unit space G© and equipped
with a Haar system {7*, u € G(®}. As it is explain above, {y*, u € G} has a decomposition
{3 (wvyerr (P*)uec }, where Ri is the graph of the equivalence relation on G seen as unit space

of K, such that v* = [1¥dp“(w,v). We put
I(G\\K) = {f € I(G,\, n) : f(kak') = f(z)Va € G,Vk € K, (s, VK € K"},

the space of bi-K— invariant integrable functions which is a Banach #-subalgebra of I(G, A, u). For any

f € I(G,\, 1), let us denote by f% the bi-K-invariant function defined by: for all 2 € G,

fi) = / / F (kY oy (R)dy ) (K.

If I(G\\K) is commutative for convolution product, we say that (G, K) is a Gelfand pair. This notion in
groupoids case has been studied by authors in [21,22]. Let H=(H,),ccw© be a Hilbert bundle over G
and U(H) the unitary groupoid of the bundle H. (7, #H) is a unitary continuous representation of G if =
is a groupoid morphism of G into U(H) such that for all square integrable sections £ and 1 of #H, the map
z =< m(x)é(d(x)),n(r(x)) > is continuous. A closed nonzero subbundle M of H (i.e. M, is a nonzero closed
subspace of H,, for each u € G(?)) is invariant under r if 7(x) Mg(zy C My (y), for each x € G. If 7 admits a non
trivial closed invariant subbundle M, it is called reducible. Otherwise it is called irreducible. If £ is a section
of H, the subbundle M, whose leaf at u € G(©) is the closed linear span of the set {m(x)¢(d(x)) : @ € G¥} is
called the cyclic subbundle generated by . We say that ¢ is cyclic if (M), is dense in H,, for each u € GO,
We denote by I',,(#), the Hilbert space of square integrable section of H. In [20], J. Renault associates to

any unitary representation (m, ) a representation L of C.(G) on I, (#) defined by:

(L(f)esn) = / f(2) < m(@)E(d()), n(r(z) > dvo(a),
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for all f € C.(G), & n € T, (H), where v=AZv. L is a bounded non-degenerate x-representation
of C.(G) where C.(G) is equipped with the norm | - ||;. We may also define L by: L(f){(u) =
Jou f(x)w(x)f(d(x))A%l(;E)d)\“(x) In [18], the authors extend the notion of positive definite function to
groupoids. In fact, a bounded continuous function p : G — C is positive definite if for each u € G(°) and for

each f € C.(G) we have

/ / F(@) F@)p(y= 2)dX (2)dA(y) > 0.

Ramsay and Walter establish for groupoids the well-known correspondence between positive definite functions
and representations. In fact, for any bounded continuous positive definite function p : G — C, there exists a
unitary representation 7 of G on a Hilbert bundle #H, and a bounded continuous cyclic section £ of H such

that for each « € G, p(z) =< w(x)&(d(x)),E(r(z)) >.

3. INTERNALLY GELFAND PAIRS

Let G be a locally compact, Hausdorff and second countable groupoid and K a proper subgroupoid of G.
Definition 3.1. (G, K) is an internally Gelfand pair if for any v € G, (G(u), K(u)) is a Gelfand pair.

The first example is given by (G, G(?), where G is an abelian groupoid with unit space G(?) which is seen
here as a cotrivial groupoid. Let us notice that a groupoid G is said abelian if for any v € G(©) the isotropy
group G(u) is abelian.

The following results give some necessary conditions for internally Gelfand pairs.

Theorem 3.1. Let L be a locally compact group acting continuously on a compact space S and let T be
a compact subgroup of L acting trivially on S. If (L,T) is a Gelfand pair then the pair of transformation

groupoids (L o< S, T < S) is an internally Gelfand pair.

Proof. We have (T' < S)(u) =T C (L « S)(u) C L. Since (L,T) is a Gelfand pair, then ((L o S)(u), (T x
S)(u)) is a Gelfand pair. (see [1]) O

ly € K. Tt is an equivalence relation

Consider the relation on G defined by = ~ y iff r(z) = r(y) and y~
and the quotient space G/K, equipped with the quotient topology, is Hausdorff and locally compact. The
range map 7 induces a continuous, open surjection p : § — 7(g) from G/K to G(© (see [20]). The groupoid
G acts on G/K, that is , the map (g, s) — g.s from G« G/K :={(g,s) € G x G/K : d(g) = p(s)} to G/K,
is continuous and satisfy
(a) p(g-s) = r(g)

(1) (g192).5 = g1.(g2.5) if (g1,92) € G? and
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(c) p(s).s =s for all s € G/K.

For action groupoids, see [14]. Let us put

G/K xp G/K ={(g1,92) € G/K x G/K : p(g1) = p(g2)}-

There is an action of G on G/K x, G/K defined by the relation: g.(s,t) = (g.s,g.t) for g € G and s,t €
G/K.

Theorem 3.2. If for any s,t € G/K, (s,t) ~ (t,s) then (G, K) is an internally Gelfand pair.

Proof. Let u € G, For s = uK and z € G(u) we have
(s,27t8) =27 (x.5,5) ~ (z.5,5) ~ (s,2.5)

Thus there exists y € G, such that y.s = s and yz~!.s = x.s. The first relation shows that y € K(u) and
the second one implies that 2~ lyz~1.s = s. So we have t € K(u) and x~'yz~! € K(u). It follows that

27! € K(u)zK (u) and consequently (G(u), K (u)) is a Gelfand pair thanks to Proposition 1.2 in [8]. . O

Theorem 3.3. Let G be a locally compact, Hausdorff and second countable groupoid and K a proper sub-
groupoid of G. If (G, K) is a Gelfand pair then (G, K) is an internally Gelfand pair.

Proof. Suppose that (G, K) is a Gelfand pair. We consider the map ¢ from L'(G(u)\\K (u)) to I(G\\K)
defined by f — F where

F(z) = [ f(kak)dyy,, (k)dya™ (k') it K3 # () and K}, # 0 and F(z) = 0 in other case . Let’s show
that F is actually in I(G\\K). For | € K,(,), I € K%®) we assume first that K& 2.9 and Kl # 0. 1f
ke K2 then d(k) = u,r(k) = d(I'). Thus I'k is defined and I'k € K30 = K& that is K@ £ 0. We
show in the same way that if K{;) # () then Kl # 0. So,

Fat) = [ a0y (1) = [ F(kalk s (i () = F (o)

Now, if we assume that KX — ¢ or Ky = () then F(lzl’) = 0. If there exists k € K3 then r(k) =
d(z) = (k') and I'"1k is defined. We have I'"1k € K. So, K& = () and F(z)=0.
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1 is clearly linear. Now for f,h € L'(G(u)\\K (u)), we set F =(f) and H = 1(h), we have

F« H(x)

[Fume e
= / F(kyk ) h(ly ™ 2l )dryy (B)dy W) (K ) doylie,y (D drya™ (1) A" (y)

- / F k! Yty 2l Yy (B) 20 (gl (1269 (1) AN () )

/ F YLy~ kel )dry g (R)dy i) (k) d (D@ (1) dA, ™ (y) dpa(v)

/ Fk Y R(ly ™ kil )dny (k) dys (B dy s (D dyd (1) AN oy () dpa(v)

[ Fry et sy (B (0 ) ()N () )

/ F(y™ Kl Yy () dy2 (K )y (D dy @ ()N () ()

/ F(g)hly kel )y (R ) (1) ax ()
= [ e ket Yy () E) = v

where the line 7 is due to K (u)-biinvariance of h.
Thus % is a morphism of convolution algebras. Moreover v is injective. In fact, let us notice first that if
z € G(u) then F(z) = [ f(kak')dyi(k)dye (k') = f(z). Thus ¢(f) = t(h) implies that F = H and in

particular, F|G’(u) = HlG(u) that is f = h. 0

The converse is not generally true. For instance if G is abelian, the pair (G, G°) is an internally Gelfand
pair but not a Gelfand pair. For Transitive groupoids, the converse is true (see [21]). In the following result,

we give a condition for the converse.

Theorem 3.4. Let G be a locally compact Hausdorf groupoid with unit space GO and let K be a proper
subgroupoid of G with unit space G0 such that (G, K) is an internally Gelfand pair. If there exists a unit
u € G such that its orbit in K, [u]x, is dense in G then (G, K) is a Gelfand pair.

Proof. Since (G, K) is an internally Gelfand pair then (G(u), K(u)) is a Gelfand pair. It follows thanks to
theorem 3.3 of [21] that (G|, K], ) is a Gelfand pair. So if f,g € I'(G[|K) then flg,, *9dla|.,. =

ulk

9la, *f|G\[u]K and consequently we have (f*g)|G‘[u]K = (g*f)|G‘[u]K. Now it suffices to prove that G/|j,),

ul g

is dense in G to have f * g = g * f. In fact, since [u]g is dense in G(9), for x € G there exists a sequence
{tn }nen of elements of [u]g which converges to d(z) in G(°). The map d is continuous surjective and open,
so thanks to ( [11], proposition 1.25, page 20) there exists a subsequence {uy, } je. of {t, }nen and a sequence
{z;} of G such that d(z;) = u,, for any j € J. Since an orbit is an invariant subset of G(*) and d(z;) € [u]k

then r(xz;) are in [u]x. We conclude that {z;} is a sequence of elements of G|y, converging to z € G. O
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Let H = (Hy)yeq be a continuous Hilbert bundle over G(°). 7 is an internally irreducible representation
on H if the restriction of  to G(u) is irreducible for any u € G(?). We denote, as in [3], by I Rep’(G) the set
of equivalence classes of internally irreducible unitary continuous representations of G and by @ the set of
equivalence classes of irreducible unitary continuous representations of G(u). The map Res" : I Rep'(G)
CT(E), designates the restriction map. Let us denote by Hf ) the subspace of K (u)-invariant vectors defined

by Hi™ = {h € H, : n(k)h = h,Vk € K (u)}.

Theorem 3.5. If (G, K) is an internally Gelfand pair then for any internally irreducible unitary represen-
tation ™ on H, dimHlIf(u) <1 forallue GO,

If for any v € GO, Res" is surjective then the converse holds.

Proof. Since (G(u), K(u)) is a Gelfand pair and 7|G(u) is irreducible then by classical properties of Gelfand
pairs dimHE® < 1. For the converse, if 7, is a unitary irreducible representation of G(u) then, since Res"
is surjective, there exists an internally unitary irreducible representation = of G such that m, = 7|G(u).
So HE™ is the space of K (u)— invariant vector corresponding to 7, and it follows that (G(u), K(u)) is a

Gelfand pair. 0

Each Hf(u) is a closed subspace of H, so HE = (qu{(u))ueg(o) is a continuous Hilbert subbundle of

H = (Hy)yeao . Weset A= {ue GO HX™ £ {0}}

Remark 3.1. The set A is an invariant open subset of G.
In fact, let us suppose that for x € G, Hﬁ;‘)ﬂw)) # {0}. If £4(q) is a monzero vector of Hﬁi‘)j(z)) we set
Nr(z) = fﬂ(k)fd(x)dvgég (k). We have

ol = [ [ < #0967 W)y > o2} 0 )

[ [ <7 0y, tan > 2 0 )

// < &d(w), Ea(z) > dvggii(k)dvggi(k’)

= <) i) >= €aw)ll

and for kg € K:((;C))

(ko) (z) = /ﬂ(kok)ﬁd(@dﬁgﬁ(k) = /W(k)fd(w)d'}/;é;;(k) = Thr(a)

Thus ny(z) € Hﬁg(m)) and is nonzero. So Hﬁig(x)) # {0}. Now A is open as the support of a continuous

field of Hilbert space.

We end this section with some examples
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(1) G = A « S a transformation groupoid where A is a locally compact abelian group and S a topological
space. Let L be a subgroup of A acting continuously and properly on S, so (G=A x S, K = L « S)
is an internally Gelfand pair.

(2) P(M,G,7) a principal fiber. K a compact subgroup of G. (G, K) is a Gelfand pair if and only if

(E5E, 24P is an internally Gelfand pair. In fact, (£22)(m) = G and (£5£)(m) = K.

(3) Let G be a proper groupoid with unit space GO Let us consider a groupoid
G =G xa) G ={(2,y) € Gx G : (nd)(x) = (r,d)(y)}

with groupoid structure defined in the following way: d(z,y) = d(z) = d(y), r(z,y) = r(z) =
r(y); (z,9)(@y) = (za,yy') if d(y) = r(2’) and (z,y)"" = (7', y"). The set K = {(z,2) :
z € G} is a closed subgroupoid of G. We have G(u) = G(u) x G(u) the cartesian product of
G(u) by G(u) and K(u) = Diag(G(u) x G(u)) = {(z,z) : = € G(u)}. We know (see [7]) that
(G(u) x G(u), Diag(G(u) x G(u))) is a Gelfand pair. So, the pair (G, K) is an internally Gelfand

pair.

4. HARMONIC ANALYSIS ON PAIRS (G, K)

In this section, (G, K) is an internally Gelfand pair.

Definition 4.1. Let ¢ be a bi-K —invariant continuous function on G. ¢ is GO -spherical if for any u € G,

©|G(u), the restriction of v to G(u) is a K(u)- spherical function.
Let’s set that ¢ |g)= ¢u and f |gu)= fu-

Theorem 4.1. Let ¢ be a bi-K —invariant continuous function on G such that @, # 0 for all u € G,

Then ¢ is GO -spherical if and only if for all x,y € G,

[ etk i) = elaet)

Proof. Let ¢ be G(®)-spherical. Then for any u € G(*) and s, z € G(u) we have

/ ulsh2)dy 1 (K) = o(s)p(2)



Int. J. Anal. Appl. 17 (6) (2019) 936

Now for z,y € G
/ plaky)dyy () (k) = / p((tl) (I k) (k) )y ()2 (1) dy @) () dy 2 (1) o) (k)
= / p(tl) (I k) (K )y (D3 (1)y s (k) dy @9 (1)) (k)
= / Ptk gl ) ) (£)dye ™ 1)y () dye® (1) dy ) (k)
= [ [ otttk ) 0y (O O ) 1)

- / () o (kg gl Y2 (£)d7 ) (1) (ke )y ) (1)
= o(@)e(y)

For the converse it suffices to write for a fixed v € G(°) the equality for z,y € G(u) and apply the Proposition
6.1.5 of [5]. O

Theorem 4.2. Let ¢ be a bi-K-invariant continuous function non identically zero on each G(u). ¢ is
GO _spherical if and only if for all f € I(G\\K) there exists a continuous map Xf on GO such that for all
uwe GO o, xf, = Xf(w)pu. In particular if there exists a dense orbit [u]x in GO then X 18 constant on

GO,

Proof. For any u € G(¥) ¢, is a spherical function on G(u), so for all f € I(G\\K) there exists a complex
number X f(u) such that ¢, * f, = x¢(u)p,. Since ¢, is spherical then ¢, (u) = 1 and it follows that xf(u) =
fG(u) f(x)p(x)dBy(z). Thus the continuity of x s is due to the continuity of the map u — fG(u) f(z)dpi(x)
for any f € C.(G). The converse is trivial. Now if u ~x v then xf(u) = xs(v). In fact, for ¢t € K let us
consider the map L, from G(v) to G(u) defined by L;(x) = tzt~!. L; is a homeomorphism. If 32 is the Haar
measure on G(v) then it is straightforward to see that the image measure 8% = L;(87) is a Haar measure

on G(u) and equal to ¥ since (G(u), K(u)) being a Gelfand pair, G(u) is unimodular. Thus

xr(uw) = F@)p(z™")dBy (x)

G(u)

:/ ftot™ )tz 1)dBL (z)
G(v)

- / F@)e(eV)dBY () = x5 (v)
G(v)

So since [u]x is dense in G(®) and y; is continuous then there exists ¢ € C such that y;(w) = c for all

we GO, O

Theorem 4.3. Let w be an internally irreducible unitary representation on H. £ a continuous K -invariant
section such that || £(u) ||= 1 for any u € GO, Then the map ¢ : x +— p(x) =< 7(x)&(d(x)), E(r(x)) > is a

positive definite G -spherical function.
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The proof is trivial.

Theorem 4.4. Let 7 be a unitary representation on H admitting a continuous K -invariant section on G©),

If dime(u) =1 for allu € GO, then 7 is internally irreducible.

Proof. For allu € G 7 | G(u) is a unitary continuous representation of G(u) on H,. Let ¢ be a continuous
K-invariant section for 7 on G°. Then for all u € G(©) £(u) is a K (u)— invariant vector for m | G(u) and since

dimHE™ =1 then, thanks to Lemme 6.2.3. of [5] (or Proposition 2.6 of [8]), 7 | G(u) is irreducible. O

A positive definite function ¢ is said G(°) — elementary if the unitary continuous representation associated

to it is internally irreducible.

Theorem 4.5. Let ¢ be a bi-K -invariant, continuous, positive definite function such that p(u) =1 for all

ue GO, Then ¢ is GO — spherical if and only if ¢ is GO— elementary.

Proof. Let’s suppose that ¢ is G(°)— spherical and let m, be the unitary representation associated to ¢. We
have p(x) =< w(z)&(d(x)),&(r(x)) > where & is a continuous K-invariant section such that || £(u) ||= 1
for any u € GO, Let’s set ¢, = ©|G(u), the restriction of ¢ to G(u). @, is K(u)- invariant, continuous,
positive definite function such that ¢(u) = 1. Since ¢, is spherical then the representation associated to it,
is irreducible and unitarily equivalent to 7, |g(4). So 7, is internally irreducible. Conversely, ¢ is GO —
elementary implies that the associated representation is internally irreducible. Thus, the positive definite

function ¢ associated to 7 |g(y) is spherical. But ¢ = ¢, = p|g ). So ¢ is G — spherical. |

Denote by Pg the set of positive definite G(?)- spherical functions on G' and P, the set of positive
definite spherical functions on G(u). We know by classical theory (see [5,8]) that P, equipped with the
topology o(L>°, L") is locally compact. For u € G(©), let’s consider Res, : Pgwoy — P, the restriction map.
If we equip Pgy with the coarsest topology making continuous the map Res,, then it is locally compact.
In this section, we shall suppose that Res, is bijective. The choice of the topology of Py makes Res,, a
continuous open bijection and therefore an homeomorphism. We start by given a definition of the Fourier

transform appropriated to our context.

Definition 4.2. For a function f € I(G\\K), the Fourier transform, noted by F(f), is defined by:
FUEN®) = o Jug F@)ole™)a88(@)du(u) for all ¢ € Poo.

We have the following results known in classical case.

Theorem 4.6. (i) For f,g € I(G\\K), F(f *g) = F(f)F(g9)
(ii) F(f) is continuous on Pgwy and vanishing at infinity

(iii) The map [ — F(f) is a linear transformation.



Int. J. Anal. Appl. 17 (6) (2019) 938

Proof. (i)For f,g € I(G\\K)

F(f o) = / (f * 9)(@) (e 1) dBY () dp(u)

(™ h)dN" (y)dBy () dp(w)

I
—
Kﬁ

)g(ky ™ x)p(a™ ) drg,, (k)dAs, (y)dB; (z)du(m)dp(u)

I
—
\

/ F(k) gy~ 2)p (@ )y (R AN g () B () dpa(m)dpa()

Yy d, (R)ANG (y)dB, () dp(m) dpa(w)

Il
—
=
<
>~

/

= / f(k'yk)g(wﬁp(:v‘ly‘l)dﬁ(k')dvi‘n(k)dkfg,ﬁ))(y)dﬁﬁ(w)du(m)du(U)

(v hy =)y ) () (K YA (y) B () dpa(m) dp(u)

Il
—
"\h
\

(@™ )e(y™ dy (K )d/\d(k) (v)dB, (x)du(m)dpu(u)

I
oo~
S =
<
P
Ne)
N~—

(i) F(F)(@) = [y S, 9)dp(u) where $(u,0) = [ F(@)pla1)dBL (). The map p = ¢(u,p) is con-

tinuous as the composition of continuous functions ¢ — ¢|G(u) and ]-"(fu) Then, we have |¢(u, )| <

SUPueG(l))(fg(u) |f(z)|dB%(x)) < ||fll1- So F(f) is continuous. Since F(f wa) (fu)(u)dp(u) and
F(fu) vanishing at infinity then F(f) is vanishing at infinity.

iii) The proof is trivial. O
(iif) D

Theorem 4.7. Let ¢ be a bi-K -invariant continuous positive definite function on G such that ¢p(u) <1 for

all w € GO, Then there exists a unique measure T' on Mo(Pg) such that for all x € G,
o) = [ w@)ir)
Pow

Proof. For any u € G(©, ¢, the restriction of ¢ on G(u) is bi-K (u)-invariant continuous positive definite
function on G(u). Thus thanks to Bochner theorem for Gelfand pairs, there exists a unique measure 6,, on
My(P,) such that for all = € GO, ¢u(z) = fPﬂ, Wy (2)dBy, (wy,). We consider then the measure image I of
0, by Res;'. So we obtain a family of measure {T', : u € G} on Pg). We put T' = Joo T4dp(w). For all

z € G we have

b(x) = / S(kk )y (k)2 (k) dp ()

= [ b )8 by (B (0 ()
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/ d /
= [ Resu(@) (kb L @)y ()2 K )
_ / ()T (@) dp(u)
= / w(x)dl(w)
U
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