International Journal of Analysis and Applications

Volume 17, Number 3 (2019), 342-360 IJAA

URL: https://doi.org/10.28924/2291-8639 INTERNATIONAL JOURNAL

DOI: 10.28924/2291-8639-17-2019-342

OF ANALYSIS AND APPLICATIONS

PATA-TYPE FIXED POINT RESULTS IN b,(s)-METRIC SPACES

FANGYUAN DONG, PEISHENG JI* AND XIAOHUI WANG

School of Mathematics and statistics, Qingdao University, Shangdong 266071, P. R. China

*Corresponding author: jipeish_1@sina.com

ABSTRACT. The aim of this is to study fixed point theorems in b, (s)-metric spaces under the Pata-type
conditions. As consequences, we establish common fixed point results of Pata-type for two maps in by (s)-

metric spaces.

1. INTRODUCTION

The Banach contraction principle introduced by Banach [6] is one of the most important results in math-
ematical analysis. It is the most widely applied fixed point result in many branches of mathematics and
generalized in many different directions. Some generalizations of the notion of a metric space have been
proposed by some authors, such as, rectangular metric spaces, semi metric spaces, pseudo metric spaces,
probabilistic metric spaces, fuzzy metric spaces, quasi metric spaces, quasi semi metric spaces, D metric
spaces, and cone metric spaces (see [1,2,7,20,24,26,29-33,36]).

The other direction of investigation is concerned with generalizations of contractive condition (see [3,
10,11,18,19] and others in literature). One of the interesting recent results of this kind was obtained by
V. Pata in [23]. Several scholars have already used Pata-type conditions to obtain new fixed point results
(see [5,9,14-17)).

V. Pata obtained the following interesting refinement of the classical Banach Contraction Principle.
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Theorem 1.1. [23] Let (X,d) be a metric space, f : X — X, Let A > 0,7 > 1 and 8 € [0,n] be fized

constants and 1 : [0,1] — [0,00) be an increasing function, vanishing with continuity at 0. If the inequality
d(fx, fy) < (1 = e)d(z,y) + Ae(e)[1 + [[z]| + [|y[[]®

is satisfied for every e € [0,1] and all x,y € X, then f has a unique fized point z € X. Here, ||z|| = d(x, zo)

for a chosen point o € X.

It was also shown by an example that the previous theorem is real generalization of Banach’s result. More
results of this kind were subsequently obtained by various authors.

b-metric spaces were firstly used by I.A. Bakhtin and S. Czerwik.

Definition 1.1. [4,8] Let X be a nonempty set, s > 1 be a given real number. A mapping d : X xX — [0, 00)
is called a b-metric with parameter s if for all x,y € X the following holds:

(1) d(z,y) =0 if and only if x = y;

(2) d(z,y) =d(y,z) for al z,y € X ;

(3) d(z,y < s[d(z,z) + d(z,y)] for all z,y,z € X (b-triangular inequality).

Then the pair (X,d) is called a b-metric space.
Remark 1.1. In general, b-metric might not be continuous functions (see example in [4,8]).

Definition 1.2. [7] Let X be a nonempty set. Let d : X x X — [0,00) be a mapping such that for all
x,y € X and distinct points u,v € X, each distinct from x and y:

(1) d(z,y) =0 if and only if x = y;

(2) d(z,y) = d(y, z);

(3) d(z,y < d(z,u) + d(u,v) + d(v,y) (rectangular inequality).

Then d is called a generalized metric and the pair (X, d) is called generalized metric space (or shortly GMS).

Remark 1.2. Obviously, each metric space is a generalized metric space, but the converse is not true.
Moreover, Sarma et al. [32] and Samet [31] presented examples showing that generalized metric spaces might
not be Hausdorff and, again, that generalized metric might be discontinuous. Also, Suzuki showed in [35]

that, in general, generalized metric spaces do not have a compatible topology.

As a combination of b-metric and generalized metric spaces, b-rectangular metric spaces were introduced

and used in [12,22,28].

Definition 1.3. [12] Let X be a nonempty set and s > 1 be a fized real number.. Let d : X x X — [0, 00)

be a mapping such that for oll x,y € X and distinct points u,v € X, each distinct from x and y:

(1) d(z,y) =0 if and only if x = y;
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(2) d(z,y) = d(y, z);
(3) d(z,y < s[d(z,u) + d(u,v) + d(v,y)] (b-rectangular inequality).
Then d is called a b-rectangular metric and the pair (X, d) is called b-rectangular metric space with parameter

s.
In 2017, Z.D. Mitrovic and S. Radenovic [21] introduced the concept of b, (s)-metric space as follows.

Definition 1.4. [21] Let X be a nonempty set. Let d : X x X — [0,00) be a mapping and let v € N, s > 1.
Then (X, d) is said to be a b,(s)-metric space if for all z,y € X and for all distinct points uy, us, -+ ,u, € X,
each of them different from x and vy, the following hold:

(1) d(z,y) =0 if and only if x = y;

(2) d(z,y) = d(y, );

(3) d(z,y < sld(x,ur) + d(ur,uz) + - - - + d(uy, y)] (b,(s)-metric inequality).

They note that:
b1 (1)-metric space is usual metric space,
b1 (s)-metric space is b-metric space with coefficient of Bakhtin and Czerwik,

(

(s)

ba(1)-metric space is generalized metric space,

ba(s)-metric space is rectangular b-metric space with coefficient s of George et al.,
(1)

b, (1)-metric space is v-generalized metric space of Branciari.

Definition 1.5. [21] Let (X,d) be a b,(s)-metric space, {x,} be a sequence in X and x € X. Then
(i) The sequence {x,} is said to be convergent in (X,d) and converges to x, if for every e > 0 there
exists ng € N such that d(z,,x) < € for all n > ng and this fact represented by lim, _ x, = x or
Ty —> 00 AS M — 00.
(ii) The sequence {xy} is said to be Cauchy sequence in (X,d) if for every e > 0 there exists positive
integer N () such that d(z,, ) < € for all m,n > N(e).
(i) (X,d) is said to be a complete b, (s)-metric space if for every Cauchy sequence in X converges to

some .
And they proved the following Theorem:
Theorem 1.2. [21] Let (X,d) be a complete b,(s)-metric space and suppose that T : X — X be a self-

mapping satisfying:

d(Tz,Ty) < Md(x,y)

for all z,y € X, where A € [0,1). Then T has a unique fized point.
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Definition 1.6. [3/] Let X be a nonempty set, T : X — X and o : X x X — [0,00). We say that T is a
triangular a-admissible mapping if
(1) a(z,y) > 1 implies a(Tx, Ty) > 1, for x,y € X;

(2) a(z,z) > 1, alz,y) > 1 implies a(z,y) > 1, for all z,y,z € X.

Lemma 1.1. [3/] Let T is a triangular a-admissible mapping. Assume that there exists xg € X such that

alxg, Txo) > 1. Define sequence {x,} by x, = T"xy. Then
o(Tm, xn) > 1 for all m,n € N with m < n.
The following lemmas will be used for proving our main results.

Lemma 1.2. Let (X,d) be a b,(s)-metric space and let {x,} be a sequence in X with distinct elements (
Ty, # Ty for n # m). Suppose that d(zy,, Tntp) tends to 0 asn — oo for allp=1,2,--- v, and z,, = = as

n — o0o. Then

1
gd(x,y) < lirginfd(zn,y) < limsupd(z,,y) < sd(z,y),

n—roo

for ally € X with y # x.

Proof. Since {x,} be a sequence in X with distinct elements, we can assume that z,, is different from z

and y for all n € N. By the b, (s)-metric inequality, we have

d(.]f, Z/) S S[d(ﬂf, xn+y—1) + d(xn-‘,-l/—ly xn+u—2) + T + d(xn-‘rh xn) + d(x’rm y)])

d(xnv y) S S[d(l‘n, xn—l—v—l) + d(xn+u—17 mn+y—2) +- d($n+17 £C) + d(CE, y)]

Since d(p, Tnyp) tends to 0 as n — oo for all p = 1,2,--- ,v, and z, — x as n — oo, taking liminf,
on the both sides of the first inequality and taking limsup,,_, ., on the both sides of the second inequality, it

follows that

1
—d(z,y) < liminfd(z,,y) < limsupd(z,,y) < sd(z,y).
S n— 00

n—oo

Lemma 1.3. Let (X,d) be a b,(s)-metric space and let {x,} be a sequence in X with distinct elements (
Ty, F# T, for n #m). Suppose that d(zy, Tntp) tends to 0 asn — oo for allp=1,2,--- v and {z,} is not
a Cauchy sequence. Then there exist € > 0 and two sequence {my} and {ni} of positive integers such that
ng > mg + v, mg >k and

€< likrgicgf A(Tny, Tmy,) < liyrlri)solip d(Zpy, Ty, ) < SE,

€ .. . .
- <liminfd(zpn, -1, Tm,—1) < limsup d(x,, -1, Tm,—1) < €.
S k—o0 n—o00
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Proof. Since {z,} is not a Cauchy sequence, there exists ¢ > 0 for which we can choose two subsequences

{&m, } and {z,, } of {x,} such that nj is the smallest index for which

ng > myg >k and d(Tm,, Tn,) > €. (1.1)

This means that
ATy, Tmg+1) < €A(Tmy, Tmp+2) < €+, ATy Tnp—1) < € (1.2)
Since limy, 00 d(2p, Tnyp) = 0 for all p = 1,2,--- ,v, we can assume that ny > my +v. Using (1.1), (1.2)

and b, (s)-metric inequality, we have
e < d(@Tmy, Tny,) < S[d(@mys Trg—v) + A @np -1, Trp—pt1) + -+ -
+ d(Tn—2, Tnp—1) + d(Tne—1,%n,)]
<sle+d(@n—v, Tng—vt1) + -+ d(Tnp—2, Tnp—1) + d(Tny—1, Tny )]
Since lim,,— 00 d(p, Zpt1) = 0, we get
e < liminf d(zp, , m,) < limsupd(zn,, Tm,) < se.

k—o0 k—o0

Using (1.1) and b, (s)-metric inequality, we have
€ < d(Tmy, Tny) <S[A(Tmys Tmp—1) + d(Tmp -1, Try—1)
+d(@n,—1,%n,—2) + -+ d(Tnp—vt1, Tny)]-
Since limy, o0 d(Tn, Tntp) =0 for allp=1,2,--- v, we get
e < sliminfd(xn, -1, Tm,-1),

k—o0

that is

€ L.
- <liminf d(®m, -1, Tnj,—1)-
S k—o0

Using (1.2) and b, (s)-metric inequality, we have
A(Tmp—1, Tng—1) < S[A(@mu—1, Tmy,) + ATy s Tng—v) + ATnp—vy Tnp—pt1) + -
+ d(xnk—?n xnk—2) + d(xnk—% xnk—l)}
< sld(@mp—1,Tm,,) + €+ d(Tn, -0, Tnp—vt1) + -
+ d(Tn), -3, Tny—2) + d(Tny—2, Ty —1)]-
By taking the upper limit as ¥ — oo in the above inequality, since lim,, o d(Zp, Tn+1) = 0, we get

lim sup d(xmk—17 xnk—l) S Se.
k—o0
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Thus

€ .. . .
- <liminf d(@m, -1, Tn,—1) < limsup d(Tm,—1,Tn,—1) < se.
S k—o00 k—s 00

Lemma 1.4. Let {a,} and {b,} be two sequences of nonnegative numbers. If

lim b, =0, lim max{a,,b,} = qa,
n—roo n—oo

then lim,, .o a,, = a.

2. MAIN RESULTS

Throughout the paper, F(T') denotes the set of fixed points of the mapping T'. For a given b, (s)-metric
space (X, d) and a fixed xg € X, we will denote ||z|| = d(z,z¢) for x € X. We denote by ¥ the family of all

functions v : [0,1] — [0, 00) which is an increasing function, continuous at 0, with ¢(0) = 0.

Theorem 2.1. Let (X, d) be a complete b, (s)-metric space with s > 1, T : X - X and a: X x X — [0,00)

a given function. Suppose that following conditions are satisfied:

(1) T is a triangular a-admissible mapping;
(2) there exist A > 0,n > 1, 8 € [0,n] and 1» € ¥ such that for every e € [0,1] and for all x,y € X with
a(z,y) > 1 and d(Tx,Ty) > 0,

sd(Tz,Ty) <(1 —e)M(x,y)
+ Aep(e)[L + [[]| + [yl + ||| + || Tyl[]” (2.1)

where

d(z, Tz)d(y, Ty)

M(z,y) = max{d(z,y),d(z,Tx),d(y, Ty), 11 d(z,y)

b

(3) There exists xop € X such that a(xg,Txo) > 1;

(4) if {xn} is a sequence in X such that a(xn, Tpt1) > 1 for alln € N and x, — x as n — oo, then

there exists a subsequence {Ty )} of {xn} such that a(x, ), ) > 1 for allk € N.

Then T has a fized point u and {T"xo} converges to w. Further, if all x,y € F(T), we have a(z,y) > 1,

then T has a unique fixed point in X .
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Proof. Let xg € X satisfies a(xg,Tzo) > 1. We construct the sequence {z,} in X by x,, = Tx,—1 = T™xg
forn € N. If x, = z,41 for some n € N, then z,, is a fixed point of T. Consequently, we suppose that
Ty # Tpy foralln e N.

Since T is a triangular a-admissible mapping, by Lemma 1.1, we have
Ty, Ty,) > 1, for all n,m € N with n < m. (2.2)

Step I. We will show that the sequence {d(z, Z,+1)} is decreasing. Indeed, puttinge =0, z = 2, y = Tpy1

in (2.1), we obtain
$d(2n, tni1) = sd(Txn_1,Txy) < M(2p_1,2n), (2.3)

where

d(xnfh Txnfl)d(mn» Txn)
1+ d(xp_1,2n)

d(xnfl» xn)d(xn» xn+1) }
1+d(zp—1,2n)

= max{d(zp—1,Zn), d(Tn, Tnit1)}- (2.4)

M(xnfla xn) = max{d(xnflu xn)v d(:En,l, Txnfl)a d(xn7 Txn)v

= max{d(xn—la Zn), d(xn—la .’ﬂn), d(l’n, xn—&-l),

Combining (2.3) and (2.4), we have

$d(xp, Tpy1) < max{d(xn_1,2n), d(Tn, Tnt1)}

Hence

1
A Xy, Tpy1) < ;d(mn,hxn) (2.5)

for all n € N. Thus the sequence {d(z,, zn+1)} is decreasing.

Step II. We will prove that x,, # x,, for all n # m. Suppose that z,, = x,,, for some n > m, so we have x, 1 =
Tz, = Txy = Tyme1. By (2.5), we have d(z, Tny1) < d(@pn-1,2n) < -+ < d(@Tm, Timg1) = A(Tpn, Tpt1) a
contradiction. Thus x,, # z,, for all n # m.

Step III. We will show that for p = 1,2,---,v, the sequence {d(z,,Zn+p)} is bounded. Indeed, since

(T, Tnyp) > 1 and d(xy, Tnyp) > 0, putting e =0, & = zp, Yy = Tp4p in (2.1), we obtain

$d(Xn, Tntp) = $A(Txn—1,TTnsp—1) < M(Tp_1,Tntp—1), (2.6)
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where
M(zp—1,Tnip-1) = max{d(Tn—1, Tnip-1), d(@n-1,TTn-1), d(Tpnip-1,TTnip-1),
d(xn—la T$n—1)d(x7L+p—17 Txn—&-p—l) }
1+ d(@n—1,Tntp-1)
= rnax{d(mn_l, xn-&-p—1)7 d('rn—ly Z‘n), d(‘rn-i-p—la xn+p)7
d(xnflaxn)d(mn+p71axn+p)
1+ d(xn—ly In+p—1)
S maX{d(xnfla $n+p71)7 d(xnfla xn); d(xnfla xn)Z}
Combining (2.6), we have
Sd(l‘n, xn-{-p) < max{d(xn—h xn-&-p—l)) d(ajn—la l‘n)a d(xn—ly xn)2}
Taking a,, = d(xy, Tn+tp) and b, = d(zp, Tpt1), since s > 1, we have
sa, < max{a,_1,b,_1,b2_,}.
Since sb,, < b,—1 < max{a,_1,b,_1,b2_1} and sb2 < b2_; < max{a,_1,b,_1,b2_;}, we have
2 1 2
max{an, by, by, } < —max{an_1,bn_1,b,_1} (2.7)
s
for all n € N. Thus the sequence {max{a,, by, b2} }nen is decreasing. Thus
K = sup{d(zn, Tnip), d(@n, Tni1), d(Tn, 2ni1)> in=1,2,---5p=1,2,--- v} < o0. (2.8)
Step IV. We will prove that the sequence ¢, = d(x,,x¢) is bounded.
Using (2.5), we deduce the following estimate
en = d(xpn, x0) < sld(xg,xp—1) + d(xy—_1,2p—2) + -+ -
+ d(x2, x1) + d(21, Tpy1) + d(Try1, 20)]
< sley—1 + (v — 1D)co] + sd(Txo, Txy,).
Therefore, we infer from (2.1) that
en <(1—e)M(zo,xn)
+ A" ()1 + ||zl + 21| + ([ [[]7 + slev—1 + (v = Deo], (2.9)
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where
T T
M, 20) = miax{d(z, ). deos T). d, Ty), LTI L)y
d(xg, z1)d(xy, Ty

= max{d(xm xn)? d($07 xl)a d(.’I}n, .'L'n+]_), ( 01 +IC)Z(I£'0, xn) +1) }

< max{cy, c1,c2}. (2.10)
Combining (2.9) and (2.10), as 8 < n we have

cn <(1 —¢)[max{c,, c1, 1}
+ Ae"P(e)[1 + ¢n + 1 + )" + s[ev—1 + (v — 1)) (2.11)

Suppose that the sequence ¢, = d(x,, xo) is not bounded. Then there is a subsequence {c,,} satisfying that

Cn; > max{l,c1,c3, 1+ vK} for alli € N and ¢,, — oco. Using (2.8), we have

Cnt1 = d(Xni1,20) < s[d(zo, Zn) + d(Tn, Tny1) + -
+ d(xn+y—2a xn—i—v—l) + d(zn+u—1> xn+1)]

< sd(zg, 2pn) + sSVK = sc, + svK.

Thus, for all ¢ € N, (2.11) implies that

en; < (1 —=¢)ep, + Ae"P(e)[1 4+ (1 + 8)ep, + svK]|T + s[cy—1 + (v — 1)co]

< (1 —=¢€)en, + Ac"P(e)(3sen,)" + s[ep—1 + (v = 1)eg].
Thus we have
Cn; (1 =¢)cy, +ac"(e)e) +b
for some a,b > 0. Hence
ecn, < ag™p(e)el +b.
Now, as in [23], the choice € = &; = (1 + b)/cy, leads to the contradiction

1<a(l+0b)"(e;) — 0.

Hence the sequence ¢,, = d(zn, zo) is bounded.

Step V. For p=1,2,--- ,v, lim, 00 d(Zp, Tnyp) = 0.
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For all € € (0,1] and for « = z,,,y = 2,4, we have

Sd(Tn, Tntp) = sA(TTp—1,TTntp—1)
< =e)M(zn-1,Tnip-1)
T+ APE + fonll + [Tnsp-ill + [[2nspl]°
< (1 =e)M(@n-1,Tnip-1)
+ Be"p(e), B>0 (2.12)
where

M(l’n_l, mn+p—1) = max{d(mn_l, xn-&-p—l)y d(.’L’n_l, Tmn—1)7 d(xn+p—17 Tmn-&-p—l)a

d(xnfla Txnfl)d(x'rH»pfh Tmn+p71)
1+ d(xn—la xn+p—1)

}

= max{d(xnfh xn+p71)7 d(xnfh :En); d(anrpfla xn+p)7

d(Tp—1,2n)d(Tnip—1,Tnip) )
1+ d(l’n_l, xn+p—1)

< max{d(zn—1, Tnip-1), A(Tn-1,2n), d(Tn_1, xn)z} (2.13)

For p = 1, using (2.13) and (2.5), the inequality (2.12) implies that
$d(xp, Tny1) = sd(Txp—1,Txy)
<A —e)M(xp_1,z,) + Be"p(e)
< (1 —¢e)d(zp_1,Tn) + Be"Y(e). (2.14)

By (2.5), the sequence {d(z,,Zn41)} is converges. If lim, oo d(2p, Tpt1) = d* > 0, it follows from (2.14)
that d* < Bi(e), that is d* = 0. A contradiction. Thus lim, oo d(Zp, pt1) = 0.

In the following, we assume that d(z,,,z,+1) < 1 for all n € N. Thus

(T, Tpi1)? < d(@n, Trg1) (2.15)

for all n € N.

Fixed p > 2. (2.12), (2.13) and (2.15) imply that

$d(Tn, Tngp) < (1 —e)max{d(zp_1, Tntp—1), d(Xn_1,Tn)} + BeM(e),

that is, using the notations in step III,

an < sa, < (1 —e)max{an_1,bn_1}+ Be(e). (2.16)
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From step III, we see that max{a,,b,} is decreasing. Since lim,,_,~ b, = 0, by Lemma 1.4, we have

lim a, = lim max{a,,b,} =t.

If t > 0, taking the limit as n — oo on both sides of (2.16), we have
t < By(e)

for all € € (0,1], that is ¢ = 0. A contradiction.
Step VI. We will show that {x,} is Cauchy sequence in X. Suppose, to the contrary, that is, {x,} is not a
Cauchy sequence. By Step V and Lemma 1.3, there exist § > 0 and two sequence {my} and {ny} of positive

integers such that ng > my + v, my > k and

0 < liminfd(zp,, Tm,) < limsupd(zn,,Tm,) < 9,

—00 n—oo
0
- <liminfd(xn, -1, Tm,—1) < limsupd(Tpn,—1,Tm,—1) < $0. (2.17)
S k—o0 n—00

Now putting & = Zyp, —1,Y = T, —1 in (2.1), since d(zp,, Tm, ) > 0 and a(xy,, , Tm, ) > 1, we obtain
80 < 8d(Tymy, Tny ) = SA(T Ty —1, TTny—1)
< (1 —e)M(xmy—1,Tn,—1) + Bey(e), (2.18)

where

M(xmkfla xnkfl) = max{d(xmkflv xnk*1)7 d(xmk*h szk,1)7 d(mnkfla Txnkfl)v

d(fEmk_l, Txmk—l)d(xnk—17 Txnk—l)
1 + d(xmk717 ‘T’I’kal)

}

= max{d(Tm, —1, Tny—1), ATy —1, Ty )5 ATy —1, Tny )

d(xmk—h I"lk)d(xnk—l’ ‘Tnk) }

2.19
1+d($mk71,$nk,1) ( )

Using Step V and (2.19), we have

lim sup M (2, —1, Tnj—1) < S0.
k—o0

Taking the limit of supermum as k — oo in (2.18),
s6 < Bi(e),

that is, § = 0, a contradiction.

Hence {z,} is Cauchy sequence in X. Since (X, d) is complete, there exists u € X such that

lim d(x,,u) =0.

n— oo
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Step VII. We show that u is a fixed point of T. Using Theorem 2.1 (iv), there exists a subsequence {z,, }
of {z,} such that a(z,,,u) > 1 for all k € N. Suppose that v # Tu, so d(u,Tu) > 0. Since {z,} is a

sequence with distinct elements, we can assume that x,, # Tw for all n € N. Putting ¢ = x,,,y = v in (2.1),

we get

d(u, Tu) < sld(u, Tny+v) + ATy v—1, Tpgv—2) + -+ d@nyv2; Tnyr1) + d(@n, 41, Tu)]

< s[d(u, Tnyyo) + A(Tng 415 Trgrv—2) + -+ ATy 42, Togr1)]+

(1 —e)M(zp,,u) + Bey(e), (2.20)
where

d(n, , T, )d(u, Tu)
1+ d(zn,,u)
d(l‘nk ) xnk-',-l)d(u, T’u)
1+d(zp,,u)

M (2, ,u) = max{d(xn,,u), d(@n,, TTn, ), d(u, Tu),

}

1. (2.21)

= max{d(zn,, u), d(Tn,, Tny+), d(u, Tu),
Using Step V and (2.21), we have

lim M(zy,,u) = d(u, Tu).

k—o0

Taking the limit as k — oo in (2.20), using step V, we have
d(u,Tu) < (1 —¢e)d(u, Tu) + Bey(e),
from which we have
d(u, Tu) < Bij(e),

that is d(u, Tu) = 0, a contradiction. Thus u = T'u.
Step VIII. Finally, we prove that the fixed point of T is unique. Suppose that u, v are two fixed points of
T such that u # v. Then by the hypothesis, a(u,v) > 1. Hence, from (2.1) with e =0, = v and y = v we

have
sd(u,v) = sd(Tu, Tv) < M(u,v)
where
d(u, Tu)d(v, T
M (u,v) = max{d(u,v),d(u, Tu),d(v, Tv), W} = d(u,v).
Thus d(u,v) < d(u,v), a contradiction. O

Note. In Theorem 2.1, if s > 1, the inequality (2.1) can be replaced by

+ AT ()L + ||zl + [yl + ||| + | Tyl[]".
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Moreover, if v > 2, we can give another method to prove that {x, } is a Cauchy sequence. In fact, from (2.7)

and (2.8), we have
K
max{a,,b,, b2} < —
S’n,
for all n € N. Using b, (s)-inequality, for all n,p € N, we have

d(xnv xn+pu> S S[d(l‘n, xn-i—l) + d(xn-i-h xn+2) +--- 4+ d(wn-i-l/—l; xn-&-u)]

+ s [d(:z:n+,,, xn+u+1) + d(mn+u+1a xn+u+2) + o+ d(xn+2y_1, xn+QV)]

+ sP [d(anr(pfl)w xn+(p71)1/+1) + d(xn+(p71)y+17 xn+(p71)1/+2) +---

+ d(xn—i-pl/—l ) xn+p1/)]

K K K
Sslnt ot
. K
Sl T T e
+..
. K K
+s [Sn—i-(p—l)y + gnt(p=1)r+1 +oet Sn—i—pu—l]
K
SSV%7

sV

d(zn, $n+pv+1) < sld(xn, Tpyr) + d(@ng1, Togo) + -+ d(Tppp—1, Tngo))

+ 82 [d(mn+y7 mn+u+1) + d($n+u+17 xn+u+2) +- 4+ d(mn+21/717 xn+2u)]

+ sp[d(xn—i-(p—l)ya xn+(p—1)v+1) + d(mn+(p—1)y+1a xn+(p—1)v+2) 4

+ d(xn-i-pv—l » Tntpr+1 )]

d(!l?n, (En+pu+1/71) S S[d(xna xn+1) + d(wn+17 xn+2) + -+ d(‘rn+u717 xn+u)]

+ Sz[d(xn-‘rl/) xn-‘ru-‘rl) + d(l‘n-‘ru-‘rl; xn+y+2) +--+ d(xn+21/—17 xn+21/)]
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+ sP [d('rn-i-(p—l)l/a zn-‘r(p—l)l/-i-l) + d('rn+(p—1)y+la zn+(p—1)u+2) +---

+ d(l'n+puf 1, xn+pu+u71 )]

this implies
K
pe

1— L7

sV

d(x'ru xn+m) S sV

Thus {z,} is a Cauchy sequence.

Corollary 2.1. Let (X, <,d) be a partially ordered and complete b, (s)-metric space with s > 1. Suppose

that following conditions are satisfied:

(1) T is a increasing mapping with respect <, that is Tz < Ty if z < y;
(2) thereexist A >0,L >0,n>1, 5 € [0,n] and ¢ € ¥ such that for every ¢ € [0,1] and for all z,y € X
with z <y and d(Tz,Ty) > 0,

+ AeMp(e) L+ |lz| + [yl + ||T|| + | Ty]l]”

where

d(z, Tz)d(y, Ty)

M(z,y) = max{d(z,y),d(x, Tx),d(y, Ty), 1+ d(z,y)

b

(3) there exists z¢p € X such that xg < Txg;.

(4) x, <Xz for all n € N whenever {z,} is nondecreasing sequence in X such that z, — = € X.

Then T has a fixed point w and {T™z¢} converges to u. Further, if all z,y € F(T),  and y are comparable,

then T has a unique fixed point in X.

Proof. Define a: X x X — [0,00) as

1, ifz =<y,
0, otherwise.

Clearly, by Theorem 2.1, T has a fixed point. O
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3. COMMON FIXED POINT RESULTS
In this section, we prove some common fixed point results for two self-mappings. Following [27], we

introduce the notion of f — a-admissible mapping.

Definition 3.1. Let X be a non-empty set. AndletT,f: X — X and a: X x X — [0,00). The mapping
T is f — a-admissible if, for all x,y € X such that o(fx, fy) > 1, we have a(Tx,Ty) > 1.

Clearly, if f is the identity mapping, then 7" is a-admissible.

Theorem 3.1. Let (X,d) be a complete b, (s)-metric space with s > 1 and o : X x X — [0,00) be a given

function. Let T, f : X — X be two mappings. Suppose that following conditions are satisfied::

(1) T is an f — a-admissible mapping;
(2) there exist A > 0,n > 1, B € [0,n] and 1 € U such that for every e € [0,1] and for all x,y € X with
a(fx, fy) > 1 and d(Tx,Ty) > 0,

sd(Tx, Ty) <(1—e)M(fz, fy)

+ A" (e)[L+ |Ifzl + [Ifyll + [Tl + 1Ty} (4.1)

where

d(fz,Tx)d(fy, Ty)

M(fa, fy) = max{d(fe, fy), d(fo, Tw), d(fy, Ty), === s

b

(3) there exists xg € X such that o(fxo, Txg) > 1;

(4) if {yn} is a sequence in X such that a(yn,Yns+1) > 1 for allm € N and y, — y as n — oo, then

there exists a subsequence {Yn(k)} of {yn} such that a(ynm),y) > 1 for allk € N.

Then T and f have a point of coincidence in X. Moreover, if T and f are weakly compatible, then T and f
have a common fized point. Further, if all points of coincidence of f and T, we have a(fx, fy) > 1, then T

and f have a unique point of coincidence in X ..

Before we prove this theorem, we introduce the following lemma.

Lemma 3.1. [13] Let X be a non-empty set and let f : X — X be a self-mapping. Then there exists a
subset E of X such that fE = fX and f|g is injective.
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Proof. By Lemma 3.1, there exists £ C X such that fE = fX and f: E — X is one-to-one. Now, define
amap h: f(E) — f(E) by h(f(z)) = Tz. Since f is one-to-one on E, h is well defined. Note that for all
fx, fy € f(E) with a(fx, fy) > 1,d(h(fz),h(fy)) > 0, then (4.1) can be rewrite as

sd(h(fx),h(fy)) <(1 —e)M(fz, fy)

+ Ae"(e)[L + |If|| + [ fyll + [1h(F)l + R ()],

d(fx, h(fz))d(fy, h(fy))

M(f, f) = mas{d(fr, Fy) (o, h(Fa), dUy, b)), ST

};
Thus for all /.y’ € f(F) with a(z’y’) > 1 and d(ha', hy’) > 0, we have
sd(hx' hy') <(1 —e)M (', y)
+ Ae(e)[L+ [[2'[| + [yl + [[ha’|| + |lhy' |1}

where

d(a’, ha')d(y', hy')

M(a',y') = max{d(z,y), d(«", ha'), d(y', hy'), = TP

1.

Since f(F) = f(X) is complete, by using Theorem 2.1, there exists zo € E such that h(fz) = fzo. Hence
T and f have a point of coincidence in X. It is clear that T" and f have a common fixed point whenever T

and f are weakly compatible. |

In 2017, M. Rangamma and P. M. Reddy [25] established a unique common fixed point theorem for
T-contraction of two self mappings on generalized cone b-metric spaces with solid cone. In the following
theorem, a unique common fixed point theorem for T-contraction of two self mappings on b, (s)-metric

spaces is established.

Theorem 3.2. Let (X,d) be a complete b, (s)-metric space and o : X x X — [0,00) be a given function.
Let T, f : X — X be a mappings. Suppose that T is one to one and T(X) is a complete subspace of X, and
the following conditions are satisfied:
(1) ifa(Tz,Ty) > 1 then a(T fx,Tfy) > 1, and a(x,y) > 1,aly, z) > 1 implies a(z,z) > 1, z,y,z € X;
(2) there exist A > 0,n > 1, B € [0,n] and 1 € U such that for every e € [0,1] and for all x,y € X with
a(Tz, Ty) > 1 and d(T fz, T fy) > 0,

sd(T fa,Tfy) <(1 - )M(Ta, Ty)
+ ATY()[L + |7l + [1Tyl| + T fl| + 1T Fy1)° (4.3)

where

Tz, Tfx)d(Ty, T fy)
1+ d(Tz, Ty)

M(Tz,Ty) = max{d(Tx,Ty),d(Tz, T fz),d(Ty, T fy), d( I8
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(3) There exists xg € X such that a(Txo, T fxo) > 1;

(4) if {xn} is a sequence in X such that a(xn, Tpt1) > 1 for alln € N and x, — x as n — oo, then

there exists a subsequence {Ty k) } of {xn} such that a(w, gy, x) > 1 for all k € N.

Then f has a fized point in X. Further, if oll x,y € F(f), we have a(Tx,Ty) > 1 then [ has a unique
fixed point in X. Moreover, if f and T are commuting at the fized point of f, then f and T have a unique

common fized point in X.

Proof. Since T is one to one, the conditions (i) and (ii) can be restated as

(i) if a(Tz,Ty) > 1 then «(TfT Tz, TfT1Ty) > 1, and a(z,y) > 1,a(y,2) > 1 implies a(z,z) > 1,
z,y,z € X.

(ii") if «(Tx, Ty) > 1 and d(TfT Tz, TfT~'Ty) > 0 implies

sd(TfT Tz, TfT'Ty) < (1 —e)M(Txz, Ty)

+ A" (e)[1 + (| Tz + || Tyl| + || TfT~ Tl + ||Tf T Tyl|)’
where

M(Txz,Ty) = max{d(Tz,Ty),d(Tz, TfT'Tx),d(Ty, TfT 'Ty),

d(Tx, TfT~*Tx)d(Ty, TfT~'Ty)

1+d(Tz,Ty) g

Let f' = TfT—'. Then we have

(i”) f’ is a triangular a-admissible mapping in TX.

(ii") for all z’,y" € TX, if a(z’,y’) > 1 and d(f'z, f'y) > 0 implies
sd(f'a, f'y') <(1 —e)M(z",y)

+ A" () L+ (1| + 1yl + LI+ 111

where

(', f'2")d(y', f'y)
L+d(z',y')

M yf) = max{d(, o), d(a’, f'='), d(y/, £y, ° .

Then, by Theorem 2.1, there exist '’ = Tx € TX such that f'Tx = Tz, that is T fx = Tx. Since T is one
to one, we get fr = x. If x € F(f), then Tfxr = Tx and TfT Tz = Tz, which mains that Tx is a fixed
point of f/. Thus if for all z,y € F(f), a(Tz,Ty) > 1, then, by Theorem 2.1, f’ has a unique fixed point.

It follows that f has a unique fixed point. Moreover, if f and T are commuting at the unique fixed point



Int.

J. Anal. Appl. 17 (3) (2019) 359

xz of f,then Te =T fx = fTz,ie., Tz is also a fixed point of f. Since f has unique fixed point, we have

Tx =z, i.e., x is also the fixed point of T. So f and T have a unique common fixed point in X. ]
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