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ABSTRACT. D. Borwein characterized linear functionals on the normed linear spaces wp, and Wp. In this
paper we extend his results by presenting definitions for the double strong Cesaro mean. Using these new
notions of strongly p-Cesaro summable double sequence and strongly p-Cesaro summable bivariate function

we present extensions of D. Borwein’s results.

1. INTRODUCTION

The first definitions and investigations of the convergence of double sequences are usually atributted to
F. Pringsheim [12], who studied such sequences and series more than hundred years ago. Pringsheim defined
what we call the P limit and gave examples of convergence (P convergence) of double sequences with and
without the usual convergence of rows and columns. G. H. Hardy [4], considered in more details the case
of convergence of double sequences where, besides the existence of the P limit, rows and columns converge.
F. Moricz [6-8] discovered an alternative approach to the Hardy convergence, which significantly influenced
the whole theory.

The following notion of convergence for double sequences was presented by Pringsheim in [11]. A double

sequence & = {Xym, } of real numbers is said to be convergent to L € R in Pringsheim’s sense if for any € > 0,
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there exists N. € N such that |2, — L| < &, whenever n,m > N.. In this case we denote such limit as

follow:

P— lm z,,=L.
n,m— oo

A classical notion of sequence space is the following:

wy ={z = (z,) : hm —Z|xn—€|p—0}.

In 2], D. Borwein extended the sequence space w, to the function space W), the space of real valued functions

x, measurable (in the Lebesque sense) in the interval (1, 00) for which there is a number ¢ = ¢, such that

1 T
lim —/ |z(t) — ¢P = 0.
1

By a linear functional we mean one that is real-valued, additive, homogeneous and continuous. It is to be

supposed throughout that 1 < p < co and that zl) + % =1.

2. MAIN RESULTS

We begin to the main results with following definitions:

Definition 2.1. Let x = {zpm} be a real double sequence. Then the double sequence x is said to be strongly

p-Cesaro summable to ¢ if
N M

PiNM*}ocNMZZh:nmiapio

n=1m=1

The space of all strongly p-Cesaro summable double sequences will be denote by wg. Observe that this

space is normed by

H‘THQ = SUP <NM Z Z |xnm - ('p)

n=1m=1

Definition 2.2. Let x be a real valued bivariate function, measurable (in the Lebesque sense) in the (1,00) X

(1,00). Then the bivariate function x is said to be strongly p-Cesaro summable to £ if

_ P —
T%r_r}loo TR/ / x(t,r) — £|Pdrdt = 0.

The space of all strongly p-Cesaro summable bivariate functions will be denote by sz. Observe that this

LT R :
zlls = su — xz(t,r) — £|Pdrdt
lela= s (7 [ [ -6

Given any real double sequence o = {aym, }. We define a double sequence {mpm, (o, p)} by

space is normed by
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sup .
{Jvuc,|}, if p=1
9 <y < L gm < gy < gmt]

mnm(aap) =

ontl_1 2mtiog

1
(ﬁ Zv:%’; Zu:2m |’Uuavu‘ )q lf p > 1.

Given any real real valued bivariate function a(t,r) measurable in (1,00) X (1,00). We define a double

sequence { My, (a,p)} by

€8S.5up
{ltra(t,m)|}, if p=1

2n <t < 2ntliom < < omtd

Mnm(ayp) =
1 gntl ngmid 0 .
(W on Jom |tra(t,r)|q) , if p>1.
Theorem 2.1. (i) If f is a linear functional on Wg, then there is a real number a and a real valued

bivariate function o, measurable in (1,00) x (1,00) such that

) =al + /1 h /1 "t )t r)drdt (2.1)

DN Mym(a,p) < o (2.2)

n=0m=0

(ii) Ifa is a real number and « is a real valued bivariate function, measurable in (1,00) X (1,00), satisfying

for every x € sz and

(2.2), then (2.1) defines a linear function on W2 with
5 (o) o0
1fll2 < la| +27 Z Z M (e, p)
n=0m=0

and the integral in (2.1) is absolutely convergent for every x € sz.

Proof. Let L2 be the linear space of real valued bivariate functions 2 measurable in (1, 00) x (1, 00) for which

/ / x(t,r)|Pdrdt < oo,
oz = (/ / ot |pdrdt>p

Clearly, if z € L2, then z € W2, £ = 0 and |z||; = [zllwz < ||2/[12. Consequently the restriction to L of the

with norm

given linear functional f on Wg is linear on Li. It follows from standard results that there is a real valued

bivariate function «, measurable in (1,00) x (1,00), such that

z) = /1 h /1 "t )t r)drdt (2.3)
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for all z € Lf) and either

ess.sup  {|a(t,r)|} < oo if p=1
1<t< oo

1<r<o

/ / a(t,r)|?drdt < oo ifp>1.

or

To show that o must necessarily satisfy (2.2) we consider the cases p =1 and p > 1 separately. If p =1,

let My = Mym(a, 1). There is a measurable set e,,,,, of positive measure ey, | in the (27, 27+1) x

such that
1

|t7'()[(t, 7‘)| > Mnm — W

for all (¢,7) € enm.

Let

QH: sign(a(t,r)), if (t,7) € enm,n <s,m<u

z(t,r) =
0, otherwise.

Then z € L? and so, by (2.3),

Iflllzll2 > f(a // ot r)a(t,r)drdt

_ Z Z // 2t |drdt

om0 Jewn lenm]
_122 // [tra(t, r)|drdt
4n 0m=0 |enm|
= iz Z (Mum 2n+m)
n=0m=0

Furtermore, for 27 < T < 2*+1 < 25+l oh < R <« oht1 < Qutl
2h+1

—/ / x(t,r)|drdt < 5 +h/ / x(t,r)|drdt

2z+h22// w(t,r)|drdt

n=0m=0

z h
DI !

n=0m=0

2z+1

and for T > 25+ R > 2ut!

1 (TR 1
_ < -
TR/l /1 |x(t,r)|drdt < STESpES] /1

23+1 2u+1

/ x(t,r)|drdt < 1.

(2m,2m+t)

(2.4)
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Hence ||z]]2 < 4 and so, by (2.4),

Wl 13 o =4l 12 73D Mo,

n=0m=0

n=0m=0
which establishes (2.2) in this case. If p > 1, let M, = My (o, p) and let
on S t < 2n+1 S 22+1;

(tr)?

2n+7n a(t7)|pszgn( (t T')), lf
2m < < 2m L <2utl and My, # 0

x(t,r) =

otherwise.

Then x € L2 and so, by (2.3),

22+1 2u+1
x) :/ alt,r)z(t,r)|drdt = /
| >y

n=0m=0

2n+1 2m+1

la(t, r)z(t, r)|drdt

(2.5)

=33 Mo

n=0m=0

Furtermore, for 27 < T < 271 < 25+l 9h < R < 2ht1 <
2h+1

I 1
— |z(t,r)|Pdrdt < —/ / z(t,r)|Pdrdt
7"’R\/1 ‘/1 22+h 1

:2Z+hZZ// a(t, ) |[Pdrdt

n=0m=0

22p 4 ,

n=0m=0

1
Qu+ ,

2z+1

IN

and for T > 2*+1 R > 2h+1
1 [Tk 1
rr ), [, et < g |

Hence ||z]j2 < 22+% and so, by (2.5),

2h+1

/ x(t,r)|Pdrdt < 4P.

22+1

DY Muw < 22P5|I 1,

n=0m=0

which established (2.2) in this case.
Suppose now p > 1, My = My (a,p) and x € Wg. Then by Holder inequality

// a(t,r)z(t,r)|drdt = ZZ/ 2m+1

/ x(t,r)|drdt
n=0m=0

p
drdt

1
P

2n+1

3 =

2n+1 27n+1

< Z Z My (21' (1=2)(n+m) / /Qm

n=0m=0

x(t,r)
tr

2n+1 277L+1

<SS (o [T

n=0m=0

|z (t, r) |pdrdt>
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<27 (|22 3" N M. (2.6)

n=0m=0

/ / x(t,r)|drdt < 0o

whenever z € W2, and in particular since the characteristic function of (1,00) x (1,00) is in W, that

/ / a(t,r)|drdt < co.

Suppose next that z € Wg and £ = {,. Let

It follows that

r)=ux(t,r) — £

o y(t,r), if 1<t<n, 1<r<m;
ynm T
if t>nandr>m.

Then y € W2, Ynm € L and

=

1 T
|Ynm —ylla = sup 7R |z (t,r) — €p> =0(1) as n,m — co.
T>n,R>m

But
|f(ynm - y)‘ = ‘f(ynm) - f(y)| < Hynm - y||2||f||27

and so, by (2.3),

@) =P— lim f(yum)=P— lim // (t,P)a(t, r)drdt

n,m—oQ n,m—oQ

:/100 /100 x(t,r)a(t,r)drdt—€/1 /1 a(t,r)drdt.

Since both integrals on the right hand side have been shown to be absolutely convergent. Taking é to be

characteristic function of (1,00) x (1, 00) we see that

f(x) = fly+8)f(y) +Lf(S // x(t, r)a(t, r)drdt + al

where a = -5 . This completes the proof of part (i.
(ii) Tt follows from (2.6) that if x € WPQ, =14, and My, = My (v, p), then

oo oo
<225 3" > My + at]. 2.7)

n=0m=0

z)| =

x(t,r)a(t, r)drdt + al

Further, by Minkowski’s inequality

1 \7 1 (T (R » 1 T (R v
1— — < - oy = P
( TR) |e|_<TR/1 /1 o (t, ) — 1] drdt) +<TR/1 /1 l(t, )| drdt)

and the first term on the right hand side is o(1). Hence |[¢| < ||z||2 and consequently, by (2.7),

f(@)] < llz]l2 <|a| +20 33" Mnm>

n=0m=0
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for every x € Wﬁ. The additive and homogenous functional f defined by (2.1) is therefore also continuous

on sz and

@) <lal +25 3" 3" My

n=0m=0
Finally, by (2.6), the integral in (2.1) is absolutely convergent. Thus the proof is completed. |
Theorem 2.2. (i) If f is a linear functional on wg, then there is a real number a and a real double

sequence o = {Qpm} such that
f@)=al+Y "> apmnm (2.8)
n=1m=1
for every x = {znm} € w) and
53 Mam(asp) < oo 29)
n=0m=0
(ii) If a is a real number and o = {anm} s a real double sequence satisfying (2.9), then (2.8) defines a
linear function on wfj with
5 (o) o)
IFll2 < lal +27 Y > " mum (e, p)
n=0m=0

and the series in (2.8) is absolutely convergent for every & = {xpm} € w7,

Proof. Given any real double sequence x = {x,,,, }, define a bivariate function * by
' (t,r) =xpm forn<t<n+lim<r<m+1ln=123..,m=123,...

It is easily verified that this defines a one to one correspondence between wf, and a linear subspace (Wp2 )* of

Wp2 such that

2
Uy =€y and [lz7|2 < |22 < 27|27

Hence given a linear functional on Wg, the functional f* defined by

is linear on (W72)*. Consequently, by the Hahn-Banach theorem and Theorem?2.1, there is a real number a

and a real valued bivariate function o, integrable over (1,00) x 1,00), such that

oo o0

Z Z Mpm(a®,p) < 00

n=0m=0

2
and, for every z € wy,

f(x) = f*(z*) = aly- + /00 /OO o (t,r)x* (t,r)drdt = al, + i i o Trm
1 N1

n=1m=1
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where qym = an me (t,7)drdt. Furthermore, for a = {a,m},
Z Z Mapm (@, p) < Z Z My (a”, p);
n=0m=0 n=0m=0
and this completes the proof of (i).
(i) If . = {zpm} € wfj Mapm = Mpm (e, p) and £ = £, then by Holder’s and Minkowski’s inequalities, as
in the proof of (ii) of Theorem?2.1,

f =al + Z Z CpmTnm < ‘a€| + Z Z |anmxnm|

n=1m=1 n=1m=1

) 0 o0 s XX
<lall+25 2 Y D7 mam < llzllz | lal +27 Y > ntam

n=0m=0 n=0m=0
2
p,

o0 o0
1fll2 < lal+22 > mum

n=0m=0

The functional f defined by (2.8) is therefore linear on w

and the series in (2.8) absolutely convergent. This completes the proof. O
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