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ABSTRACT. The holomorphic results for fractional differential operator formals have been established. The

analytic continuation of these outcomes has been studied for the fractional differential formal

9%v(p, v 92
L2 = 5(p,2,0,82,53), aclo1)

v(a,z) = ¥(z), in a proximity toz €U,
where U is the open unit disk. The benefit of such a problem is that a generalization of two significant
problems: the Cauchy problem and the diffusion problem. Moreover, the analytic solution is given inside the
open unit disk, this leads to discuss the solution geometrically. The upper bound of outcomes is determined
by suggesting a majorant analytic function in U (for two functions characterized by a power series, a majorant
is the summation of a power series with positive coefficients which are not less than the absolute values of

the conforming coefficients of the assumed series). This technique is very useful in approximation theory.
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1. INTRODUCTION

Time scales calculus [1] cards us to teaching the dynamic equations, which contains both differences and
differential equations, both of which are substantial in understanding applications. The dynamical behavior
of different classes of fractional operating formals on time scales is presently experiencing active studies.
Several authors considered the existence and uniqueness solutions for problems involving classical fractional
derivative (see [2]- [10]). Holomorphic solution for some complex fractional classes is given in [5]- [7]. In this
work, we use a majorant technique of analytic functions to prove the convergent of outcomes. We generalize

some properties by applying the concept of classic fractional derivative formal operator.

Our construction is furnished by the Riemann-Liouville fractional operators.

Definition 1. The Riemann-Liouville fractional integral formal of the function ¢ of arbitrary order o > 0

is given by

zoto) = [T oty

Definition 2. The Riemann-Liouville fractional differential formal of the function ¢ of arbitrary order

a €10,1) is given by

Dyolo) = 7 [ D Lot = Lt o)

Definition 3. [8] The majorant formula is given by : o(x) = Y. oix’ and A(x) = > Aix?, then a(x) < A(x)

if and only if |o;| < || for each i. Similarly, if

plp:x) =Y pilp —e)'x*
and
O(t,x) =Y Ourlp—e)'x",

then p(p, x) < O(p, x) if and only if |pir| < O for all i and k.

Define the family of majorant functions: for each k € N, we set
oo

—_ Zn
=06 =2 sy (Al <bvz ), (1)
n=0

Clearly that for every k € N,v > 1, the functional El(,k) converges for all values |z| < 1. Further, this

functional has some significant majorant correlations as follows:
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Proposition 1. The following inequalities hold.

1
(v) =0 (2) < Ci BN (2),
z

(e €(0,1), and Ce € (0,00));

=2 (2)

. a—=(k
(vi) POECE) < DIEP (2),

for sufficient large v > 1.

Proof. By employing the formula expansion of E&k)(z), inequalities (i) and (ii) are achieved. According to

the following inequalities:

1 - n+1
v2k+2(n 4 1)k p2k+2(n 4 1)k+2
_ n+1
~ v(2n + 2)k+2
n+1
~ v(n+ 2)k+2

and

n+1 n+2
v(n + 2)k+2 < v(n + 2)k+2
_ 1
~ v(n 4 2)ktL
1

L —
~ v(n+ 1)k’
we get (iil). Similarly for (iv). To show (v), by arbitrary choice of &, we assume that

Ck@

En
~ v(n+ 1)k+2
which leads to
1 o
=D " < CieEP(2),
1—e¢z frd
This implies that for all n
1

20 (2) « C; 2P (2).

1—ez
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Finally, by using the relation

o0

I'(n+1) _

DQE(k) _ n—a 1

=00 =3t e e (H <D

we get inequality (vi) for sufficient large v > 1. |

In the same manner of Proposition 1, we have the following result:

Proposition 2. If ¢(z) is holomorphic in a prozimity of |z| < 1o, then ¢(z) is majorized by

M M z z
=k 2 MO, =k Z
¢(Z)<<1_(i)2 <<1_(£)2>< v (’I")<< k.e—vp (7‘)’
To T
for any 0 < r < erg.
2. FRACTIONAL OPERATOR FORMAL
Assume that H(p,z,v,v,w), p € J = [a,T] is a holomorphic function in a proximity of the four dim.

point (a, b, ¢, d,e) € JxC*, and suppose that () is a holomorphic function in a proximity of z = b achieving

0 H?2

Consider the initial value problem

0%v(p,z) __ v 8%
apa *5(@7%”7@7322)7

v(a,z) =(z), in a proximity ofz =b.
(ae 0,1), z €U, pe.])

Eq.(2.1) has Cauchy problem when

v 9%*v ov

7&7@) G(Wazavag)

H(p,z,v

and diffusion problem of fractional order when

ov 0%v, 0?v
ﬁ(@?'zv’l}? &v @) = 6(@7271)7 @)

Theorem 3. Consider the initial value problem (2.1), then it has a unique holomorphic outcome (v(gp, 2)),

in a proximity of (a,b) € J x C.
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Proof. Move the point (a,b) into the origin (0,0) and change the variable as follows:

@(pa Z) = U(p’ Z) - ¢(Z)a

where ¢(gp, z) is the new variable, then we get

9% p(t, dp 0?2
% = @(pvz7@a aifv T;Zp)a
(2.2)
©(0,0) =0, in a proximity ofz=0.
Here, the functional O(p, z, ¢, g—f, ?)27‘5) is holomorphic in a proximity of the origin in I x C*, o € I = [0, 1].

Therefore, it is sufficient to consider (2.2). Let the above equation has a unique outcome:

0(9,2) =Y er(2) 9, (pe).
k=0

We show that ¢(gp, z) converges.

Let ro > 0 and p > 0 be small enough and the function ©(p, z, p, v, w) be holomorphic in a proximity of the

set

§={(p.50,0,w) €Ix Chp <7< 1|2 < r0,l¢| < p, o] < p and ] < p}.

Assume that O is bounded by M in this domain. Since © is holomorphic, then it has the following construc-

tion:

O(p, z, v, w) = Z ap,qml(z)@p@q“swl,

P,q,8,1

(pe[, (p,v,w) € ((CX(CX(C)).

In virtue of the Cauchy’s inequality and the certainty that the coefficient a, 4 s(2) is holomorphic in a

proximity of {z € C;|z| < 1o}, implies that

M 1

Ap,g,s,1(2) K ot T (2)2°

(2.3)

In this case, the problem turns to evaluate a function J(gp, z) satisfying the majorant inequalities
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99 (p,2) M 1 89 \s (%I \1
“ope P Dpasit e oz UG (GE) p el

9(0,0) > 0,

then the function 9(p, z) majorizes the formal solution ¢(gp, z). Assume 0 < r < 1y and define

Wp,2) = 2P (p+ (5)?), (L>0). (2:5)

Operating by the fractional differential formal with respect to o we get

99 (g, 2) Laa5§2> (p”%)?)

Op® Op*
Then by Proposition 1 (vi) we get

L (L>0). (2.6)

2*0(p,2) L o 22

where O, := (2v)!2. For a constant K, > 0 again in virtue of Proposition 1 (ii) and (iii) we find

M 1 1 oY, %9 .
Z pitstil — ()21 — Qﬁq(g) (@)

2
P,q,8,l ro

<X An T o+ GP)y

Z)2

p,q,s TO)
2T0L:(0) z 2 s QTOL.:(O) z 2 1
AZSED (0 + P ){T5ED (0 + (5)2))

M 1 z
(0) RAVARY/
<3 amTEp e (0+ )
2rgL _ z s 2roL _ z
ATGED (o + CP )P {52 (0 + (5?)Y
M Ko =0 Zy2
< 1—L/p—4Lrg/pr2™" (p+(r) )’

<

(1]

whenever,

L 47‘0L
p r
Comparing (2.7) and (2.8) with the inequality

<1

L MK,
C, ~1—L/p—4Lry/pr?

then we obtain the majorant inequalities in (2.4) are achieved.

(2.9)

Note that relation (2.9) holds by choosing a sufficiently small L, rq, such that

L 4rL
—_ + 5
P r

<1
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Hence, 9(p, z) in (2.5) majorizes the formal solution (g, z). This now implies that ¢(p, z) converges in a
domain containing {(p,z) € I x C; |p + (£)?] < 1}. O
3. CONTINUATION OUTCOMES

Suppose that € is a proximate of the origin (0,0) and $(gp, z,v,v,w), g € I, is a holomorphic function

in Q x C, x C, x Cy,. Consider the following equation:

0“v v O%v
= 3 2,V — == )- 3.1
gge = V25 ) (31)
Then we have
H(p, z,v,v) = Z ajp.q(, 2)0I VP (3.2)
J,p:q
Define the following two sets:
SO = {<jap7 Q) € Ng;aJ';P;Q(BO’Z) 7& O}
and
S={0.p,q) € So;j +p+q=>3}
Clearly, $ is linear if and only if S = @; and it is nonlinear otherwise.
Suppose that $ is nonlinear, this implies that S is nonempty with the coefficients formal
j.p.q(:2) = 9" 79b; 5 4(, 2), (3-3)
where k; 4 is a non-negative integer and b; 5, 4(0,2) = 0. Applying (3.1), we get
0% ks - Ov. 0%v
S = D gl (PG (3.4)
3\psa
For k € R, we have
6() i= inf (jpg+ 1480 +p+a-1)). (3.5)
(4,p,0)€S

It is clear that, when k = 0, we get §(x) > 1. Also, if

(kj,p,q + 1)

KR > su _—
b j+tpt+qg-—1

(4,p,9) €S

)

then d(k) is positive.

Next, we show that v(p, z) = O(p") is analytically continued up to a proximate of the origin.
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Theorem 4. Let v(p, z) be a holomorphic solution of (3.4) in Q. Then for some k € R achieving §(k) > 0,

such that

sup [v(p, 2)| = O(p"), (p —0),
zE

and the solution v(gp, z) can be expanded analytically as a holomorphic outcome of Eq. (3.4) up to a approz-

imate of the origin.

Proof. Suppose that v(p, z) is a solution for Eq. (3.4), which is holomorphic in the domain €. In addition,

we let the expansion (3.2) is valid in the domain A where
A= A{(p,z,0,0,w) <27, [2] < 2r, | < p, o] < p, |w| < p},

such that 7 < 1,2r < 1 and p is positive number. Let M be a bound of § in A.

Now we suggest the following initial value problem in

X(p, 2) = Z xk(2)(p —e)* -
k=0

o 32 p i O o2
Tulon) — 5o ok ab (0, )X (BP(9X)1, pel

(3.6)

x(e, z) = v(g, 2).

We aim to show that the formal x(gp, z) converges in a domain including the origin. This leads to v(p, 2)

can be continued analytically by x(g, z) up to some neighborhood of the origin.

But v(gp, z) = O(p") as p — 0, this implies that there exists a positive constant Cy > 0 such that |u(e, 2)| <

Coe” uniformly in z. Thus, by Proposition 2, for some positive constant C; > 0, we get

v(e2) < Co" CEP (P + (2)?). (3.7)

Assume that 0 < k < 1 (without lose generality). To formulate an inequality satisfying the majorant

function, we majorize the expression p*i»b; ,(p, 2) by using E,(,O)(z). Let

then p is majorized by

p=c+(p—e) <. (s+4c¢> (1+ p4;s> (38)
<. (s + 4cT) ED(A).

We proceed to extend the function b; ,, 4(p, 2) as follows
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bina(:2) = D W5 (2)o™,
m=0
where each b;?;?q is holomorphic in some domain of {|z| < 2r} and achieves

(m) M
‘bj»P»q(Z” < pj+p+q(2f,—)m+’fj,p,q'
This estimate poses,

CoC1= (A)
pj*’PJFCI(QT)m""kj‘p,q

(m)
bjypyq(z) <

(3.9)

where C] is a positive constant satisfying (3.7). Joining relations (3.8) and (3.9) and using Proposition 1 (i),

we get

]mm,p,q{ CoC1EQ (M) ]

kjpal . =(0)
P b q(, 2) <o Z (€ +4er)Z,7(A) pITPHa(27)m+kip.g

(3.10)
COOl =(0) . m+kjp,q
<& ey (A) 2_30(40) wa,
Putting e = & and 0 < ¢ < 1 and fixing r so that ¢r < 1/4, 0 < ¢ < 1, we finally get the formal
. 2CyCh
pkj,p,qu7p7q(p’ Z) <<E pj+p+q ‘:‘(VO) (A)
Therefore, the function W (g, z) achieves the majorant conclusion
« —(0 . 2
IW e 3 pa 2D =P (MW QP (G, pel
(3.11)

VV(E7 Z) >, e"CyCy E&z) (A)
is one majorant function for the formal solution x(gp, z). In the similar manner of the proof of Theorem 3 by

choosing suitable values for p > 0, ¢ > 0, and letting ¢ = 5, we have

W (p, z) = e"CoC1EP (A)
achieves the majorant formal given in (3.11). Thus, W(gp, z) is holomorphic in a domain involving (0,0);
consequently must be true for x(p, 2). O
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