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Abstract. The idea proposed in this work is to extend the ZZ transform method to resolve the nonlinear

fractional partial differential equations by combining them with the so-called homotopy perturbation method

(HPM). We apply this technique to solve some nonlinear fractional equations as: nonlinear time-fractional

Fokker-Planck equation, the cubic nonlinear time-fractional Schrödinger equation and the nonlinear time-

fractional KdV equation. The fractional derivative is described in the Caputo sense. The results show

that this is the appropriate method to solve somme models of nonlinear partial differential equations with

time-fractional derivative.

1. Introduction

Fractional calculus is a field of applied mathematics that deals with derivatives and integrals of arbitrary

orders. During the last decade, fractional calculus has found applications in numerous seemingly diverse

fields of science and engineering. Fractional differential equations are increasingly used to model problems in

fluid mechanics, acoustics, biology, electromagnetism, diffusion, signal processing, and many other physical

processes [14].

Since the physical side is often associated with fractional differential equations as explained in the previous

paragraph, many researchers have used existing methods to solve this type of equations, others are trying
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to discover new methods faster than existing methods, and all this to facilitate the resolution of this type

of equations, especially non-linear ones. These efforts have strengthened this area of research through many

methods, among them we find homotopy perturbation method (HPM). This method was established in 1998

by J.H. He ( [10], [11], [12]) and applied to various linear and nonlinear differential equations, its application

was also extended to linear and nonlinear fractional differential equations.

Then, a new option emerged recently, includes the composition of Laplace transform, Sumudu transform,

Natural Transform or Elzaki transform with this method for solving linear and nonlinear differential equa-

tions. Among which are the homotopy perturbation transform method [13], homotopy perturbation Sumudu

transform method [17], Natural homotopy perturbation method [1], homotopy perturbation Elzaki transform

method ( [3], [8]).

The objective of the present study is to combine two powerful methods, homotopy perturbation method

and ZZ transform method to get a better method to solve nonlinear fractional partial differential equations.

The modified method is called fractional homotopy perturbation ZZ transform method (FHPZZTM) and we

will apply them to solve the following nonlinear time-fractional Fokker-Planck equation, the cubic nonlinear

time-fractional Schrödinger equation and the time-fractional KdV equation.

The present paper has been organized as follows: In section 2, some basic notions about fractional calculus

and basic definitions and properties of the ZZ transform method. In section 3, we give an analysis of the

proposed method. In section 4, we present solutions to proposed equations explaining how to apply the

proposed method. Finally, the conclusion follows.

2. Basic definitions

In this section, we give some basic notions about fractional calculus, ZZ transform and ZZ transform of

fractional derivatives which are used further in this paper.

2.1. Fractional calculus. We give some basic definitions and properties of the fractional calculus theory

as the Riemann–Liouville fractional integrals and Caputo fractional derivative (see [7], [15]).

Definition 2.1. Let Ω = [a, b] (−∞ < a < b < +∞) be a finite interval on the real axis R. The Riemann–

Liouville fractional integral Iα0+f of order α ∈ R (α > 0) is defined by

(Iα0+f)(t) =
1

Γ (α)

∫ t

0

f(τ)dτ

(t− τ)1−α , t > 0, α > 0

(I0
0+f)(t) = f(t).

Here Γ(·) is the gamma function.
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Theorem 2.1. Let α > 0 and let n = [α] + 1. If f(t) ∈ ACn [a, b] , then the Caputo fractional derivative

(cDα
0+f)(t) exist almost everywhere on [a, b] . If α /∈ N, (cDα

0+f)(t) is represented by

(cDα
0+f)(t) =

1

Γ (n− α)

∫ t

0

f (n)(τ)dτ

(t− τ)α−n+1
, (2.1)

where D = d
dxand n = [α] + 1.

Remark 2.1. In this paper, we consider the time-fractional derivative in the Caputo’s sense. When α ∈ R+,

the time-fractional derivative is defined as

(cDα
t u)(x, t) =

∂αu(x, t)

∂tα

=


1

Γ(m−α)

∫ t
0
(t− τ)m−α−1 ∂

mu(x,τ)
∂τm , m− 1 < α < m,

∂mu(x,t)
∂tm , α = m,

where m ∈ N∗.

2.2. Definitions and properties of the ZZ transform. The ZZ transform was defined by Zain Ul Abadin

Zafar [20] in 2016. In this section, we give some basic definitions and properties of this transform (see [20]).

Definition 2.2. Let u(t) be a function defined for all t ≥ 0. The ZZ transform of u(t) is the function T (v, s)

defined by

Z [u(t)] = T (v, s) = s

∫ ∞
0

u(vt)e−stdt. (2.2)

Theorem 2.2. If u(t) is piecewise continuous in every finite interval 0 ≤ t ≤ K and of exponential order γ

for t > K, then its ZZ transform T(v,s) exists for all s > γ, v > γ.

Proof. (see [20]) �

2.2.1. Some properties of the ZZ transform

. 1. The ZZ transform of the nth derivative of u(t) is given by

Z[u(n)(t)] =
sn

vn
Z[u(t)]−

n−1∑
k=0

sn−k

vn−k
u(k)(0). (2.3)

2. Some elementary functions and their transformations
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u(t) Z [u(t)]

1 1

t v
s

tn n!v
n

sn , n = 0, 1, 2, . . .

tα Γ(α+ 1) v
α

sα , α > 0.

Theorem 2.3. The ZZ transform of the time-fractional derivative in the Caputo’s sense is defined as

Z
[
(cDα

0+u)(t); (v, s)
]

=
sα

vα
Z[u(t)]−

n−1∑
k=0

sα−k

vα−k
u(k)(0) , n− 1 < α ≤ n, n = 1, 2, . . . (2.4)

Proof. (see [19]) �

3. Fractional homotopy perturbation ZZ transform method

To illustrate the basic idea of this method, we consider a general nonlinear fractional partial differential

non homogeneous equation with initial conditions of the form

cDα
t u(x, t) +Ru(x, t) +Nu(x, t) = g(x, t), (3.1)

where t > 0, x ∈ R, 0 < α ≤ 1 and the initial conditions

u(x, 0) = h(x). (3.2)

cDα
t u(x, t), is the Caputo fractional derivative of the function u(x, t), R is the linear differential operator,

N represent the general nonlinear differential operator, and h(x, t) is the source terms.

Applying the ZZ transform on both sides of (3.1) and using the differentiation property of this transform

(2.4), we obtain

Z[u(x, t)] = h(x) +
vα

sα
Z[g(x, t)]− vα

sα
Z[Ru(x, t) +Nu(x, t)]. (3.3)

Taking the inverse ZZ transform on both sides of equations in system (3.3) and then by using initial

conditions (3.2), we have

u(x, t) = G(x, t)− Z−1(
vα

sα
Z[Ru(x, t) +Nu(x, t)]), (3.4)

where G(x, t) represents the terms arising from the nonhomogeneous terms and the prescribed initial

conditions. Now, we applying the classical perturbation technique, we can assume that the solution can be

expressed as a power series in p , as given below
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u(x, t) =

∞∑
n=0

pnun(x, t), (3.5)

where the homotopy parameter p , is considered as a small parameter ( p ∈ [0, 1]). The nonlinear terms can

be decomposed as

Nu(x, t) =

∞∑
n=0

Hn(u), (3.6)

where Hn are He’s polynomials [5] of u0, u1, u2, ..., un, and they can be calculated by the formulas given

below

Hn(u0, ..., un) =
1

n

∂n

∂pn
[N(

∞∑
i=0

piui)]p=0, n = 0, 1, 2... (3.7)

Using (3.5) and (3.6), we can rewrite (3.4) as

∞∑
n=0

pnun = G(x, t)− p(Z−1[
vα

sα
Z[R

∞∑
n=0

pnun +

∞∑
n=0

pnHn(u)]]). (3.8)

This is a coupling of the ZZ transform and homotopy perturbation methods (ZZHPM) using He’s poly-

nomials. Now, equating the coefficient of corresponding power of p on both sides of (3.8), we get

u0(x, t) = G(x, t),

...

un(x, t) = −Z−1( v
α

sαZ[Run−1(x, t) +Hn−1(u)]),

(3.9)

where n ∈ N∗. We continue in this manner to obtain the general recursive relations.

Finally, the approximate solution is calculated by

u(x, t) = lim
N→∞

N∑
n=0

un(x, t). (3.10)

The convergence of the series (3.10) has been proved in ( [4], [5]).

4. Applications of fractional homotopy perturbation ZZ transform method

In this section, we apply fractional homotopy perturbation ZZ transform method with the Caputo

fractional derivative to solve nonlinear time-fractional Fokker-Planck equation, nonlinear time-fractional

Schrödinger equation and nonlinear time-fractional KdV equation.

Example 4.1. We consider the following nonlinear time-fractional Fokker-Planck equation

cDα
t u = (

x

3
u)x − (

4

x
u2)x + (u2)xx, 0 < α ≤ 1, (4.1)
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with the initial condition

u(x, 0) = x2. (4.2)

By applying ZZ transform of (4.1), we obtain

Z[Dα
t u] = Z[(

x

3
u)x]− Z[(

4

x
u2)x] + Z[(u2)xx]. (4.3)

Using the differentiation property of the ZZ transform in (4.1), we get

Z[u(x, t)] = x2 +
vα

sα

(
Z[(

x

3
u)x]− Z[(

4

x
u2)x] + Z[(u2)xx]

)
. (4.4)

Taking the inverse ZZ transform on both sides of (4.4), we obtain

u(x, t) = x2 + Z−1[
vα

sα

(
Z[(

x

3
u)x]− Z[(

4

x
u2)x] + Z[(u2)xx]

)
]. (4.5)

By applying the aforesaid homotopy perturbation method, we have

∞∑
n=0

pnun = x2 + p(Z−1[
vα

sα

(
Z[(

x

3

∞∑
n=0

pnun)x]− Z[

p∑
n=0

Hn(u)]

)
]). (4.6)

Equating the coefficient of the like power of p on both sides in (4.6), we get

p0 : u0(x, t) = x2,

...

pn : un(x, t) = Z−1[v
α

sα

(
Z[(x3

∑∞
n=0 p

nun)x]− Z[
∑p
n=0Hn(u)]

)
],

(4.7)

where n ∈ N∗. The first few components of He’s polynomials, are given by

H0 = −[ 4
xu

2
0]x + u2

0xx,

H1 = −[ 4
x2u0u1]x + 2(u0u1)xx,

H2 = −[ 4
x (2u0u2 + u2

1)]x + 2(2u0u2 + u2
1)xx,

H3 = −[ 4
x (2u0u3 + 2u1u2)]x + 2(2u0u3 + 2u1u2)xx,

...

(4.8)

Using He’s polynomials (4.8) and the iteration formulas (4.7) we obtain
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u0(x, t) = x2

u1(x, t) = x2 tα

Γ(α+1) ,

u2(x, t) = x2 t2α

Γ(2α+1)

u3(x, t) = x2 t3α

Γ(3α+1)

u4(x, t) = x2 t4α

Γ(4α+1) ,

...

(4.9)

The first four terms of the decomposition series solution for (4.1) are given by

u(x, t) = x2 + x2 tα

Γ(α+ 1)
+ x2 t2α

Γ(2α+ 1)
+ x2 t3α

Γ(3α+ 1)
+ x2 t4α

Γ(4α+ 1)
+ ...

Hence

u(x, t) = x2
+∞∑
k=0

tkα

Γ(kα+ 1)
= x2Eα(tα),

where Eα(tα) is a Mittag-leffler function defined as: Eα(tα) =
∑+∞
k=0

tkα

Γ(kα+1) .

At special case, when α = 1 we obtain

u(x, t) = x2et, (4.10)

which is the exact solution to the Fokker-Planck equation of (4.1)-(4.2) as presented in [18] by Ado-

mian decomposition method (ADM), in [16] by varational iteration method (VIM) and in [6] by homotopy

perturbation method (HPM).

(a) (b)

Figure 1. (a) The exact solution, (b) The approximate solution when α = 1 of (4.1)-(4.2)
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(c) (d)

(e)

Figure 2. (c) The approximate solution when α = 0, 7, (d) The approximate solution when

α = 0, 9 of, (e) plots of u(x, t) versus at x = 1 for different values for α = 1, α = 0, 9, α = 0, 7

and α = 0, 5 of (4.1)-(4.2)

Example 4.2. We consider the following cubic nonlinear time-fractional Schrödinger equation

icDα
t u+ uxx − 2|u|2u = 0, 0 < α ≤ 1, (4.11)

with the initial condition

u(x, 0) = eix. (4.12)

By applying ZZ transform of (4.11), we obtain

iZ[Dα
t u] + Z[uxx]− 2Z[|u|2u] = 0. (4.13)

Using the differentiation property of the ZZ transform and initial conditions in (4.13), we get

Z[u(x, t)] = eit + i
vα

sα
(
Z[uxx]− 2iZ[|u|2u]

)
. (4.14)
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Taking the inverse ZZ transform on both sides of (4.14), we obtain

u(x, t) = Z−1[
vα

sα
(
iZ[uxx]− 2iZ[|u|2u]

)
]. (4.15)

By applying the homotopy perturbation method, we have

∞∑
n=0

pnun = eix + p(Z−1[
vα

sα

(
iZ[(

∞∑
n=0

pnun)xx]− 2iZ[

p∑
n=0

Hn(u)]

)
]). (4.16)

Equating the coefficient of the like power of p on both sides in (4.16), we get

p0 : u0(x, t) = eix,

...

pn : un(x, t) = Z−1[v
α

sα (iZ[(
∑∞
n=0 p

nun)xx]− 2iZ[
∑p
n=0Hn(u)])],

(4.17)

where n ∈ N∗. The nonlinear term is given by

N(u) = |u|2u, |u|2 = uu,

N(u) = u2u.
(4.18)

The first few components of He’s polynomials, are given by

H0 = u0u0,

H1 = 2u0u0u1 + u2
0u1,

H2 = 2u0u0u2 + u2
1u0 + 2u0u1u1 + u2

0u2

...

(4.19)

Using He’s polynomials (4.19) and the iteration formulas (4.17) we obtain

u0(x, t) = eix,

u1(x, t) = −3ieix tα

Γ(α+1) ,

u2(x, t) = eix (3itα)2

Γ(2α+1)

u3(x, t) = −eix (3itα)3

Γ(3α+1)

u4(x, t) = eix (3itα)4

Γ(4α+1) ,

...

(4.20)

Then the approximate solution in a series form is given by

u(x, t) = eix − eix (3itα)

Γ(α+ 1)
+ eix

(3itα)2

Γ(2α+ 1)
− eix (3itα)3

Γ(3α+ 1)
+ u4(x, t) = eix

(3itα)4

Γ(4α+ 1)
+ ...

Hence
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u(x, t) = eix
+∞∑
k=0

(−1)k
(3itα)k

Γ(kα+ 1)
= eixEα(−3itα).

At special case, when α = 1 we obtain

u(x, t) = ei(x−3t), (4.21)

which is the exact solution to the cubic nonlinear Schrödinger equation of (4.11) as presented in [2].

Example 4.3. We consider the time-fractional KdV equation

cDα
t u− 3(u2)x + uxxx = 0, 0 < α ≤ 1, (4.22)

with the initial condition

u(x, 0) = 6x. (4.23)

Z[Dα
t u]− 3Z[(u2)x] + Z[uxxx] = 0. (4.24)

Using the differentiation property of the ZZ transform in (4.24), we have

Z[u(x, t)] = 6x+
vα

sα
Z[3(u2)x − uxxx]. (4.25)

Taking the inverse ZZ transform on both sides of (4.25), we obtain

u(x, t) = 6x+ Z−1[[
vα

sα
Z[3(u2)x − uxxx]]. (4.26)

By applying the HPM method, we have

∞∑
n=0

pnun = 6x+ p(Z−1(
vα

sα
Z[3

∞∑
n=0

pn(Hn(u))x −
∞∑
n=0

pnunxxx])). (4.27)

Equating the coefficient of the like power of p on both sides in (4.27), we get

p0 : u0(x, t) = 6x,

...

pn : un(x, t) = Z−1( v
α

sαZ[3(Hn−1(u))x − (un−1)xxx]),

(4.28)

where n ∈ N∗. The first few components of He’s polynomials are given by
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H0 = u2
0,

H1 = 2u0u1,

H2 = 2u0u2 + u2
1,

H3 = 2u0u3 + 2u1u2,

...

(4.29)

Using He’s polynomials (4.29) and the iteration formulas (4.28) we obtain

u0(x, t) = 6x

u1(x, t) = 6x(36) 1
Γ(α+1) t

α,

u2(x, t) = 6x(36)2 2
Γ(2α+1) t

2α

u3(x, t) = 6x(36)3 4Γ2(α+1)+Γ(2α+1)
Γ2(α+1)Γ(3α+1) t3α

u4(x, t) = 6x(36)4
(

8Γ2(α+1)+2Γ(2α+1)
Γ2(α+1)Γ(3α+1) + 4

Γ(α+1)Γ(2α+1)

)
Γ(3α+1)
Γ(4α+1) t

4α,

...

(4.30)

The first four terms of the decomposition series solution for (4.22) is given by

u(x, t) = 6x+ 6x(36)
1

Γ(α+ 1)
tα + 6x(36)2 2

Γ(2α+ 1)
t2α + 6x(36)3 4Γ2(α+ 1) + Γ(2α+ 1)

Γ2(α+ 1)Γ(3α+ 1)
t3α +

6x(36)4

(
8Γ2(α+ 1) + 2Γ(2α+ 1)

Γ2(α+ 1)Γ(3α+ 1)
+

4

Γ(α+ 1)Γ(2α+ 1)

)
Γ(3α+ 1)

Γ(4α+ 1)
t4α + ...

The first four terms of the decomposition series solution, for the special case α = 1, is given by

u(x, t) = 6x[1 + (36)t+ (36)2t2 + (36)3t3 + (36)4t4 + ...] (4.31)

That gives

u(x, t) =
6x

1− 36t
, |36t| < 1, (4.32)

which is an exact solution to the KdV equation (4.22)-(4.23) as presented in [21].
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(a) (b)

Figure 3. (a) The exact solution, (b) The approximate solution when α = 1 of (4.22)-(4.23)

(c) (d)

Figure 4. (c) and (d) The approximate solutions of (4.22)-(4.23) when α = 0.5 and α = 0.9 respectively.
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5. Conclusion

The coupling of homotopy perturbation method (HPM) and the ZZ transform method, proved very

effective to solve nonlinear fractional partial differential equations. The proposed algorithm provides the

solution in a series form that converges rapidly to the exact solution if it exists. From the obtained results,

it is clear that the HPZZTM yields very accurate solutions using only a few iterates. The results show that

the homotopy perturbation ZZ transform method (HPZZTM) can be further implemented to solve other

physical models of nonlinear partial differential equations with time-fractional derivative.
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