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Abstract. The purpose of this paper is to establish weighted version of Ostrowski type integral inequalities.

The inequalities are obtained by using a newly developed special type of five steps weighted kernel. The

introduction of this new Kernel gives some new error bounds for various quadrature rules. Applications for

Cumulative Distributive Functions are considered.

1. Introduction

The field of inequalities have applications in most of the domains of Mathematics. The importance of

mathematical inequalities has increased during the past few decades and now it is studied as a separate

branch of Mathematics. A number of research papers and books have been written on inequalities and

their applications (see for instance [9]- [13]). In many practical problems, it is important to bound one

quantity by another quantity. The classical inequalities such as Ostrowski’s inequality is very useful for this

purpose. Ostrowski type inequalities have immediate applications in numerical integration, optimization

theory, statistics and integral operator theory.

In 1938, Ostrowski [8] discovered the following useful integral inequality.
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Theorem 1.1. Let f : [a, b] → R be continuous on [a, b] and differentiable on (a, b) , whose derivative

f ′ : (a, b)→ R is bounded on (a, b) , i.e.

‖f ′‖∞ = sup
t∈[a,b]

|f ′ (t)| <∞

then for all x ∈ [a, b]

∣∣∣∣∣∣ f(x)− 1

b− a

b∫
a

f(t)dt

∣∣∣∣∣∣ ≤
1

4
+

(
x− a+b

2

b− a

)2
 (b− a) ‖f ′‖∞ . (1.1)

We mention another inequality called Grüss inequality [6] which is stated as the integral inequality that

establishes a connection between the integral of the product of two functions and the product of their

individual integrals. Mathematically, it is described as follows:

∣∣∣∣∣∣ 1

b− a

b∫
a

f(x)g(x)dx− 1

b− a

b∫
a

f(x)dx.
1

b− a

b∫
a

g(x)dx

∣∣∣∣∣∣ (1.2)

≤ 1

4
(Φ− ϕ)(Γ− γ),

where

ϕ ≤ f (x) ≤ Φ and γ ≤ g (x) ≤ Γ,

for all x ∈ [a, b] . The constant 1
4 is sharp in (1.2) .

In [4], Dragomir and Wang combined Ostrowski and Grüss inequality to give a new inequality which they

named Ostrowski-Grüss type inequalities.

In [2], Barnett et.al proved some Ostrowski type inequality and generalized the trapezoidal inequality.

Dragomir [3] and Liu [5] established some companions of Ostrowski type integral inequalities.

Recently, Qayyum et. al. [15] proved some Ostrowski type inequalities, they obtained their results by

using kernel with five steps. In this paper, we will present the weighted version of the results obtained by

Qayyum et. al. [15].

Throughout the present paper, a weight function (or density function) over some interval [a, b] , where

−∞ < a < b <∞, is a function w : [a, b] −→ [0,∞) with 0 <
b∫
a

w(t)dt <∞.
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2. Main Results

Definition 2.1. Let −∞ < a < b <∞. Let w be a weight function over [a, b] . The 5-step linear kernel with

respect to w is denoted by Pw, and is defined as follows:

Pw(x, t) =



t∫
a

w (u) du, t ∈
[
a, a+x

2

]
3
4

t∫
a

w (u) du+ 1
4

t∫
b

w (u) du, t ∈
(
a+x
2 , x

]
1
2

t∫
a

w (u) du+ 1
2

t∫
b

w (u) du, t ∈ (x, a+ b− x]

1
4

t∫
a

w (u) du+ 3
4

t∫
b

w (u) du, t ∈
(
a+ b− x, a+2b−x

2

]
t∫
b

w (u) du, t ∈
(
a+2b−x

2 , b
]

, (2.1)

for x ∈
[
a, a+b

2

]
and t ∈ [0, 1] .

The following lemma will be used repeatedly throughout the present paper.

Lemma 2.1. Let −∞ < a < b <∞. For a weight function w over [a, b] , the identity

b∫
a

Pw(x, t)f ′(t)dt (2.2)

=
1

4

 b∫
a

w (t) dt

[f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

)]
−

b∫
a

w (t) f (t) dt,

holds for all x ∈
[
a, a+b

2

]
and t ∈ [0, 1] .

Proof: Obvious.

Lemma 2.2. Let −∞ < a < b < ∞, and w be a weight function over [a, b]. If w is symmetric about a+b
2 ,

then
b∫

a

Pw(x, t)dt = 0.

Proof: Since w is symmetric about a+b
2 ,

b∫
a

tw (t) dt =

b∫
a

(a+ b− t)w (a+ b− t) dt

=

b∫
a

(a+ b− t)w (t) dt,

which implies that
b∫

a

tw (t) dt =
b+ a

2

b∫
a

w (t) dt.
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Using Identity (2.2) with f (t) = t, we get that

b∫
a

Pw(x, t)dt =
b+ a

2

b∫
a

w (t) dt−
b∫

a

tw (t) dt = 0.

The converse of Lemma 2.2 is not correct in general as shown in the following example.

Example 2.1. For −∞ < a < b <∞, let h (x) and w (x) be defined as:

h (x) = −2 +
10

3

(
x− a
b− a

)
,

w (x) =
1

9
(h (x))

2
+

1

27
(h (x))

3
, for x ∈ [a, b] .

Clearly, w is not symmetric about a+b
2 . On the other hand, note that

b∫
a

w (t) dt =
58

729
(b− a)

and
b∫

a

tw (t) dt =
29

729
(b2 − a2),

which implies that
b∫

a

tw (t) dt =
a+ b

2

b∫
a

w (t) dt.

Thus,
b∫

a

Pw(x, t)dt = 0.

Now with the help of Lemma 2.1, we state and prove some theorems in the following subsections.

2.1. The L1 Case.

Theorem 2.1. Let −∞ < a < b <∞ and f : [a, b]→ R be a differentiable function on (a, b). Suppose that

w is a weight function over [a, b] with
b∫
a

tw (t) dt = b+a
2

b∫
a

w (t) dt. If f ′ ∈ L1 [a, b] and D1 ≤ f ′(t) ≤ D2, for

all t ∈ [a, b] , where D1, D2 are constants, then the inequality∣∣∣∣∣∣14
 b∫

a

w (t) dt

(f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

))
−

b∫
a

w (t) f (t) dt

∣∣∣∣∣∣
≤ 1

2

 b∫
a

w (t) dt

 (D2 −D1) (b− a) (2.3)

holds for all x ∈
[
a, a+b

2

]
.
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Proof. Note that for t ∈ [0, 1] and x ∈
[
a, a+b

2

]
, we have

a∫
b

w (t) dt ≤ Pw(x, t) ≤
b∫

a

w (t) dt. (2.4)

Using Identity (2.2) with f (t) = t and the fact that
b∫
a

tw (t) dt = b+a
2

b∫
a

w (t) dt, we get that

b∫
a

Pw(x, t)dt = 0,

which implies that

1

b− a

b∫
a

Pw(x, t)f ′(t)dt =
1

b− a

b∫
a

Pw(x, t)f ′(t)dt− 1

(b− a)
2

b∫
a

Pw(x, t)dt

b∫
a

f ′(t)dt

Applying Grüss Inequality, we get that∣∣∣∣∣∣ 1

b− a

b∫
a

Pw(x, t)f ′(t)dt

∣∣∣∣∣∣ (2.5)

=

∣∣∣∣∣∣ 1

b− a

b∫
a

Pw(x, t)f ′(t)dt− 1

(b− a)
2

b∫
a

Pw(x, t)dt

b∫
a

f ′(t)dt

∣∣∣∣∣∣
≤ 1

4

 b∫
a

w (t) dt−
a∫

b

w (t) dt

 (D2 −D1) .

=
1

2

 b∫
a

w (t) dt

 (D2 −D1) .

By Lemma 2.1,

b∫
a

Pw(x, t)f ′(t)dt (2.6)

=
1

4

 b∫
a

w (t) dt

(f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

))
−

b∫
a

w (t) f (t) dt.

Therefore, ∣∣∣∣∣∣14
 b∫

a

w (t) dt

(f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

))
−

b∫
a

w (t) f (t) dt

∣∣∣∣∣∣
≤ 1

2

 b∫
a

w (t) dt

 (D2 −D1) (b− a) .

�
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Corollary 2.1. In Theorem 2.1, if w is a weight function over [a, b] and is symmetric about a+b
2 , then

Inequality (2.3) becomes∣∣∣∣∣∣14
 b∫

a

w (t) dt

(f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

))
−

b∫
a

w (t) f (t) dt

∣∣∣∣∣∣
≤ 1

4

 b∫
a

w (t) dt

 (D2 −D1) (b− a) . (2.7)

Proof. Since w is symmetric about a+b
2 , we have

b∫
a

Pw(x, t)dt = 0,

and

1

2

a∫
b

w (t) dt ≤ Pw(x, t) ≤ 1

2

b∫
a

w (t) dt.

�

We can generalize Theorem 2.1 as follows:

Theorem 2.2. Let −∞ < a < b <∞ and f : [a, b]→ R be a differentiable function on (a, b). Suppose that

w is a weight function over [a, b]. If f ′ ∈ L1 [a, b] and D1 ≤ f ′(t) ≤ D2, for all t ∈ [a, b] , where D1, D2 are

constants, then the inequality∣∣∣∣∣∣
1

4

 b∫
a

w (t) dt

(f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

))
−M b

a (x)N b
a


−

b∫
a

w (t) f (t) dt

∣∣∣∣∣∣
≤ 1

2

 b∫
a

w (t) dt

 (D2 −D1) (b− a) (2.8)

holds for all x ∈
[
a, a+b

2

]
, where M b

a (x) =
b∫
a

Pw(x, t)dt and N b
a = f(b)−f(a)

b−a .

Proof. By Lemma 2.1, we have

1

b− a

b∫
a

Pw(x, t)f ′(t)dt− 1

(b− a)
2

b∫
a

Pw(x, t)dt

b∫
a

f ′(t)dt

=
1

4 (b− a)

 b∫
a

w (t) dt

[f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

)]

−f (b)− f (a)

(b− a)
2

b∫
a

Pw(x, t)dt− 1

b− a

b∫
a

w (t) f (t) dt.
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By Gruss Inequality, we have

∣∣∣∣∣∣ 1

b− a

b∫
a

Pw(x, t)f ′(t)dt− 1

(b− a)
2

b∫
a

Pw(x, t)dt

b∫
a

f ′(t)dt

∣∣∣∣∣∣
≤ 1

2

 b∫
a

w (t) dt

 (D2 −D1) .

Therefore,

∣∣∣∣∣∣
1

4

 b∫
a

w (t) dt

(f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

))
−M b

a (x)N b
a


−

b∫
a

w (t) f (t) dt

∣∣∣∣∣∣
≤ 1

2

 b∫
a

w (t) dt

 (D2 −D1) (b− a) .

�

Theorem 2.3. Let f : I ⊂ R→ R be a differentiable mapping on I0, the interior of the interval I, and let

a, b ∈ I with a < b. Let w be a weight function over [a, b] with
b∫
a

tw (t) dt = b+a
2

b∫
a

w (t) dt. If f ′ ∈ L1 [a, b]

with D1 ≤ f ′ (t) ≤ D2 for all t ∈ [a, b], where D1, D2 are constants, then for each x ∈
[
a, a+b

2

]
, we have

∣∣∣∣∣∣14
 b∫

a

w (t) dt

[f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

)]

−
b∫

a

f (t)w (t) dt

∣∣∣∣∣∣ ≤ D2 −D1

2

b∫
a

|Pw(x, t)| dt. (2.9)

Proof. Let D = D1+D2

2

Using Identity (2.2) with f (t) = t, and the fact that
b∫
a

tw (t) dt = b+a
2

b∫
a

w (t) dt, we get that

b∫
a

Pw(x, t)dt = 0,

which implies that

b∫
a

Pw(x, t)f ′ (t) dt =

b∫
a

Pw(x, t) (f ′ (t)−D) dt.
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Using Lemma 2.1, we have

b∫
a

Pw(x, t) (f ′ (t)−D) dt

=
1

4

 b∫
a

w (t) dt

[f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

)]
−

b∫
a

f (t)w (t) dt.

Note that, for each t ∈ [a, b] ,

−
(
D2 −D1

2

)
= D1 −D ≤ f ′ (t)−D ≤ D2 −D =

D2 −D1

2

which implies that

max
t∈[a,b]

|f ′ (t)−D| ≤ D2 −D1

2
.

Thus, ∣∣∣∣∣∣
b∫

a

Pw(x, t) (f ′ (t)−D) dt

∣∣∣∣∣∣ ≤ max
t∈[a,b]

|f ′ (t)−D|
b∫

a

|Pw(x, t)| dt

≤ D2 −D1

2

b∫
a

|Pw(x, t)| dt,

which implies that∣∣∣∣∣∣14
 b∫

a

w (t) dt

[f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

)]

−
b∫

a

f (t)w (t) dt

∣∣∣∣∣∣ ≤ D2 −D1

2

b∫
a

|Pw(x, t)| dt.

�

We can generalize Theorem 2.3 as follows:

Theorem 2.4. Let f : I ⊂ R→ R be a differentiable mapping on I0, the interior of the interval I, and let

a, b ∈ I with a < b. Let w be a weight function over [a, b] . If f ′ ∈ L1 [a, b] with D1 ≤ f ′ (t) ≤ D2 for all

t ∈ [a, b], where D1, D2 are constants, then for each x ∈
[
a, a+b

2

]
, we have∣∣∣∣∣∣

1

4

 b∫
a

w (t) dt

(f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

))
−M b

a (x)D


−

b∫
a

w (t) f (t) dt

∣∣∣∣∣∣ ≤ D2 −D1

2

b∫
a

|Pw(x, t)| dt. (2.10)

where M b
a =

b∫
a

Pw(x, t)dt and D = D1+D2

2 .
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Proof. Let D = D1+D2

2

Using Lemma 2.1, we have

b∫
a

Pw(x, t) (f ′ (t)−D) dt

=
1

4

 b∫
a

w (t) dt

[f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

)]

−D
b∫

a

Pw(x, t)dt−
b∫

a

f (t)w (t) dt.

Using same argument as in the proof of Theorem 2.3, we get∣∣∣∣∣∣
b∫

a

Pw(x, t) (f ′ (t)−D) dt

∣∣∣∣∣∣ ≤ D2 −D1

2

b∫
a

|Pw(x, t)| dt,

which implies that∣∣∣∣∣∣
1

4

 b∫
a

w (t) dt

(f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

))
−M b

a (x)D


−

b∫
a

w (t) f (t) dt

∣∣∣∣∣∣ ≤ D2 −D1

2

b∫
a

|Pw(x, t)| dt.

�

Theorem 2.5. f : I ⊂ R→ R be a differentiable mapping on (a, b) .Let w be a weight function over [a, b]

with
b∫
a

tw (t) dt = b+a
2

b∫
a

w (t) dt. If f ′ ∈ L1 [a, b] with D1 ≤ f ′ (t) ≤ D2 for all t ∈ [a, b], where D1, D2 are

constants, then for each x ∈
[
a, a+b

2

]
, we have∣∣∣∣∣∣14

 b∫
a

w (t) dt

[f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

)]

−
b∫

a

f (t)w (t) dt

∣∣∣∣∣∣ ≤ (b− a)

(
f (b)− f (a)

b− a
−D1

)
sup

t∈[a,b]
|Pw(x, t)| , (2.11)

and ∣∣∣∣∣∣
1

4

b∫
a

w (t) dt

[f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

)]

−
b∫

a

f (t)w (t) dt

∣∣∣∣∣∣ ≤ (b− a)

(
D2 −

f (b)− f (a)

b− a

)
sup

t∈[a,b]
|Pw(x, t)| . (2.12)
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Proof. Using Identity (2.2) with f (t) = t, and the fact that
b∫
a

tw (t) dt = b+a
2

b∫
a

w (t) dt, we get that

b∫
a

Pw(x, t)dt = 0,

which implies that
b∫

a

Pw(x, t)f ′ (t) dt =

b∫
a

Pw(x, t) (f ′ (t)−D) dt,

b∫
a

f ′ (t)Pw(x, t)dt =

b∫
a

Pw(x, t) (f ′ (t)−D1) dt,

and
b∫

a

f ′ (t)Pw(x, t)dt =

b∫
a

Pw(x, t) (f ′ (t)−D2) dt.

Using Lemma 2.1 and the triangle inequality we get∣∣∣∣∣∣14
 b∫

a

w (t) dt

[f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

)]

−
b∫

a

f (t)w (t) dt

∣∣∣∣∣∣ ≤
b∫

a

|Pw(x, t) (f ′ (t)−D1)| dt,

and ∣∣∣∣∣∣14
 b∫

a

w (t) dt

[f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

)]

−
b∫

a

f (t)w (t) dt

∣∣∣∣∣∣ ≤
b∫

a

|Pw(x, t) (f ′ (t)−D2)| dt.

Note that

b∫
a

|Pw(x, t)dt (f ′ (t)−D1)| dt

≤ sup
t∈[a,b]

|Pw(x, t)|
b∫

a

|f ′ (t)−D1| dt

and

b∫
a

|f ′ (t)−D1| dt =

b∫
a

(f ′ (t)−D1) dt

= f (b)− f (b)−D1 (b− a)

= (b− a)

[
f (b)− f (b)

b− a
−D1

]
.
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Similarly,

b∫
a

|Pw(x, t) (f ′ (t)−D2)| dt

≤ sup
t∈[a,b]

|Pw(x, t)|
b∫

a

|f ′ (t)−D2| dt.

and

b∫
a

|f ′ (t)−D2| dt =

b∫
a

D2 − f ′ (t) dt

= D2 (b− a)− (f (b)− f (b))

= (b− a)

[
D2 −

f (b)− f (b)

b− a

]
.

Therefore, ∣∣∣∣∣∣14
 b∫

a

w (t) dt

[f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

)]

−
b∫

a

f (t)w (t) dt

∣∣∣∣∣∣ ≤ (b− a)

(
f (b)− f (a)

b− a
−D1

)
sup

t∈[a,b]
|Pw(x, t)| ,

and ∣∣∣∣∣∣14
 b∫

a

w (t) dt

[f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

)]

−
b∫

a

f (t)w (t) dt

∣∣∣∣∣∣ ≤ (b− a)

(
D2 −

f (b)− f (a)

b− a

)
sup

t∈[a,b]
|Pw(x, t)| .

�

2.2. The L2 Case.

Theorem 2.6. Let f : [a, b] → R be an absolutely continuous mapping on (a, b) with f ′ ∈ L2 [a, b] .

Suppose that w is a weight function over [a, b] with
b∫
a

tw (t) dt = b+a
2

b∫
a

w (t) dt. Then for each x ∈
[
a, a+b

2

]
,

we have ∣∣∣∣∣∣14
 b∫

a

w (t) dt

[f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

)]

−
b∫

a

f (t)w (t) dt

∣∣∣∣∣∣ ≤ ‖Pw(x, .)‖2

√
‖f ′‖22 −

(
f (b)− f (b)

b− a

)2

(b− a). (2.13)
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Proof. Let

D =

b∫
a

f ′ (y) dy.

Using Identity (2.2) with f (t) = t, and the fact that
b∫
a

tw (t) dt = b+a
2

b∫
a

w (t) dt, we get that

b∫
a

Pw(x, t)dt = 0,

which implies that
b∫

a

Pw(x, t)f ′ (t) dt =

b∫
a

Pw(x, t)dt (f ′ (t)−D) dt.

Using Lemma 2.1, we have∣∣∣∣∣∣14
 b∫

a

w (t) dt

[f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

)]

−
b∫

a

f (t)w (t) dt

∣∣∣∣∣∣ =

∣∣∣∣∣∣
b∫

a

(f ′ (t)−D)Pw(x, t)dt

∣∣∣∣∣∣ .
By Cauchy Schwartz inequality, ∣∣∣∣∣∣

b∫
a

(f ′ (t)−D)Pw(x, t)dt

∣∣∣∣∣∣
≤

 b∫
a

(f ′ (t)−D)
2
dt


1
2
 b∫

a

(Pw(x, t))
2
dt


1
2

= ‖Pw(x, .)‖2

 b∫
a

(f ′ (t)−D)
2
dt


1
2

.

Since f ′ ∈ L2 [a, b] ,
b∫

a

(f ′ (t)−D)
2
dt ≤ ‖f ′‖22 −

(
f (b)− f (b)

b− a

)2

(b− a) .

Therefore, ∣∣∣∣∣∣14
 b∫

a

w (t) dt

[f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

)]

−
b∫

a

f (t)w (t) dt

∣∣∣∣∣∣ ≤ ‖Pw(x, .)‖2

√
‖f ′‖22 −

(
f (b)− f (b)

b− a

)2

(b− a).

�
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Theorem 2.7. Let f : [a, b] → R be an absolutely continuous mapping on (a, b) with f ′′ ∈ L2 [a, b] .

Suppose that w is a weight function over [a, b] with
b∫
a

tw (t) dt = b+a
2

b∫
a

w (t) dt. Then for each x ∈
[
a, a+b

2

]
,

we have ∣∣∣∣∣∣14
 b∫

a

w (t) dt

[f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

)]
−

b∫
a

f (t)w (t) dt

∣∣∣∣∣∣
≤ (b− a)

π
‖f ′′‖2 ‖Pw(x, .)‖2 . (2.14)

Proof. Let

D = f ′
(
a+ b

2

)
.

Using Identity (2.2) with f (t) = t, and the fact that
b∫
a

tw (t) dt = b+a
2

b∫
a

w (t) dt, we get that

b∫
a

Pw(x, t)dt = 0,

which implies that
b∫

a

Pw(x, t)f ′ (t) dt =

b∫
a

Pw(x, t) (f ′ (t)−D) dt.

Using Lemma 2.1, we have∣∣∣∣∣∣14
 b∫

a

w (t) dt

[f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

)]

−
b∫

a

f (t)w (t) dt

∣∣∣∣∣∣ =

∣∣∣∣∣∣
b∫

a

(f ′ (t)−D)Pw(x, t)dt

∣∣∣∣∣∣
≤

 b∫
a

(f ′ (t)−D)
2
dt


1
2
 b∫

a

(Pw(x, t))
2
dt


1
2

= ‖Pw(x, .)‖2

 b∫
a

(f ′ (t)−D)
2
dt


1
2

.

By Diaz -Metcalf inequality [16]

b∫
a

(f ′ (t)−D)
2
dt ≤ (b− a)

2

π2
‖f ′′‖22 .

Therefore,∣∣∣∣∣∣14
 b∫

a

w (t) dt

[f (x) + f (a+ b− x) + f

(
a+ x

2

)
+ f

(
a+ 2b− x

2

)]
−

b∫
a

f (t)w (t) dt

∣∣∣∣∣∣
≤ (b− a)

π
‖f ′′‖2 ‖Pw(x, .)‖2 .
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�

3. Some Applications

The following Lemma will be useful in calculations.

Lemma 3.1. Let −∞ < a < b < ∞ and w be a weight function over [a, b]. If w is symmetric about a+b
2 ,

then

(1)

|Pw(x, t)| =



t∫
a

w (u) du, t ∈
[
a, a+x

2

]
1
2

∣∣∣∣∣ t∫a w (u) du−
a+b
2∫
t

w (u) du

∣∣∣∣∣ , t ∈
(
a+x
2 , x

]
a+b
2∫
t

w (u) du, t ∈
(
x, a+b

2

]
t∫

a+b
2

w (u) du, t ∈
(
a+b
2 , a+ b− x

]
1
2

∣∣∣∣∣a+b−t∫
a

w (u) du−
a+b
2∫

a+b−t
w (u) du

∣∣∣∣∣ , t ∈
(
a+ b− x, a+2b−x

2

]
b∫
t

w (u) du, t ∈
(
a+2b−x

2 , b
]

. (3.1)

(2)

b∫
a

|Pw(x, t)| dt = 2

a+x
2∫

a

Φ (t) dt+ 2

a+b
2∫

x

Ψ (t) dt+

x∫
a+x
2

|Φ (t)−Ψ (t)| dt

and

b∫
a

|Pw(x, t)|2 dt = 2

a+x
2∫

a

[Φ (t)]
2
dt+ 2

a+b
2∫

x

[Ψ (t)]
2
dt+

1

2

x∫
a+x
2

[Φ (t)−Ψ (t)]
2
dt,

where

Φ (t) =

t∫
a

w (u) du and Ψ (t) =

a+b
2∫

t

w (u) du, t ∈ [a, b] .

Remark 3.1. When w (t) = 1 on [a, b] , where −∞ < a < b <∞, we get that

(1)
b∫

a

|Pw(x, t)| dt =
1

4
(a+ b− 2x) (b− x) ,

for x ∈
[
a, 3a+b

4

]
.

(2)
b∫

a

|Pw(x, t)| dt =
1

4
(x− a)

2
+

5

4

(
a+ b

2
− x
)2

+

(
3a+ b

4
− x
)2

,

for x ∈
(
3a+b
4 , b

]
.
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Now we give some applications on the results found. Recall that a tagged partition P of a finite interval

[a, b] is a finite sequence of numbers a = x0 < x1 < · · · < xn = b, with corresponding values ti ∈ [xi−1, xi],

for i = 1, . . . , n.

Theorem 3.1. Let −∞ < a < b < ∞ and f : [a, b] → R be a differentiable function on (a, b) , and

P : a = x0 < x1 < · · · < xn = b be a tagged partition with corresponding values ti ∈ [xi−1,
xi−1+xi

2 ], for

i = 1, . . . , n. Suppose that w is a weight function over [a, b]. If f ′ ∈ L1 [a, b] and D1 ≤ f ′(t) ≤ D2, for all

t ∈ [a, b] , where D1, D2 are constants, then we have the quadrature formula

b∫
a

w (t) f (t) dt = Aw (f, P ) +Rw (f, P ) ,

where

Aw (f, P ) =

n−1∑
i=0

1

4
W xi+1

xi

(
f (ti+1) + f (xi + xi+1 − ti+1) + f

(
xi + ti+1

2

)

+f

(
xi + 2xi+1 − ti+1

2

))
−Mxi+1

xi
(ti+1)Nxi+1

xi
,

W xi+1
xi

=

xi+1∫
xi

w(t)dt, 0 ≤ i ≤ n− 1,

Mxi+1
xi

(ti+1) =

xi+1∫
xi

Pw(x, t)dt, 0 ≤ i ≤ n− 1,

Nxi+1
xi

=
f (xi+1)− f (xi)

xi+1 − xi
, 0 ≤ i ≤ n− 1,

and the remainder satisfies the inequality

|Rw (f, P )| ≤ (D2 −D1)

2

n−1∑
i=0

W xi+1
xi

(xi+1 − xi) .

Proof. For each 0 ≤ i ≤ n− 1, applying Theorem 2.2 on [xi−1, xi] with x = ti+1, we get that∣∣∣∣∣∣
xi+1∫
xi

w (t) f (t) dt−

1

4
W xi+1

xi

 f (ti+1) + f (xi + xi+1 − ti+1)

+f
(

xi+ti+1

2

)
+ f

(
xi+2xi+1−ti+1

2

)
−Mxi+1

xi
(ti+1)Nxi+1

xi

∣∣∣∣∣∣
≤ (D2 −D1)

2
W xi+1

xi
(xi+1 − xi) .

Using the Triangle Inequality, we find that∣∣∣∣∣∣
n−1∑
i=0

xi+1∫
xi

w (t) f (t) dt−

1

4
W xi+1

xi

 f (ti+1) + f (xi + xi+1 − ti+1)

+f
(

xi+ti+1

2

)
+ f

(
xi+2xi+1−ti+1

2

)
−Mxi+1

xi
(ti+1)Nxi+1

xi

∣∣∣∣∣∣
≤ (D2 −D1)

2

n−1∑
i=0

W xi+1
xi

(xi+1 − xi) .
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But

n−1∑
i=0

xi+1∫
xi

w (t) f (t) dt =

b∫
a

w (t) f (t) dt,

which implies that

b∫
a

w (t) f (t) dt = Aw (f, P ) +Rw (f, P )

and

|Rw (f, P )| ≤ (D2 −D1)

2

n−1∑
i=0

W xi+1
xi

(xi+1 − xi) .

�

Theorem 3.2. Let f : I ⊂ R → R be a differentiable mapping on I0, the interior of the interval I,

a, b ∈ I with a < b, and P : a = x0 < x1 < · · · < xn = b be a tagged partition with corresponding values

ti ∈ [xi−1,
xi−1+xi

2 ], for i = 1, . . . , n. Suppose that w is a weight function over [a, b] . If f ′ ∈ L1 [a, b] with

D1 ≤ f ′ (t) ≤ D2 for all t ∈ [a, b], where D1, D2 are constants, then we have the quadrature formula

b∫
a

w (t) f (t) dt = Aw (f, P ) +Rw (f, P ) ,

where

Aw (f, P ) =

n−1∑
i=0

1

4
W xi+1

xi

(
f (ti+1) + f (xi + xi+1 − ti+1) + f

(
xi + ti+1

2

)

+f

(
xi + 2xi+1 − ti+1

2

))
−DMxi+1

xi
(ti+1) ,

W xi+1
xi

=

xi+1∫
xi

w(t)dt, , 0 ≤ i ≤ n− 1,

Mxi+1
xi

(ti+1) =

xi+1∫
xi

Pw(x, t)dt, , 0 ≤ i ≤ n− 1,

D =
D1 +D2

2
,

and the remainder satisfies the inequality

|Rw (f, P )| ≤ (D2 −D1)

2

b∫
a

|Pw(x, t)| dt.
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Proof. For each 0 ≤ i ≤ n− 1, applying Theorem 2.4 on [xi−1, xi] with x = ti+1, we get that∣∣∣∣∣∣
xi+1∫
xi

w (t) f (t) dt−

1

4
W xi+1

xi

 f (ti+1) + f (xi + xi+1 − ti+1)

+f
(

xi+ti+1

2

)
+ f

(
xi+2xi+1−ti+1

2

)
−DMxi+1

xi
(ti+1)

∣∣∣∣∣∣
≤ (D2 −D1)

2

xi+1∫
xi

|Pw(x, t)| dt.

Using the triangle inequality, we find that∣∣∣∣∣∣
n−1∑
i=0

xi+1∫
xi

w (t) f (t) dt−

1

4
W xi+1

xi

 f (ti+1) + f (xi + xi+1 − ti+1)

+f
(

xi+ti+1

2

)
+ f

(
xi+2xi+1−ti+1

2

)
−DMxi+1

xi
(ti+1)

∣∣∣∣∣∣
≤ (D2 −D1)

2

n−1∑
i=0

xi+1∫
xi

|Pw(x, t)| dt.

But
n−1∑
i=0

xi+1∫
xi

w (t) f (t) dt =

b∫
a

w (t) f (t) dt

and
n−1∑
i=0

xi+1∫
xi

|Pw(x, t)| dt =

b∫
a

|Pw(x, t)| dt,

which implies that
b∫

a

w (t) f (t) dt = Aw (f, P ) +Rw (f, P )

and

|Rw (f, P )| ≤ (D2 −D1)

2

b∫
a

|Pw(x, t)| dt.

�

Before we introduce the next application, recall that if X is a random variable with values in a finite

interval [a, b], a < b, and f : [a, b]→ [0, 1] is a probability density function, then the cumulative distribution

function with respect to f is denoted by F and is defined as:

F (x) =

∫ x

a

f (t) dt for each x ∈ [a, b] .

Since f satisfies the condition ∫ b

a

f (x) dx = 1,

we find that F (b) = 1, and clearly F (a) = 0. The expectation of X is defined as:

E (X) =

∫ b

a

t
dF

dt
dt.
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Using integration by parts, we get that

E (X) = bF (b)− aF (a)−
∫ b

a

F (t) dt

= b−
∫ b

a

F (t) dt.

Theorem 3.3. Let X be a random variable with values in a finite interval [a, b], a < b, and f : [a, b]→ [0, 1]

be a probability density function. Let w be a differentiable weight function over [a, b] such that w (b) = 1 and
b∫
a

tw (t) dt = b+a
2

b∫
a

w (t) dt. Let F be the cumulative distribution function with respect to f . If f ∈ L1 [a, b]

and D1 ≤ f(t) ≤ D2, for all t ∈ [a, b] , where D1, D2 are constants, then the inequality∣∣∣∣∣∣14
 b∫

a

w (t) dt

 F (x) + F (a+ b− x)

+F
(
a+x
2

)
+ F

(
a+2b−x

2

)
− (b− EG)

∣∣∣∣∣∣
≤ 1

2

 b∫
a

w (t) dt

 (D2 −D1) (b− a) . (3.2)

holds for all x ∈
[
a, a+b

2

]
, where

EG = b−
∫ b

a

w (t)F (t) dt.

Proof. Define the function G over [a, b] as follows:

G (x) =

∫ x

a

d

dt
(wF ) dt, x ∈ [a, b] .

Note that

G (a) = 0

and

G (b) =

∫ b

a

d

dt
(wF ) dt

= w (b)F (b)− w (a)F (a)

= 1.

Let

EG =

∫ b

a

t
d

dt
(wF ) dt.

Using integration by parts, we get that

EG = bw (b)F (b)− aw (a)F (a)−
∫ b

a

w (t)F (t) dt

= b−
∫ b

a

w (t)F (t) dt,

which implies that ∫ b

a

w (t)F (t) dt = b− EG.
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Applying Theorem 2.1 on F , we get that∣∣∣∣∣∣14
 b∫

a

w (t) dt

(F (x) + F (a+ b− x) + F

(
a+ x

2

)
+ F

(
a+ 2b− x

2

))

−
b∫

a

w (t)F (t) dt

∣∣∣∣∣∣ ≤ 1

2

 b∫
a

w (t) dt

 (D2 −D1) (b− a) ,

which implies that ∣∣∣∣∣∣14
 b∫

a

w (t) dt

 F (x) + F (a+ b− x)

+F
(
a+x
2

)
+ F

(
a+2b−x

2

)
− (b− EG)

∣∣∣∣∣∣
≤ 1

2

 b∫
a

w (t) dt

 (D2 −D1) (b− a) . (3.3)

�
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