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ABSTRACT. We present a class of univalent functions Tp, (s, @) formulated by a new differential-difference
operator in the open unit disk. The operator is a generalization of the well known Salagean’s differential
operator. Based on this operator, we define a generalized class of bounded turning functions. Inequalities,
extreme points of Th, (K, o), some convolution properties of functions fitting to T, (k, &), and other properties

are discussed.

1. INTRODUCTION

Let A be the class of analytic function formulated by

F)=2+ anz", zeU={z:|2| <1}.
n=2
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We symbolize by T'(«) the subclass of A for which R{f/'(z)} > a in U. For a function f € A, we present the

following difference operator
Dyf(z) = f(2)

Dy f(z) = 2f'(z) +

D' f(z) = De(D "1 f(2))
=2+ [n+ g(l + (=1 2"
n=2

It is clear that when x = 0, we have the Salagean’s differential operator [1]. We call D" the Salagean-
difference operator. Moreover, D" is a modified Dunkl operator of complex variables [2] and for recent
work [3]. Dunkl operator describes a major generalization of partial derivatives and realizes the commutative
law in R™. In geometry, it attains the reflexive relation, which is plotting the space into itself as a set of

fixed points.

Example 1. (see Figs 1 and 2)

o Let f(z) =2/(1 — z) then
Dif(z) = 24 22% + 423 + 42" +62° +62° + ...
o Let f(2) = 2/(1 — 2)? then
Dif(z) = 2+ 422 +122% + 162" +302° +362° + ...

We proceed to define a generalized class of bounded turning utilizing the the Salagean-difference operator.

Let T),(k, ) denote the class of functions f € A which achieve the condition
R{DTf(2)}>a, 0<a<l, zeU m=0,1,2,...

Clearly, Ty(k, ) = T(cr) (the bounded turning class of order «). The Hadamard product or convolution of

two power series is denoted by () achieving

f(z)xh(z) = (z + i anz”) * (z + i nnz")
n=2 n=2

- (1.2)
=z+ Z AN 2"
n=2

The aim of this effort is to present several important properties of the class T, (k, «). For this purpose,

we need the following auxiliary preliminaries.
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FIGURE 1. Di(z/(1 - 2))

FIGURE 2. D1(z/(1 - 2)?)

Lemma 1. Let {a,}32, be a conver null sequence (ag — a1 > a1 — az,... > 0). Then the function p(z) =

ao/2+ Y07 ay 2", is analytic and Rp(z) > 0 in U.

Lemma 2. If p(2) is analytic in U, p(0) =1 and Rp(z) > 1/2,z € U, then for any function o analytic in

U, the function p = o assigns its credits in the convex hull of o(U).
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Lemma 3. [}] For all z € U the sum

n—1 1

%(;;Jrl) -

There are different techniques of studying the class of bounded turning functions, such as using partial
sums or applying Jack Lemma [5]- [7].

3

2. RESULTS

In this section, we illustrate our results.
Theorem 4. T, 11(k, ) C T (k, @).

Proof. Let f € Tpy1(k, @), then we have

R{1+ i n[n + g(l + (=)™ g, 2" > a.

Dividing the last inequality by 1 — a and adding +1 we obtain the inequality

o0

1 K 1

§R 1 201 -1 n+1\y1m+1 n n—1 .
{ +72<1_a)7;2n[n+2( + (=) )] anz }>2
By employing the definition of the convolution, we have the construction

(D f(2) —1+Z [+ S(1+ (=)™ a4z

(1+2 1-a) i

In view of Lemma 1, with ap = 1 and a,, = 1/(n + g(l + (=1)"*),n = 1,2, ..., we have

) )

nfl

L+ (-1 >n+1>>'

w\x

oo

?)‘E(l+2(1—a)z :

) > Q.
—nt g (1 + (=1)"*)
In virtue of Lemma 2, we arrive at the required result.

n—1

Theorem 5. T, 11(k,a) CTh(k,0), B<a,0< K <1/2.

Proof. Let f € Tp41(k, @) then we have

R{1+ Z nln + g(l + (=D g, 2" > a.
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Also, we have the convolution

(DI f(2) —1+Z [+ S(1+ (=)™ a2

= (1 bt 0+ (1 )

It is clear that

n+g(1+(—1)"+1)§n+2n§n+l, 0<r<1/2.

By applying Lemma 3 on the second term of the above convolution, we obtain

n—1

(1+22n+ e 1)n+1)> > 2/3.
Thus, we attain that
R(DTf(2)) >
By considering
8 zga <a, a€l0,1],
we attain the requested result. O

Theorem 6. Let f € T, (k,a) and h € C, the set of convex univalent functions (C C A ). Then fxh €
T (k, ).

Proof. By the Marx-Strohhacker theorem [8], if h is convex univalent in U, then

%{@} >1/2.

Utilizing convolution properties, we obtain
h
R0 (7 + 1)) = =(X w D).
z

But R(D f(z)") > «; thus, in view of Lemma 2, we have the desire conclusion. O

Theorem 7. Let f,h € T, (K, ). Then fxh € T,,(k,3), where

kR2a+1)+4a—1
2(k+1)

8=

, 0<k<I
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Proof. Define a function h € A as follows:

o0
z)=z+219nz", zeU.

Since h € T,,(k, o) then

8‘%{1+Z n+ 1+ (=D)"™H]"9,2" "1} > a.

Let g9 = 1, and in general, we have

1
Pn = ot s n21’OSHS17m21527""

[(n+ D+ (1L + (=1)"2) + 1))

Obviously, the sequence {p,}52 , is a convex null sequence. Therefore, by Lemma 1, we conclude that

K+1 1
R{1 PR =.
{ +Z [(n+D(n+ Z(1+ (1)) + 1)) 73

Now the convolution

1+ 3 n[n—i—ﬁ(l—l—(—l)"ﬂ)]mﬂnz”_l *( 1+ 3 = ol P
( 1;2 2 ) ( ng? [()(n + S (L4 (=1)*))]™ )

=14 (k+1)0pz""
n=2

satisfies the real
R{1+ Z(m + 1) 92" 2" > a
n=2

In other words, we have

h(z) > . K+«
= 1 n n —_—.
R{ . P=%{ +n§:219 z o
Thus,
h(z) = 1 2a+k-1 1
R{ . R{ +n§:219nz 261 1) } > 5

But f,h € T,,(k, @), this implies that

R((ME - ) DR > o

Consequently, we conclude that
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h(z) m , KQa+1)+4a—-1
R(77) = DENGY > S5 o =6
Thus, by Lemma 2 and the fact
h(z
RO« m @) = (M D ey,
we realize the requested result. ([l

Note that some applications of the Dunkl operator in a complex domain can be found in [9].
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