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ABSTRACT. In this paper, we study some special Smarandache curves and their differential geometric prop-
erties according to Darboux frame in Euclidean 4-space E*. Also, we compute some of these curves which
lie fully on a hypersurface in E4. Moreover, we defray some computational examples in support our main

results.

1. INTRODUCTION

The geometric modeling of free-form curves and surfaces is of central importance for sophisticated
CAD/CAM systems. Among all space curves, Smarandache curves have special emplacement regarding
their properties, because of this, they deserve especial attention in Euclidean geometry as well as in other
geometries. It is known that Smarandache geometry is a geometry which has at least one Smarandache
denied axiom [1]. An axiom is said to be Smarandache denied, if it behaves in at least two different ways
within the same space. Smarandache geometries are connected with the theory of relativity and the parallel

universes. Smarandache curves are the objects of Smarandache geometry. By definition, if the position
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vector of a curve ¢ is composed by Frenet frame’s vectors of another curve 3, then the curve § is called a
Smarandache curve [2].

In differential geometry, frame fields constitute an important tool while studying curves and surfaces. The
most familiar frame fields are Frenet frame along a space curve and Darboux frame along a surface curve [3].
It is analogous to the Frenet frame as applied to surface geometry. The Darboux frame exists at any non-
umbilic point of a surface embedded in Euclidean space. In [4] M. Diildii et al. extend the Darboux frame
field into Euclidean 4-space EX.

In the light of the existing studies in the field of geometry, many interesting results on Smarandache curves
have been obtained by many mathematicians, see for example, [2,3,5-12]. Turgut and Yilmaz [11] have
introduced a particular circumstance of such curves, they entitled it Smarandache TBs curves in the space
E}. They studied special Smarandache curves which are defined by the tangent and second binormal vector
fields. In [8], the author has illustrated certain special Smarandache curves in the Euclidean 3-space.
Recently, H.S. Abdel-Aziz and M. Khalifa Saad [2,5] have studied special Smarandache curves of an arbi-
trary curve such as TN, TB and TINB with respect to Frenet frame in the three-dimensional Galilean and
pseudo-Galilean spaces. Also, in [6,7] they have investigated Smarandache curves according to Darboux
frame in the three-dimensional Minkowski space E3.

The main goal of this article is to investigate Smarandache curves in E* for a given curve with reference to
its Darboux frame of first kind. The results presented in this paper generalize and refine some of the existing

results in the literature and significant in mathematical modeling and other applications.

2. BASIC NOTIONS AND PROPERTIES

We now review some basic concepts on classical differential geometry of space curves and surfaces in
Euclidean 4-space E* [4,13-15]. Let {e; | i = 1,2,3,4} be the standard basis of E*, therefore E* = {X =
2?21 zie; | #; € R}. The scalar product and vector product of vectors X,Y, Z € E* are respectively defined
by

4
(X,Y) = szyz .
i=1

€1 €2 €3 €4

1 X2 T3 X4
X XY xZ=

Y Y2 Ys Y4

Z1 z9 z3 z4

Definition 2.1. Let f: D C E* — R be a differentiable mapping of an open set D. Given c € R, we recall

that the level set ¢ of the f is the set defined as f~'(c) which is the set of solutions in D of the equations

flz,y,z,w) =c.



Int. J. Anal. Appl. 17 (4) (2019) 481

Proposition 2.1. Consider that f : U C E* — R is a differentiable function and c € f(U) is a regular value
of f, then f~1(c) is a regular surface in E*. The implicit surface f is reqular if Vf = (fu, fy, 2+ fw) # 0.

The unit surface normal vector of the implicit surface f is given by N = %.

Definition 2.2. Suppose that f : R™ — R, if all second partial derivatives of f exist and are continuous on
the domain of f, then the Hessian matriz Hy is a square n X n matriz, usually defined as H;; = %a’;j.
2.1. Curves on a hypersurface in E*.

Let 7 : I C R — M be a regular curve in E* where |7/|| = ||dr/dul| =1, V u € I , we will omit u for

simplification. Then the Frenet frame is defined by

t

o
B
A
o
o
o+

b

—_~
o

—K2 0 R3 b1

b

o~
o
o

K3 0 b2

where t,n, by and by are the tangent, principal normal, first binormal and the second binormal vector fields

of r, respectively and the functions x; | i = 1,2, 3, are the curvature functions of r.

Theorem 2.1. [2] Let v : I — E* be a regular curve. Then

bo by PXT XD bx i bixbaxr (2.2)
Il 7" x " x r®)|] b2 x 7" x| [lb1 x by x 7’|
and
<n7 7“”> <b17 T(3)> <b2’ T(4)>
K1 = ~5—%, K9 = ———, K3 = —F . 2.3
R T W B T I e (2:3)

Definition 2.3. Letr be a reqular curve in E*, which is parameterized by arc length and n-times continuously
differentiable. Then r is called a Frenet curve, if at every point the vectors r/,r”, D are linearly
independent.
2.2. Darboux frame field of first kind in E*.

Let M be an oriented hypersurface in E* and 7 be a Frenet curve of class C"(n > 4) with arc-length
parameter u lying on M. We denote the unit tangent and unit normal vector fields of the curve by T and

N, and P,U € T, M.

Definition 2.4. Let r : I — E* be a reqular parameterized curve lying on M in E*, then the frame field

{T,P,U,N} along r is called extended Darbouz frame field of first kind if {T,N,r"} is linearly independent,

/

o _ Vf _ 7‘”—(7'”.N)N _
therefore T =y, N = 1, P = o rmynyy U = [T,N,E]
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The derivatives of the Darboux frame field of first kind in E* are given by [16]

T’ 0 /f; 0 &Ky T
P’ -kl 0 k2 7l P
— g g g , (2.4)
U’ 0 —Hg 0 ng U
N’ —fn =1y =1 0O N

where k., n;, ng, Tg and 7' are real valued functions denote the normal curvature, geodesic curvatures and

the geodesic torsions, respectively. These functions are given by

"

Kn = <T/vN> = <’I“ 'V f > = (T/Hf(rl)t),

1 —1
] Kz

, NS BN
KL= <T,P>=(r (r >t—”W”2<er<r>f>2) ,

/ 1 1 ’ ’
HZ = <P,U>=W (ml-l—vle(?“Hf(?“)t)mg),

1 _ ’ -1 1 "\t r r Pt
o= PN = (g ) + g BATDI0 )

%= N = () ™ =

k)IV 2
where
:Z:/ yl Z/ wl II y/ Z/ w/ I/ y/ Z/ w/
m// y// Z// w// m// y// Z// w// fx fy fz fw
my = , Mo = , 3 = )
Jx fy I= Jw fz fy [z fuw p q t v
and
! ’ " /dH !
[a,b,C,d} = (vf) :’I"Hf, [p7q7t7v]:(vf) =« Hf+aTJ7
dHf B 5‘Hf 8Hf
T f[aw()--- aw()]

Remark 2.1. [2] Let r : I — E* be a regular parameterized curve in E*, then

e 1 is called asymptotic curve if and only if kn = 0.

e 1 is called a line of curvature if and only if T; = 7'92 =0.

3. FIRST KIND SMARANDACHE CURVES IN E?

Consider 7 = r(u) is a curve lying fully on an oriented hypersurface M in E*. Let {T,P,U,N} be a

k2,71 72 are real valued functions in arc length

Darboux frame field of first kind along 7(u) and k,,, K} Ty Ty

g’

parameter u of r. So, we have the following definition.
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Definition 3.1. [11] A regular curve a(s(u)) in E*, whose position vector is obtained by extended Darboux

frame vectors of another regular curve r(u) is called Smarandache curve .

In the following we continue our studies of special Smarandache curves that we started in [2,5,6]. Here
we investigate some special Smarandache curves of first kind called TP, TU, PU and PN ( the other
special Smarandache curves can be computed in the same manner) and then obtain some of their differential
geometric properties which represent the main results.

Let r(u) = (z(u),y(u), z(u), w(u)) be a curve of class C™(n > 4) lying on M. Then, by using proposition

2.1, the unit normal vector field along r is given by

Vf

N=_—_—"—.
IVA

(3.1)
3.1. TP-Smarandache curves.

Definition 3.2. Let M be an oriented hypersurface in E* and the Frent curve r = r(u) lying fully on M

with Darboux frame {T,P, U, N} and non-zero curvatures Kk, /i}], /{3, T; and 792. Then the TP-Smarandache

curve of r is defined as

1
a(s) = —=(T+P). 3.2
()= Z5(T+P) (32
Theorem 3.1. Let r = r(u) be a Frenet curve lying on a hypersurface M in E* with Darboux frame

{T,P,U,N} and non-zero constant curvatures I€7L,I€£1],I€§,T; and 7'92. Then the curvature functions of the

TP— Smarandache curve of r satisfy the following equations:

(/i_}](—fs:n + T;) + H?TgQ)fw — ((/@517)24-

B 1
Ko = MV bon(Fn + 79 fe — ((55)? + (K2)+ )
Ty (Rn + 1)) fy + (R = (R0 +75)75) f-
: (li;(—lin + T;) + /ig’]'g?))\g, + ((Ké)2+
517 = Mg “n(ﬁn+T<;1))/\2+((’€;1;)2+(’€3)2+ )
T;(I{n + Tgl))/\3 + (/@; 3 — (kn + Tg1)7’92)>\4
—(A2A7 + AzAs + Aadg + AsAio) NG+
5 1 Ag((ﬂé)\g — I{g)\4)>\8 — )\5(I€n)\7 + Tgl)\8+
= N ’
6\11

ToXo) + As(—KoA7 + K2Ag + T) Aio) + ArAy+
As\s 4+ Aoy + Aio(FnA2 + 7oA + A5))
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_(fz)\Q + fyA?) + sz4 + fw/\S)AgJV_
- 1 AG(*Héfx/\Zi + HzszB — K foAs—
T = —ee
g )‘(QSHV]C” TgszS + f:r)\IQ + fy(’<'3£17>\2 - /‘33>\4 - 7'g1>\5+
M) + fo Xy + fu(knde + TgAs + 7204 + AS))
—(fuA7 + fyXs + f2 Ao + fuwAio) A1+
2 _ 1 A1 (—Fy fads + K2 f2 A8 = Knfari0— (3.3)
! ALV '

T2 M0 + fo Ny + fy(EAT — K2 — TI A0+
Ag) + 2o + ful(kndr + 7o As + T2 X0 + M)

Proof. Because a = a(s) is a TP— Smarandache curve reference to Frenet curve r, then differentiating Eq.

(3.2), we get

1

o = — (—ﬁ;T + K;P + H?JU + (Tgl + ky)N) .

V2

Again, differentiating Eq. (3.4), we obtain

o = 1 (_(Ksll

Also, Eq. (3.4) leads to

T:

where

and we get

On the other hand, we have

where

Ay =

Ay =

A=

_ )2 — bin(Kn + T;))T — ((/4;!1])2 + (K;)Q + T;(:‘in + Tgl))P
\/§ J,-(/-g

vh = (ki +T)T)U + (=K jkin + k7 + K2T2)N

1 1 2 1
—ky T+ kP + K5 U+ (1, + k)N
A1 ’

A=\ 20502 + (52)2 + (7] + Ra)?,

- LT+ P+ .U+ fu,N
N =
IVAI
P_ AT + X3P + MU + 5N
= N ,

o1
((’%é)Q + ("in)g + "in’rgl) + wa 9

01

((15g)? 4+ (K2)% + KTy + (1)) + AT Iy s
1.2 2 1.2 01
(_“g“g + KTy +7—ng) + ||Vf||fz )

-l sl -

1 11 2 2 g1
(“g”” —RgTy — ’{ng) + vawa )

>

Ao = vV (A2)2 + (A3)2 + (M)2 + (Xs)2,

(3.4)
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(=(rg)? = Fin(kin + 74))fa = ((Kg)? + (57)*+

1
o1 = (a/,N) = 7\/§va” Ty (b + Ty fy + (Kpka — (Kn 4+ 75)73) fo+
(—m}}mn + H;T; + ,‘ingQ)fw
Also, we get
T AT+ AgP 4+ AU + AN
A11 ’
where,
N Ko fuds = knf2A3 = Tg foAs — kg fudat
7T = )
FonfyAa + Ty fyha — K2 fyAs + KL 25
As = *’{wa)‘Q + K faAa + T;fz)\Q - "iéfw)%*
K foXa — T;]sz)\z; + Hgfz)\g, + :“f/;fz>\5
e = H;fw)@ — Knfyla — T;fy)@ + R;fw)\S'i_
9 — )
KnfzA3 + T;f:c/\:% - H§F¢>\5 — H;Fy)\5
Moo= (K2 ha— KL Ag — k2 fudg — KLEg + LA+ kLA ) s
Air = A6 IVl

In the light of the above calculations, the curvature functions K, né, FL%, fgl and TE of a are computed as in

Egs. (3.3). O

Corollary 3.1. If r is an asymptotic curve. Then, the following equations hold:

—kg T+ kP +k2U+ 7N N T+ f,P+ .U+ f,N

T = ) 3
A IV
1—3 o )\13T + )\14P + )\15U + )\16N Ij_ o )\18T + )\19P + )\QOU + )\21N
B A17 T A22 ’

and then the curvature functions are computed as follows

(e R = (92 = (5 + (2 + (1)), + (kb2 = D)

A2 V£]|
a (IiéT; + ,%3792))\16 — (K;)2)\13 - ((KJ;)2 + (/@'3)2 + (791)2))\14 + (m;ng — T;T;))\lf,
g A2A17 ’

M7 (RgA13A10 — KgAisAig — T4 AigA19—
- 1 7—3>\16/\20 + )\14(_/9;)\18 + Hg)\zo) + Mg+
T NoN2 )
A2y AoAlg 4+ A20Ni5 + Ao1 (Tg Aia + 7o A5+

16)) — (M21A16 + Az Ais + A1adig + AisA20) A7

BN
QN
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T =

T2 =

where

g1

—fa(RiAiadir — Mg Mg + AisAip) + fy Mz (K Az —
1 KaAs — Ty M6 + Ag) — AaNig)+

o :
MV fz()\17(53)\14 — ng)\us + A5) — AsAip)+

JwMar(Tida + 72 M5 + M) — AeNig)

—(A21fuw + M fa 4+ Mo fy + A20f2) Moo + Ao (=75 A1+
1

ALV Kighs) fy + A20(73 fu — K5 fy) + Mo (7g fuw — kg fat

"{ng> + fw /21 + fm)‘/18 + fy)‘/19 + fZ(_Tg2>\21 + )‘/20))

V2002 + (62)2 + (7))2,

V2622V £ + 20 fo,

V2((kg)? + (2)2 + (THDIIV ] + 201 £y,
V2(—rpr2 + T2V f|| + 201 f-,

V2(=rbrd = K22V ] + 201 fu,

V(A13)2 + (Ma)? + (Ai5)2 + (Mi6)?,

2 1 1 1 2 1
Ky fwAa — Ty f2M1a — Ky fudis + T4 fydhis — Ky fyAhie + kg f2 A6,
— kg fudis + Ty foA13 — Ky fudis — Ty fadis + Ko fadie + Ky f= e,
kgMsfu + kyAafw + Ty Mafe — kiMefe — ToMsfy — kghiefy,

Ko fydis — Ky fohis — K2 fadia — K foDa + kg fadas + kg fydis,

Az M7 [V,
1 —(kg)* fa = ((5g)* + (53)* + (79)*) fy+
V2IVAIL\ (k162 = 7172) £ + (5172 + K272) £,

Corollary 3.2. If r is a line of curvature. Then, the following equations hold:

T

P

—ky T+ kP + k20U + £, N N— LT+ P+ .U+ f,N

A ’ VAl ’
Ao T + AosP + AogU + A\o7IN T - AT + A3oP + A31 U + A3oN
A2g T A33 7

and then the curvature functions are computed as follows

_F@;”nfw + ((’%517)2 + ’i%)fw + ((Hé)2 + (HZ)Q)fy - H;K?gfz
Aoz ||V f]| ’
_K!l]ﬁln/\27 + ((Hé)z + K%))\g;; =+ ((K}J)Q =+ (K3)2))\25 — K;Hg)\26
A23Aog ’
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)\28(/\25(_’?(1]/\29 + /‘6_3)\31) + )\29(—/67,/\27 + )\/24)“1‘

- 1
Hg = m )\30 (H;A24 — Ké)\gﬁ + )\/25) + >\31/\/26 =+ )\32 (Hn>\24+ )
A7) — (Az2Aa7 4+ A2aAag + A2sA30 + AagAz1) Aog
—fo(Xag(KjAas + Koz — Aby) + AaaNg)+
- 1 fy(Nag(KgAas — K2 Aa6 4+ No5) — Aas g )+
T} = = ,
sl VA f-(Mas (K3 A5 + Aog) — Ao Aog)+
fuw(A2s(FnA2a + Aop) — AarAdg)
—(As2fw + Xag fo 4 Azofy + A3 f2)Asz+
2 1 A33(—rnX32fo — KiAz0 fot
T NBIVII Ao fu Kb f) + 2As0fe + fuNpt |
29\'vnJw gJy g”\30J 2 w32
fedog + fy(=r5Aa1 4 Agg) + f2N5)
where
Aoz = \/2(%)2 + (K2)2 4 (kn)?, Aas = V2((1))? + 62’V £l + 204 f,
Aos = V2((kp)% + (5)IVFIl+ 201y, Aas = V26562V f]| + 201 f-,
Aot = V26V 4201 fw, Aas = v/ (M21)? + (A25)? + (A26)? + (A27)?,
)\29 = ’{gfw)\QS - ﬁnfz/\25 - /ﬂl;fw)\QG + any>\26 - /igfy)\27 + H;fz)\Q%
Aso = —Rgfwdea + FinfaAoa — Ky fudas — Knfedoe + Ko fadar + kg f2Dor,
A3t = Kpfudos — Enfydas + Ky fudas + Knfadas — Ky Fadar — K FyAor,
Az2 = Kf,fyku - /f;sz24 - /‘dgfa:)\% - H;fz)\% + ﬁ;szze + H;fy)\26»
A3z = A2z Aag VS,
1
o = (—hghinfuw — ((kg)* + ko) fo — ((k)* + (K2)*) fy + Kgra f2)-

V2|V

3.2. TU-Smarandache curves.

Definition 3.3. Let M be an oriented hypersurface in E* and the Frenet curve r = r(u) lying fully on M

with Darboux frame {T,P, U, N} and non-zero curvatures fn, /{é, ng, T; and 73, Then the TU-Smarandache

curve of r is defined as

1
flu) = (T +U). (3.5)

Theorem 3.2. Let r = r(u) be a Frenet curve lying on a hypersurface M in E* with Darboux frame

{T,P,U,N} and non-zero constant curvatures; Iin7l€;,l€!2],7'gl and T;. Then the curvature functions of the
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TU— Smarandache curve of r satisfy the following equations:

e = 1 (’f _“) 1fw (K (“ _“)""in("fn“'T))fm
VA (kY — K2)K2fy — (Kn + T2) (T2 fy + T212)
q_ L[ (sg = mmgms = (rglng = KG) + Rulkn + 7))t
g )
H1[6 (n; — :‘63)/’4&!2]/13 — (kn + TQQ)(Tglfy + T§u4)
—(papir + paps + papio + pspao) g + pe (k2 —
- 1 Kogpa)pis — s (Knpir 4 Ty g + T4 pig) + pua(—rgpur+
K‘g = ) B
Mot Kolo + Ty fh10) + izt + psfis+
froply + 10 (K piz -+ 73 fra + p5))
—(fabiz + fyns + fopa + fors)ps + e (fary
7:1 . 1 7“51;.]0&“'3 + Hgfz,ufi - ﬂnfx/% - ngfzﬂf)‘i’
g 2 ?
Hel V1l fy(Rgpa — K2pa — 7, ps + py) + fopy+
Fu(Knpia + 7y iz + 7 pa + 115))
—(fattr + fykis + fopro + fuwpio)phn + i (fupr
7:2 o 1 _H;fx,UfS + Hgfz,UfS - anzﬂlo - Tgfzﬂw-f' (3 6)
g 2 vf : :
IV Fy(Kgpr — Ko — 7, 1o + pg)+

fatiy + fuo(knpr + 75 ps + 719 + f10))

Proof. Since 8 = B(s) is a TU— Smarandache curve reference to Frenet curve r. Then, by differentiating
Eq. (3.5), we get

-5 (k] — K2P + (k,, + T2)U), (3.7)

Again, by differentiating Eq. (3.7), we have

ﬂ”:i (—né(/{é— 3)7!4371(/{”4*7'2))'1‘ T, Lkp +Tg2)P
V2 (5] — k2)K2 — (5 + 72)72)U + (5} — £2)7IN

Also, from Eq. (3.7), we obtain
T (K:gfﬁ )P+(/€n+7 yu
H1 ’

where

i = 2058 — 52)2 + (0 +72)7,

and we have

< LTHLP+ LU+ N
VA
P_ p2T + pusP + psU + pus N

Ue
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where
pe = o= (R = KIR2 + Kl +72))) +
V2 e gre e HVfII
1 1 2 (o)
ps = —= (k0 + 7)) + 75 [
73 7o e 7))+ 7 f
p = == (R4 R2) 4 7200+ 7)) + e f
V2 7 VA
1
u5:—(/~@+n)1 = fw
7l )+ o]
pe =/ (12)? + (13)? + (1a)? + (15)
1 —I€12+Hll€2—1€nl€n+7 Z—FT Kn + Ty
oy = <ﬂ//,N> _ \f ( ( g) g'vg ( ))f ( )fy
VAN (k) = 82)K2 = 72(k + TV fo + (Kb — 62)7L fuo
Also, we get
O - pr'T + psP + p3U + pyoN
5 b
where
Hr = _anzﬂ?) - TngzMS - ’i;fwﬂél + ’{?]fwﬂ4 + "fnfyﬂél + Tngy/ML + ’ﬁ‘(l;fz/k’) - K?;fz,u&
Hg = Knfapio + Tg2fzﬂ2 — Knfalta — ngf??/’[’47
po = Fgfulta = K futts = fnfytia = 7o fytia + fon fopis + 73 fapis — Ky fais + K fapts,
_ 1 2 1 2
o = —Kgfap2 + Kyfape + Ky fopta — Ky fapia,
p1l = ope [V

In the light of the above calculations,

Egs. (3.6).

Corollary 3.3. If r is an asymptotic

=

ch

k1 k2 71 and 7'2

9 K5 Ty of B are computed as in

the curvature functions «,,,

O

curve. Then, the following equations hold:

(/f}] - m?])P + 7'92U
H1 '
foT + f,P+ U+ fuN
IV £ll ’
13T + p14P + p15U + pigN
M1 ’
18T + p19P + p20U + po1 N
K22 ’
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and the curvature functions are obtained as follows:

where

H12
H13
H14
H1s
231}
M%?
His
H19
H20
H21

H22

("751; - K/g)Tglfw + "551;(_”; + ”g)fx - T;Tgfy - (_K/;’ig + (’%27)2 + (7—;)2)fz

p2l| VIl ;
Kyg(—ky + Kg)is + (kg — Kg)RG s — 73 (T tha + T ts) + (kg — £5)7y e
;
Hiz2p17
pin7 (Kl pspng — K2pasping — T pepio — T2p1620+
N%:ﬂm T2 sz + paa(—Kyps + K2 pa0 + 7, 1) + paspiys + fiopt gt

paots + po1ithe) — (Haspis + piapiie + Hisioo + pietor )iy

—fa(wguiapng — parpiys + paspiz) + fy(par(kgpns—

1
- - 2 1 ) )
137V £l Kgh1s — Tgi6 + Hha) — Haaptiy) + fo (i (kg — Tg e+ |

1115) — asttiz) + fu(pr (g pna + 74 s + phe) — paettyr)
—fz(ffémguzz — p2afttg + pisphs) + fy(u22(f<6$17u18 - figuzo—

1
12V Ta21 + [ilg) — faofths) + fz(pea(K2p1e — Topa1 + pihg)—

f120/) + fu(p22(T4 a9 + Tg ti2o + pihy) — fi21fths)

= sy - 22+ ()7,

= V2((ry)? = ryr)IIV I + 2002

= V27|Vl + 202f,

= V2(kg(—ry+r3) + (T)DIV I + 202,

= V2(=ry+r)7 V]| + 202 fu,

= (m3)” + (a)? + (115) + (m6)*,

= —(kppasfw — Kopirs fu — Totasfy + Tomiafs — Kgpiefs + Kopief=),
= —(romsfe — Tymsf2),

1 2 2 1 2 2

= —(—kgmsfw + Kyp13fuw — Ty afe + Kgpaefe — Kypiae fo + Ty 13 fy),
= —(—k! 2 1 2

= gh1sfz + Kgpas fo + Kgpisfe — Kgpasfz),

= 2 mr VS
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Corollary 3.4. If r is a line of curvature curve. Then, the following equations hold:

T
N

P

U

(kg — K2)P + Kk, N
a3 ’
feT+ fyP+ £.U+ fuN
V£l ’
p24T + posP + 26U + p1o7N
Has ’
p20T + p3oP + 31U + pzeN
33 ’

and the curvature functions are obtained as follows:

where

H23

H27

H29

H30

—((r§)? = Kgrl + ko) fo + (K — K2)RZ ]
p2slIV | ’
—((rg)? = Kgry + Kp ) poa + (kg — K2)K2 12
23 28 ’

ph28 (—Fn a7 2o + pas(—FK g fi20 + H§M31) + Hogpoy+

1

N%7M22

7)) — (paapiog + Has o + pas a1 + Ho7iis2) tog

1
M%s”vf”

1
33| V£

(s} — 22 1 12, 20 = VA3 — b+ DIV + 20

ﬂgo(fi}]um - 53/126 + p195) + p31pt5g + paa(Knpi2at

— fu(as (K ghios + Knpior — phy) + p2aping )+
Fy(pos(Kgpiaa — K26 + pths) — pias s )+
fo(pas (W pas + fihg) — p2eis)+
fuo (28 (Knpioa + po7) — porpizs)

— fu(paa(kgpz0 + Knfizz — phg) + paoptss)+
Fy(pas(kppog — K231 + pho) — psopiss)+
fo(psa(kgpao + pr51) — pra1piss)+
fu(pas(knpzg + Hiz) — Hazftss)

202 fy 5 pizs = V2k2(—ky + K2V FI + 2021,

202 fu, pas = (p24)” + (p2s)? + (p26)® + (par)?,

*(’igly/i%fw - Iiz,uzefw — Knpt26 fy + Knptos fz — ﬁ;pwfz + nf,uwfz),
_(’inu26fac -

—(—H;M24fw + K/E,U/24fw — Knpt2s fz + H;MZ?fz - figuwfz + Knpt2a fy),

/‘@n,Uf25fz)7

—(—kgp26fo + Kopios fo + Kypoafs — Kopioafs),

p2a pias ||V f][.
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3.3. PU-Smarandache curves.

Definition 3.4. Let M be an oriented hypersurface in E*and the Frenet curve v = (s) lying fully on M

with Darboux frame {T,P, U, N} and non-zero curvatures k, n;, Iig, T; and 792. Then the PU-Smarandache

curve of v is defined as

1
1) = Z5(P+0), (3.8)

Theorem 3.3. Let r = r(u) be a Frenet curve lying on a hypersurface M in E* with Darboux frame

{T,P,U,N} and non-zero curvatures KH,I{}],H?],T; and TgQ. Then the curvature functions of the PU—

Smarandache curve of r satisfy the following equations:

(m;mn + Iig(’l'gl — T;))fw + (—m;ﬁg—i—

G = o | el TN ()4 (D 4 |
oSy + ((65)? + 73 (7g + 7)) -
(H;Iin + /13(7; — 75))1/5 + (—li}]lﬁ:g-i-
G = |l e (D) (22 A |
v+ ((K5)? + 7 (14 + 7))va
—(vavr + v3wg + vavy + vsvio)vg + ve((K v — Kova)vs
/5527 = V6211/11 —vs(knvr + Tovs + Tovg) + vs(—kpvr + Kove + T v0)+ |
ViV + Vgl + vovy + vio(Knve + Tova + V5))
—(fava + fyvs + fova + fuvs)vg + ve(—kg favs + K2 fovs
Bo= e | el sk fh e s |
+14) + [V + fulbnve + Tyvs + Tova + V5))
—(favr + fyvs + fovo + furr0)Viy +vin(—rp favs + K2 fvs
T2 = m —tn fev10 — Ty fav10 + favp + fy(kgvr — Kjvg — T 110 : (3.9)

+v§) + [ + fuw(knvr + Tgll/g + Tg21/9 +v1))

Proof. Since v = 7(s) is a PU— Smarandache curve reference to Frenet curve r. Then, by differentiating

Eq. (3.8), we get
1 2 2 1, .2
. —ky T+ kP + kU + (7, +77)N
\/§ )

(H;H?] - nn(Tg1 + T;))T + (—(nl)2 - (ng)Q - Tgl(Tgl + TQQ))P

+(—(K2)% - TQQ(T; + T;))U + (—H;Iin - /{3791 + H?]T;)N. (3.10)
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Using Egs. (3.10), we have

T o —kg T+ k2P + KU + (1) +77)N
1%} ’
N - f2T+ fyP+ .U+ f,N
IVA

where

v = 2R3+ (7 + )% ()2

On the other hand, we get
T+ vsP + 1 U 4+ 5N

P= )
Vg
where
v = V2A=ryry + knlrg + )V 4203 f0
v = ﬁ((fa;)zﬂni)?w (g TV + 2035, ,
vy, = \/5((/15)24—7 (ry + TNV Il 4 205f-
vs = \@(K;HH+H§T; —/-z T HIVFI + 203 fw
vi = vituvitvitns,
—(kghn + K51 = 72)) fu + (gh
7 = (N) = o | malrd ) (D)4 (D4 0
TNy — ((5)° + 73 (75 + 7)) f-
Also, we get
T U7T+USP—|—I/9U+V10N7
Vi1
where
v = K;wag — Tglsz:a - 792sz3 + ngfwml + Tglfyl/4 + 7'92ny4 — H;(fy + f2)vs,
vs = —fulkyre +kgra) + fo((rg + 7 v + Kgvs) + fo(— (74 +75)va + K5vs),
vy = fw(—ligl/g + I{;I/;j) — fy((T; + T;)VQ + H}JV{)) + fm((T; +T§)1/3 + 531/5)»
vio = Kofyva+ Ko favs — Ko favs — Ky f2vs — Ko fava + Ky fyva,

V11 = I/lHVf”I/G.

In the light of the above calculations, the curvature functions x,,, K;, 113, Tgl and 72 of v are computed as in

Egs. (3.9). O
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Corollary 3.5. If r is an asymptotic curve. Then, the following equations hold:

- —ky T — kP + 52U + (15 +72)N

T = ,
V12
N - f2T+ fyP+ f.U+ fu,N
IV £l ’
P - V13T + viaP + vi5U 4+ vigN
B vi7 '
U = V18T 4+ v19P + v20U + v21 N
B Va2 '
and the curvature functions are obtained as follows:
i} 1 kg (—Ty +77) fu + Kghy fo — ((8)% + (K3)*+
Kn _ ;
WlVITN w20 - (27 4 72+ ) L
, 1 [ Kb — (R (2 4 7 (e 4 72
g
Viat1r ((Hg) + 7'92(7'; + Tg2))V15 + :‘ig(—T; + TQQ)UM
V17(/<51]V13V19 - H3V15V19 - 7'911/161/19 - 792V16V20+
~ 1
Kjg 7]/%71/22 Tg21/151/21 =+ V14(—K/£17V18 + H§V20 + Tgll/gl) =+ V181/13 + V191/14+ y
vaolis + va1vig) — (V13V18 + V1419 + Visvag + VieVa1 ) Vg

—fz(lféV14V17 — Vi7Vig + 1avig) + fy(V17(HéV13 - figvm—
- 1
3 V2Vl Tov16 + Vig) — Viaviz) + fo(vir(Kivia — Tvie + vis)—

vistiz) + fu(viz(Tyvia + 7'921/15 + Vig) — v16Vi7)
— [ (K10 — vaaig + Viglhs) + fy(Vaa(kris—

- 1
Tg 41/%2||Vf|‘ K’SVQO — Tgll/gl + V{g) — V19V52> + fZ(VQQ(HEV]_g — 7'3V21+ )

where

V12

V14

V15

V16

vis

V19

V20

V21

V22

Vi) — VaoVha) + fu (Va2 (Tyvio + T Va0 + Vb)) — Va1Vhy)

V20207 + (1 + 7207 + (1), i = VA(=wb2) V]| + 2031,

V2((rg)® + (5g)” + 7 (75 + DIV S| + 2051,

V2((55g)" + 75 (15 + Tg)IVFI| + 203 F-,

V2(kry = RGOV Il + 203 fw, vir = vz + vis + vy + v,

—kaviefy + vis(kofuw + (Tg + 7o) fy) — waviefz + via(ko fu — (Tg +70) f2),
—kav1s fuw + Kovie fo — vis(ky fu + (Tg + 7o) o) + (T4 + T )visfe + Kgrie f,
—Kg1s fu + Kgviefo + via(kgfuw + (Tg +79) fo) = Tgviafy — Tavisfy — Kevrefo,
kovisfy + vis(—kofo + Ky fy) + Kovis fo — via(ko fo + Ky f2),

viz vir [V f].
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Corollary 3.6. If r is a line of curvature. Then, the following equations hold:

B /<;!1]T + HgP — an

T = :
V12
N - T+ f,P+ .U+ f,N
V£l ’
P v13T + v14P + v15U + 16N
i
T - V18T + v19P + v90U 4+ 151N
V22

and the curvature functions are obtained as follows:

where

Va3

V25

Var

V29

V19

V20

V21

V22

vas|[V /|

-1

Va3lag

(ﬁénnfw — H;Iizfa: + ((H;)Q + (Hg)z)fy + (,%3)2]"2)7
( — mémguu + ((n;)Q + (/{3)2)”5 + (/-;!2])21/26 + n;nnz/27>7

1 2 !
vas(—KnVarlag + Vas(—Kglag + KyV31) + Vgl +

1
v v30(Kgvaa — KoVag + Vhs) + V31vhg + Vs (Knlaa + Vay))—
(V24129 + Vo530 + Vagl/31 + Vara2)Vag
— fo(vas(kgvas + Knlar — Vay) + Vaatihg) + fy(vas(kgraa—
1
VLIV KoVa6 1 Vas) — Vastas) + fo(vas(Kovas + Vag) — Vaclag )+
fuo(Vas(Kntoa + v57) — varivag)
—fa (Va3 (K Va0 + Knlsa — Vi) + vaov33) + fy(va3(kgrao—
1
ANZd Kavs1 + Vo) — vaovhs) + f2(vas(K2vso + vhy) — vs1v43)+

Jw(v3s(kntag + Vi) — V32033)

2(K2)2 + (K})?, voy = —V2kpk2 |V | + 205,
V2((kg)? + (KDDIV I + 203 fy, vas = V2(k2)?|IVfI| + 203 -,
ﬁ”_};“nnvf” + 203 fu, Vg = Viy + Vig + Vig + Vis,
KgVas fu + KgVa6 fw — Kgvar fy — Kovar [z,

2 1 2 1
—KgVoa fu — K26 fuw + Kylar fo + Koot [z,
71421/24‘/" + Kklu fw+ K2V fo— Klv f

g w 9725 w 9”27 )z g”27Jys

H§V24fy + V26(—f<~'§fm + ﬁ_(l;fy) + "€§V24fz - V25(f€§fx + H;fz),

vag vas |V £II.




Int. J. Anal. Appl. 17 (4) (2019) 496

3.4. PN-Smarandache curves.

Definition 3.5. Let M be an oriented hypersurface in E*and the Frenet curve 6 = 6(s) lying fully on M

with Darbouzx frame {T,P, U, N} and non-zero curvatures kn, Ii}], /{3, 7'91 and 7'3. Then the PN-Smarandache

curve of ¢ is defined as
1

V2

Theorem 3.4. Let r = r(u) be a Frenet curve lying on a hypersurface M in E* with Darboux frame

5(u) (P +N). (3.11)

{T,P,U,N} and non-zero curvatures Hn,ligl),lﬁlg,Tgl and 7'92. Then the curvature functions of the PN—

Smarandache curve of r satisfy the following equations:

ool (ko (kg + n) + (75)2 + 1o (=K3 +72)) fw + (=K + £n) Ty fo
SIVIIN (05202 + mbs) + i) + (7002 = K272V fy + 7 (653 + 72) -
a L[ (ealsg ) (7)1 (=g 7906 + (g + ) Tg ot
g
S8\ (62)2 + RL(RL + hon) + (7)) = K2T2)G + T4 (K2 + T2)E

. —(&267 + E38s + Eao + E5€10)E6 + Lo ((Rpba — K2E4)Es
Ky = &5 (R + Ty&s + 780) + Ea(—kgbr + K369 + Ty&10)+ |

&én
785 + Ea€h + Eo&l + Ero(knéa + 7284 + &)
1 _(fw§2 + fu§3 + fz€4 + fwa)fé + 56(_'%;.)03053 + Kgfzg?)
Ty = ZINl —hnfals — Ty [265 + falh + [y (Koo — K2E4 — T) &5 ;
+65) 4 f260 + fu(knéa + Ty&3 + To€s + &)
1 _(fz§7 + fy§8 + fzfQ + fwfm)ﬁh + 611(_551;.]‘.1:58""

ng = E%HVJCH ﬁgfz§8 - K«nfacflo - ngfzflo + fw£/7 + fy(’i;§7_ . (3'12)
Ko — Tg&10 + &8) + f286 + fu(kndr + 7588 + 7560 + &10))
Proof. Let § = 0(s) be a PN— Smarandache curve reference to Frenet curve r. Then, by differentiating Eq.

(3.11), we obtain
7(#&5 + kp) T — TglP + (/{5 - Tg2)U + TglN

5y = ,
V2
1
8" = E(Kz}] — an)T;T + (—(n3)2 — R;(li; + Kp) — (T;)2 + HSTQQ)P
—Tg1 (/1527 + 7'92)U + (—Iin(lié + Kn) — (7';)2 + fif]ng — (TE)Q)N. (3.13)

Therefore, from Eqs. (3.13), we get
T o —(Ii; + k)T — T;P + (,%52; — 7'92)U + T;N
&1 ’
LT+ [P+ U+ fuN

IVA ’

N
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where

6= \/200)% + (R + r)? + (53— 2)2.

On the other hand, we obtain

p_ ET+GP+ LU+ GN
> :
where
& = V2>—ry+ k)T VI + 204 fs ,
& = V2((r)) +ry(ry + rn) + (13)° = KTV +204fy
& = V2ri(sp +T)IVFI + 204f
& = V2ralsg+rn) + (1) = ko7 + (10)P)IVFI| + 204 fu
& = G+g+e+6,
—(Kn (K} + kn) + (TH? + 72(=K2 + 7)) fut
or = (§".N) = ﬁ (KD — k)T fo — ((K2) + KE(L + hon) 4
(r9)? = K2TD) fy — 74 (K2 + 72) -
Also, we have
b GTH&P+&U+ &N
£n
where,
& = kofuls — 7 fuls — Ty f2£s + 7y fubs + 7o fyba + (= (k) — 7o) fy = 7o 1285,
& = ful(=r) +7)8 — (kg + mn)éa) + f2 (160 + (kg + Kn)és) — fu(ryéa+ (—kj + 7)),
So = ful=T,8+ (rg + Kn)&s) + 74 fo(Es + &) — fy (g0 + (kg + Kn)s),
G0 = (Kofybo — To fybo + 7y fobo — Ko fuls + 74 fuls — Ky foLs — infobs —
7y foba + Ky fyla + fnfyéa),
&u = &lIVflé.

In the light of the above calculations , the curvature functions x,,, I{é, /{(2], 7';1 and 7';2 of § are computed as in

Egs. (3.12). O
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Corollary 3.7. If r be asymptotic curve. Then, the following equations hold:

T o —kp T — 7P + (k2 —72)U + 7, N

&12
N - foT+ [P+ £.U + fuN
IV ’
P - £13T 4 £14P 4 &15U 4 &16N
&ir ’
O - 518T+§19P;€20U+£21N7
22

Thus, the curvature functions can be computed as follows:

where

€12
&1a
€15
&6
€18
€19
€20
3
£22

-1 («ﬂ?+ﬁ%%+ﬁ»&—@ﬁh+«@f+wﬁ+)

IV Fli€22 (T2 = K272) f, + T (K2 + T2) .

1 ( ((T4)? + T2(=2 + 72)re — FATSErs + ((5)2+ )

ST\ ()7 4 (1)~ )Gy (85 + 736

E17(kgéiséio — K2E15610 — Ty €16€10 — To€1620+
T2€15601 + E1a(—Kj&is + K2€a0 + 7€) + 188l + E1liut |
§20815 + 21816) — (§13818 + E14810 + E15820 + E16621)E07

£3; Eo2

, —fa(Kp€1a€ir — E17€13 + E13807) + fy(Ear(Rybis — KE€1s—
v/ Ty&16 + €14) — £14€l7) + [2 (&7 (K2E1a — T 616 + E15) — g
€15617) + fuw(Err(Ty€ra + 728615 + E16) — E16€17)

—fu(ky€i08an — €281 + E18€ha) + fy (Ea2(rgis — K0~
Ta€a1 + Elg) — E10€hy) + f2(Eaa(K2E10 — T7E21 + Ehg)— ,
£208h9) + fu(Ea2(Ty€ro + T2€20 + E5y) — E216hy)

b
&V FI

V212 + (53)2 + (53 — 72)2, €18 = V2(~kp)ra [V | + 204 e |

VR((5) + k3 (53) + (73)? = k) IV S + 204 f,

V2 (kg + TOIV S| + 204 f-

VA = K272+ (RIS + 204 fu , Er=E+E+E+ &2,

Ky fwbra — 73 fubra — 74 fobra + 7g fubis + 7 fylas + (= (k5 — 79) fy — 74 f2)é1,
Ful((=K2 4 72)61s — (kp)Ers) + f2(To€1s + (rD)Ere) — fu(Toas + (—K2 + T2)E16),
Fu(=Ta€1a+ (5g)é1a) + 75 fu(Era + €16) — Fy(Tg€1a + (K})Er6),

Ko fy€is — Ty fy€1s + Ty f2€13 — Ko fobia + Ty fob1a — kg f2614 — T4 fulis + Ky fy€is,

12|V fl|€17-
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Corollary 3.8. If r be line of curvature. Then, the following equations hold:

1 2
—(kg + k)T + kU

Ll
I

23 ’
< _ LTHAPHLUS AN
V£l ’
P - §24T + {25 P + &6 U + §27 N
28 ’
U - §20T + &30P + €31 U + 532N.
&33

Thus, the curvature functions can be computed as follows:

where

€23
€a5
€or
€29
€30
€1
€32
€33

K.

n(hg + Fin) fu + ((62)? 4+ KL (K + Kn)) fy

K

IV £1[€23 ’

(kg + kn)as + ((K2)? + kp (kg + Kn))ar

§23608 ’

Sas(—Fn&arbao + Eas(—rybag + Ko&31) + E206hy+

& & E30(Kybaa — KoEas + Ebs) + E316he + Es2(knbaat |

Eh7)) — (€24&29 + €25830 + E26631 + E27632)Ehs

X —fu(&28(Rg€as + wnbar — Eby) + Eaalis) + fiy(as(rpaa—

AT Kaae + Ehs) — Easlhg) + f(Eas (K225 + Ebg) — Ea6Ehg)+

Jw(& = 28(kn2a + &5y) — Ea7hg)

X — [ (€33(Kg€30 + KRns2 — Ebg) + E20&h3) + fy (€33 (k20—

A Kas1 + &) — E30€h3) + f2 (€33 (K230 + E51) — E318h3)+

fuw (& —33(kn&20 + E59) — E32€53)

V(5S4 802 = (202, €01 = 204f,

V2((r3)? + kg (kg + k)IVFIl + 204y, &26 = 204f
V26 (5} + k) IVFIl + 204 fuw » &35 = &4+ &35 + &35 + &1
(k92825 fu — Ko€arfy),

—K5€0afu — Kg€o6 fuw — Fnbas[ulfu + Koot fu + (K + Fn)Ear [,
(kg + Kn)as fuo — Kybor fy — Knbor fy,

Kaboafy + o fy + rnasfy — Eas (g fo + (Kj + kn) f2),

23|IV f1[&as.
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4. EXAMPLES
Example 4.1. Consider the curve r(u) given by
r(u) = (cos(u), sin(u), cos(2u), sin(2u)) .
By using the definition 2.6, we can calculate the Darboux frame {T,P,U,N} as follows:

T <sin(u) COS(U),QSin(Qu),gcos(Qu)),

5 7 5 )
_ [cos(u) sin(u) cos(2u) sin(2u)
N - (TR
_ (cos(u) sin(u) cos(2u)  sin(2u)
- (N
_ ([ 2sin(u)  2cos(u) —isin " Lcos "
v = (B e o).

The curvature functions of the curve r can be computed as follows:

5 1 3 2 2 2
,\/;,/—igTO, 592\/;,7'!} =7, =0.

Therefore, we can obtain TU—Smarndache curve as

x
S

= 1 (T +U) = (Sin(u)7 — cos u)’ —3sin 2u)’ 3cos(2u)) '
V2 V10 V10 V10 V10
By using the definition 2.6, we can obtain
— 1
T = T (cos(u), sin(u), —6 cos(2u), —6 sin(2u)) ,
- 1
N = Wi (sin(u), cos(u), 3sin(2u), 3 cos(2u)) ,
_ 1
P = 17sin(u), —17 cos(u), 129 sin(2u), —129 cos(2u)) ,
—— (17sin(u), ~17cos(u), 129sin(2u) (2u)
_ 1
U = —54 cos(u), —dH4sin(u), =9 cos(2u), —9sin(2u)) .
—— (~5icos(u), ~5dsin(u), 9 cos(2u), ~9sin(2u))
The curvature functions of the Smarandache curve ¢ can be computed as follows:
-1 /37 4 1531 - —324v2 -
[{'/n:i -, [{:7,[{:7’ = :O
2 V5 9 V626410 7 1693 g9

Example 4.2. Consider the unit speed curve given by
() = cos(u)’ sin(u),g,l .
2 2 27,2
By using the definition 2.6 we can calculate the Darboux frame {T,P,U,N} as follow:
—sin(u) cos(u) 1 1
T = 5 T o a0 =]
2 2 22
N - cos(u) sin(u) 1 1
2 ) 2 ) 27 \/5 )
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P = <_\/§COS(U), _\/§Sin(u)’ ! _1> )

(s fZomton 7515 ).

The curvature functions of the curve r can be computed as follows

U

1 _ 2 _
,Tg—O, Ty = —

=~
Q
e~
Sl -
[\
Sl
D

Therefore we can obtain TN—Smarndache curve as

5 (cos(u)—sin(u) cos(u) +sin(u) 1 O>.

2v2 ’ 2v/2 V2

By using the definition 2.6, we can obtain

- ( cos(u +sm( ),cos(u)2\/.§sin(u)’ N 0>’

- (cos ~ sin 1L)7(;()s(u)2 :;;m(u) ; ;)

- ( —3(cos(u —sm(u)))3(cos(u\)/;->251n(u))’ \/11>1 | \/1?1 )
U - (o,o, 1).

The curvature functions of the Smarandache curve 8 can be computed as

S

)
Sl

ﬁ

’_‘\»
!

5. CONCLUSION

In the four dimensional Euclidean space E*, some special Smarandache curves lying on a hypersurface
are investigated. Also, the differential geometric properties of these curves are obtained. Furthermore, some

computational examples in support of our main results are given.
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