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ABSTRACT. We study a Darboux problem associated to a fractional hyperbolic integro-differential inclusion

defined by Caputo-Katugampola fractional derivative and we prove several existence results for this problem.

1. INTRODUCTION

In the last years one may see a strong development of the theory of differential equations and inclusions of
fractional order ( [2,7,11-13] etc.). The main reason is that fractional differential equations are very useful
tools in order to model many physical phenomena.

Recently, a generalized Caputo-Katugampola fractional derivative was proposed in [10] by Katugampola
and afterwards he provided the existence of solutions for fractional differential equations defined by this
derivative. This Caputo-Katugampola fractional derivative extends the well known Caputo and Caputo-
Hadamard fractional derivatives into a single form. Even if Katugampola fractional integral operator is an
Erdélyi-Kober type operator ( [8]) it is argued ( [10]) that is not possible to derive Hadamard equivalence op-
erators from Erdélyi-Kober type operators. Also, in some recent papers [1,15], several qualitative properties

of solutions of fractional differential equations defined by Caputo-Katugampola derivative were obtained.
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The set-valued framework was studied in [5,6] and existence results are obtained in the situation when the
values of the set-valued map are not necesarily convex provided the set-valued map is Lipschitz in the state
variable.

In the present paper we study fractional hyperbolic integro-differential inclusions of the form

D u(z,y) € F(a,y,u(z,y), (Ig""uw)(z,y)) a.e. (z,y) €L, (1.1)

u(@,0) = ¢(z), u(0,y) =v(y) (zy)ell (1.2)

where 1T = [0,71] x [0,T%], »(.) : [0,T1] = R, ¥(.) : [0,T5] — R with ¢(0) = (0), F(,,.) : I xR xR —
P(R) is a set-valued map, I’ is the generalized left-sided mixed integral and D" is the mixed Caputo-
Katugampola fractional derivative, & = (aq, o) € [0,1) x [0,1) and p = (p1, p2), p1,p2 > 0.

The goal of the present paper is twofold. First, we show that Filippov’s ideas ( [9]) can be suitably
adapted in order to obtain the existence of a solution of problem 1.1-1.2. We recall that for an ”ordinary”
differential inclusion defined by a lipschitzian set-valued map with nonconvex values Filippov’s theorem ( [9])
provides the existence of a solution starting from a given ”quasi” solution. At the same time, the result
gives an estimate between the ”quasi” solution and the solution of the differential inclusion. Secondly, we
obtain the existence of solutions continuously depending on a parameter for problem 1.1-1.2. This result is,
in fact, a continuous version of our first result. In the proof of this second theorem we essentially use a result
of Bressan and Colombo ( [3]) concerning the existence of continuous selections of lower semicontinuous
multifunctions with decomposable values. Our second theorem allows to deduce a continuous selection of
the solution set of the problem considered.

The results in the present paper may be regarded as extensions of the results in [5,6] to the hyperbolic
framework and generalizations of the results in [4] obtained for problems defined by Caputo’s derivative to
the more general problem 1.1-1.2.

The paper is organized as follows: in Section 2 we briefly recall some preliminary results that we will use

in the sequel and in Section 3 we prove the main results of the paper.

2. PRELIMINARIES

In [10] the following notions were introduced. Let p > 0.

Definition 2.1. a) The generalized left-sided fractional integral of order a > 0 of a Lebesgue integrable
function f :[0,00) — R is defined by

Ioupf(t) _ plia /t<tp _ Sp)aflspilf(s)ds,
0
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provided the right-hand side is pointwise defined on (0,00) and I'(.) is (Euler’s) Gamma function defined by
D(a) = [, t> e tdt.
b) The generalized fractional derivative, corresponding to the generalized left-sided fractional integral of a

function f:[0,00) = R is defined by

a, ,d n/rn—ao, _ pa—n+1 _,d n ¢ Sp_lf(s>
Do () = (0 g = s [T

if the integral exists and n = [a] + 1.

¢) The Caputo-Katugampola generalized fractional derivative is defined by

)
pee sty = (0*15s) - Y2 D

k=0

Ifn=1 (ie., a €[0,1)), the Caputo-Katugampola fractional derivative is

D f(r) = - )/0 ( I's) 4

Nl —« tr — sP)a

We note that if p = 1, the Caputo-Katugampola fractional derivative becames the well known Caputo
fractional derivative. On the other hand, passing to the limit with p — 04, the above definition yields the

Hadamard fractional derivative.

Consider Iy = [0, T1], Iz = [0, T3] and IT = [0, T}] X [0, T3]. Denote by L(II) the o- algebra of the Lebesgue
measurable subsets of IT and by B(R) the family of all Borel subsets of R.

Let C(II,R) be the Banach space of all continuous functions from IT to R with the norm ||u|lc =
sup{|u(z,y)|; (z,y) € I} and L (IT, R) be the Banach space of functions u(-, -) : Il — R which are integrable,
normed by |lu|/z: = OTI 0T2 |u(z, y)|dzdy.

Let p1,p2 > 0. The corresponding versions of the above definition in the case of function with two

variables are as follows.

Definition 2.2. a) The generalized left-sided mized integral of order a = (a1, a0) € [0,1) X [0,1) of f(.,.) €
LY(IT, R) is defined by

e

(ngpf)(%y) _ Pﬁ(ail)lﬁzi;Q)z fox foy(xm _ Spl)ocl—l(ypz _ tpz)az—lsm—ltpz—l.
f(s,t)dsdt.

b) The mized Caputo-Katugampola fractional-order derivative of order a of

f(.,.) € LY(II,R) is defined by

(D2* f)(,y) = Iy~ ) (w,y) =

o i .
TRy Jo Jo (@ — s )T (yre — te2) 2 S (s, ) disdt.

In the definition above by 1 — o we mean (1 — 3,1 — «a2) € (0,1] x (0,1].
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Definition 2.3. A function u(.,.) € C(II,R) is said to be a solution of problem 1.1-1.2 if there exists
f(.,.) € LY(II,R) such that

f(x,y) € F(z,y,ulx,y), (Ig"u)(x,))  a.e. (ID), (2.1)

u(z,y) = v(z,y) + (Ig" )z, y), (z,y) €1, (2.2)

where v(z,y) = p(x) + Y (y) — ¢(0).

The pair (u(.,.), f(.,.)) is called a trajectory-selection pair of problem 1.1-1.2.
The previous definition is justified by the fact that a simple computation shows that wu(.,.) satisfies

D Pu(z,y) = f(x,y), u(z,0) = o(x), u(0,y) = ¥(y), (z,y) € IL if and only if 2.2 is verified.

Let (X, d) be a metric space. The Pompeiu-Hausdorff distance of the closed subsets A, B C X is defined by
dp (A, B) = max{d*(A, B),d*(B, A)}, d*(A, B) = sup{d(a, B); a € A}, where d(z, B) = inf{d(z,y);y € B}.
With cl(A) we denote the closure of the set A C X.

Recall that a subset D C L(II,R) is said to be decomposable if for any u(-),v(-) € D and any subset
A € L(IT) one has uxa +vxp € D, where B = I\ A. We denote by D the family of all decomposable closed
subsets of L(IL, R).

Let G(.,.) : IxR™ — P(R"™) be a set-valued map. Recall that G(.,.) is called L(IT) ® B(R"™) measurable
if for any closed subset C' C R™ we have {(z,y,2) € Il x R™; F(z,y,2) N C} # 0} € L(IT) ® B(R™).

Consider the Banach space S := {(¢,v¢) € C(I1,R) x C(I3,R); ¢(0) = ¥(0)} endowed with the norm
12, V)| = llelle + [|¥]|c and for (p,) € S denote S(p, 1) the set of all solutions of problem 1.1-1.2.

We recall now some results that we are going to use in the next section.

Lemma 2.1. ( [14]) Let G(-,-) : I — P(R") be a compact valued measurable multifunction and h(-,-) :
II — R"™ a measurable function.

Then there exists a measurable selection g(-,-) of G(-,-) such that

l9(z,y) = h(z,y)l| = d(h(z,y), G(z,y)), a.e. (IT).

Next (5,d) is a separable metric space and X is a Banach space. We recall that a multifunction G(-) : S —
P(X) is said to be lower semicontinuous (l.s.c.) if for any closed subset C' C X, the subset {s € S;G(s) C C}

is closed in S.

Lemma 2.2. ([3]) Let G*(.,.) : II x S — P(R"™) be a closed valued L(IT) ® B(S) measurable multifunction
such that G*((z,y),.) is l.s.c. for any (z,y) € I1.
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Then the set-valued map H(.) defined by
H(s)={g € L'ILR"); g(z,y) € G*(zx,y,5) a.e. ()}

is L.s.c. with nonempty decomposable closed values if and only if there exists a continuous mapping q(.) :

S — LY(II,R) such that
d(0,G"(2,y,5)) < q(s)(x,y) a.e. (Il), Vs € 5.

Lemma 2.3. ([3]) Let H(.) : S — D be a l.s.c. set-valued map with closed decomposable values and let
f(): S — LYILR"), p(.) : S — LY(II,R) be continuous such that the multifunction G(.) : S — D defined

by
G(s) =cl{h € H(s); |[|h(z,y) — f(s)(@, 9|l <p(s)(z,y) ae (1)}

has nonempty values.

Then G(.) has a continuous selection.

3. THE MAIN RESULTS
In order to obtain an existence result for problem 1.1-1.2 one need the following assumptions on F'(.,.).

Hypothesis H1. F(.,.) : II x R x R — P(R) is a set-valued map with non-empty, compact values that
verifies:
i) For all u,v € R, F(.,.,u,v) is measurable.

ii) There exists K1, Ko > 0 such that for almost all (z,y) € II,
dH(F(xay7ulvvl)7F(x7y7u2702)) < K1|U1 - U2| +K2|vl — V2|,

Yuq, vy, u2,v9 € R.

In what follows g(.,.) € LY(II,R) is given and there exists £(.,.) € LY(I,R,) with 2 :=

sup(, yen(lo 7€) (x,y) < +oo which satisfies

d(g(z,y), F(z,y,w(z,y), (I w)(z,y))) < &(z,y)  ae. (I0),

where w(.,.) is a solution of the fractional hyperbolic differential equation

DPw(z,y) = g(z,y) (z,y) €], (3.1)

w(z,0) = ¢1(x), w(0,y) =vi(y) (z,y) €1l (3-2)

with (@1,’(/)1) € S.
TPLITP2 flmer jl—ag

Set v1(z,y) = v1(z) + ¥1(y) — 1(0), (x,y) € I, K3 = % and K = K3(K; + K3K3).
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Theorem 3.1. Let Hypothesis H1 be satisfied, K < 1 and consider g(.,.), £(.,.), w(.,.) as above, (¢,v¢) € S
and v(z,y) = ¢(z) +¥(y) — ¢(0), (z,y) € IL.
Then there exists (v(.,.), f(.,.)) a trajectory-selection pair of problem 1.1-1.2 such that

vV—v + =
o(ay) i) < AICEE g e (3.3

a0) = g(oy)] < B CED) o), o ), (3.4)

Proof. We define fo(.,.) =g(.,.), vo(.,.) = w(.,.). It follows from Lemma 2.1 that there exists a measurable

function fi(.,.) such that fi(z,y) € F(z,y,vo(z,y),
(15" vo)(x,y)) a.e. (II) and for almost all (z,y) € II

|fo($,y) - fl(x’y” = d(g(x,y),F(z,y,vg(:c,y), (Ig’pUO)(%y))) < E(x,y)

Define, for (z,y) € I

l—ay 1—

ag
() = vl ) + Gty Jy (@ = ) e et

tP2=1f (s, t)dsdt.

Since
wley) = 11(o9) + Sy Ji @ — ) e = et

tP2=1 fo(s, t)dsdt.

one has
—aq 1—

o1, ) — vo(a,9)| < [V(w,y) = vala,y)| + i [ [ (@ — sy
(g2 — t2)eLr Lo ||y (5,) — fo(s,8) ldsdt < [lv — vallo + Gmstier
fom foy(zpl —gPrya—L(yrz _gp2yae=lepi=lyp2=1e(s t)dsdt < ||lv — v1]|c + =.
From Lemma 2.1 we deduce the existence of a measurable function fa(.,.) such that fa(z,y) €

F(z,y,v1(z,y), (I{v1)(z,y)) a.e. (II) and for almost all (z,y) € II

fala,y) — Fil.y)] < d(fi(2,y), Fx,y, o1 (2,y), (I070) (2,9))) <
du (F(x,y,v0(z, ), (15" v0)(,9)), F(z,y,v1(x,y), (I5 " v1)(2,y))) <
Ko (2.9) = ol )] + Kal(F5 ")) = (75 w1) o 9)] <

Er(lv = mille +E) + Ko [ [¥(ar — syt (ye - g2yl
st = (||l — vy|o + 2)dsdt = (K1 + Ko K3)(||lv — vil|e + 2).

Define, for (z,y) € II

—o1 1=

1)2(;)37:1/) = y(m7y) + pl“(W fO fO xpl _ gP1 )al 1(yﬂz _ tpz)az 1gpi—1.

tP2=L fo (s, t)dsdt
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and one has

l-a1 1—ag
va(2,y) = vi(@,9)| < Banam Jo foy l"pl - Spl)o”_l(ypz —tp2)oet
sPr=hp2 = fo (s, t) — fi(s, t)|dsdt < pl wen F(a2 fo fo (P — sPr)r=L(yrz—
tr2y2=Llgpi=Yyp2 =1 () + Ko K3)(||v — v1]|c + 2)dsdt = K(||v — vi]|c + ).

Assuming that for some p > 2 we have already constructed the sequences (v;(.,.))"_;, (fi(.,.))r_; satisfying

[vp(@,9) = vp—1(z, Y| < KP (|l —wllc +5)  (z,y) €11, (3:5)

[ fo(@,y) = fp-1(z,9)| < (K1 + Ko K3)KP7(|[v = mille + B)  ace. (I0). (3.6)

We apply Lemma 2.1 and we find a measurable function f,11(.,.) such that

fpr1(x,y) € F(z,y,vp(z,y), (15" vy)(x,y)) a.e. (II) and for almost all (z,y) € II

|for1(@,y) = fo(@,9)| < d(fpsr(z, ), (2,5, vp-1(2,y), (Ig" vp-1)(2,9)))

< dy(F(z,y,vp(z,y), (15" vp)(@, ), F(2,y, vp-1(z, ), (15" vp-1)(2,Y)))

< Lilvp(z,y) — vp-1(2,y)| + L2|(Ig" vp) (2, y) — (15" vp-1) (2, )| <
Ki[KP2(|lv = nille + )] + Ko K3 KP2(||v — vi]|c + E) = KP7 ' ([lv — ville
+E)(K1 + K2 K3).

Define, for (z,y) € II

'Ull)+i1(grl y) = V(SIJ y)+ (37)

Pl(al)r(m fo fo xm Sﬂl)al—l(yp2_t,DQ)a2—1801_1t02—1fp+1(87t)dsdt_

We have

|Up+1(xay) U;D(x y)| < £ F(a1 F((lz fo fo (zPr — sPr)i= 1(yp2 tp2)a2_1

5p1_1tp2_1|fp+1<5,t) fp(s t)|dsdt < <% 1“(0[1 pzaz) fo . (zPr — sPr)*™ 1(yp2_

tP2) o2 lgp=lyp2 =L gP=L(||ly — 1y || + E) (K7 + K2 K3)dsdt = KP~(||lv — i ||¢
+2)K3(K1 + K2 K3) = KP(||lv — 1]|c + 2).

Taking into account 3.5 we deduce that the sequence (v,(.,.))p>0 is Cauchy in C(II, R), so it converges to
v(.,.) € C(II, R). From 3.6 we infer that the sequence (f,(.,.))p>0 is Cauchy in L!(II, R), thus it converges
to f(.,.) € L'(IL, R).

Using the fact that the values of F'(.,.) are closed we get that f(x,y) € F(x,y,

v(w,y), (Ig"v)(z, y)) ae. (II).
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One may write successively,

1—

mﬁ) J @y — sPryer=l(yrz — gp2)o2=lgm=lp2=1 f (s t)dsdt—
oy

pFl(aleO fO :Epl _Sﬂl)al l(yﬂz _tpz)az Lgpr—1gp2— lf(S t)det| <

Sty Jo fo (P — 5P )My — tr2 ) s e f (s, 1) —

(5 t)|d$dt < mfo fO xpl _ 891)041 l(ypz tPZ)O&*lsPl*ltM*l,

(K1 + K2 K3)|up—1(s,t) —u(s, t)|dsdt < Kl|up—1(.,.) — u(.,.)||c-

Thus, we pass to the limit in 3.2 and we get that v(.,.) is a solution of problem 1.1-1.2. At the same time,

by adding inequalities 3.5 for any (x,y) € II we have

[op(@,y) = w(z, )| < lvp(x,y) = vpr(z,y)| + [vp-1(2,y) — vp-a(2,y)|
+.oo+ |U2(I,y) - Ul(llf,y)‘ + |’U1(,I,y) - 'U()(I,y)| S <38)
(KP '+ KP2 4 K+ 1)(|[v — m|e + E) < lx=allet=,

Similarly, by adding inequalities 3.6 for almost all (z,y) € II we have

|fo(z,y) — 9(z, )| < |fo(@,y) = fp—1(z, y)| + [ fp-1(z,y)—
fo—2(@y)| + ...+ f2(z,y) = filz,y)| + [ fi(@,y) = fo(z,y)] <
(K1 + Ko K3)(KP~2 + .+ K+ 1)(|lv — ville + E) +&(z,y) <
(K1 + Ko K3) iet= 4 g(a,y).

Finally we pass to the limit with p — oo in (3.8) and (3.9) and we get (3.3) and (3.4), respectively, which
completes the proof. |

If in Theorem 3.1 we take g =0, w =0, ¢1 = 0, 1y = 0 then we obtain the following existence result for

solutions of problem 1.1-1.2.

Corollary 3.1. Let Hypothesis H1 be satisfied, K < 1 and assume that there exists &(.,.) € L*(II, Ry) with
== sup(, yen(lo 7€) (2, y) < 400 such that d(0, F(z,y,0,
0)) <&(=,y) V(z,y) € 1L

Then there exists v(.,.) € C(II,R) a solution of problem 1.1-1.2 such that

lvllc + 2

<
lo(z,9)l < ==

Y(z,y) € II.

Next we obtain a continuous version of Theorem 3.1.

Hypothesis H2. i) S is a separable metric space, ¢(.) — C(I1,R),¥(.) : § = C(I2,R) and €(.) : S —
(0, 00) are continuous mappings and ¢(s)(0) = 1(s)(0).
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ii) There exists the continuous mappings ¢1(.) — C(I1,R),¢1(.) : S = C(I2,R) g(.) : S — L'(IL,R),
£(): S — LYILR) and w(.) : S — C(IL, R) such that ¢1(s)(0) = v1(s)(0),

(Dw(s))SP(z,y) = g(s)(z,y) ae. (II), VseS,

w(s)(@,0) = ¢1(s)(x), w(s)(0,y) =i(s)(y) (2,y) €I, Vs €S,

d(g(s)(@,y), F(z,y,w(s)(z,y), (Ig"w(s))(z, y))) < &(s)(z,y) ae. (TI),Vs € S

and the mapping s — E(s) := sup(, ,yen(I57¢(s)) (2, y) is continuous.

We use next the following notations v(s)(x,y) = ¢(s)(z) + ¥(s)(y) — ¢(s)(0), vi(s)(z,y) = p1(s)(x) +
P1(s)(y) — 1()(0) (,9) € TL, als) = sup(y y)en [V(8)(2, y) —va(s)(z,y)] s € 5.

Theorem 3.2. Assume that Hypotheses H1 and H2 are satisfied and K < 1.
Then there exist a continuous mapping v(.) : S — C(II,R) such that for any s € S, v(s)(.,.) is a solution

of problem 1.1 which satisfies v(s)(z,0) = p(s)(x), v(s)(0,y) = ¥(s)(y) (x,y) €, s €S and

a(s) +e(s) + Z(s)
1-K

[v(s)(z,y) —w(s)(z,y)| < Y(z,y) € II,Vs € S.

Proof. We make the following notations
vo(s ) =w(y.),  &(s) = KP Ha(s) +e(s) +E(s)), p>1.
We consider the set-valued maps Gy(.), Ho(.) defined, respectively, by

Go(s) = {h € L'(ILR); h(z,y) € F(z,y, w(s)(z,y), (Ig" w(s))(z,y))a.e.(I)}

Ho(s) = cl{h € Go(s)s h(a,) ~ 9(5)(w.)| < E(5) ) + 7-(5))
Taking into account that d(g(s)(z,y), F(z,y,w(s)(z,y), (Ig" w(s))(z,y)) <
E(s)(x,y) < &(s)(z,y) + KiBe(s) the set Hp(s) is not empty.

Set I (,y,s) = F(a,y,w(s)(z,y), (Ig""w(s))(x,y)) and note that

d(0, Fg (x,y,5)) < |g9(s)(z,y)| + £(s)(2,y) =: £ (s) (2, )

and £*(.) : S — LY(I,R) is continuous.
Applying now Lemma 2.2 and Lemma 2.3 we obtain the existence of a continuous selection fy of Hy such

that Vs € S, (z,y) € 11,

fo(s)(w,y) € F(a,y,w(s)(z,y), (Ig"w(s))(z,y))  a.e.(II), Vs €S,

1

[ fo(s)(@,y) = 9(s)(z, 9)] < Lols)(2,y) = £(s)(2,9) + 72(s).
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We define

vi(s)(z,y) = v(s)(z,y) + %ﬁ) Jo (@t — 2Pyt (ypz —goz)ot.
21121 £ () (2, ) dzdt

and one has
lv1(8)(z,y) — vo(s)(x,y)| < a(s )—|— F(a1 F(a2 fo S (@pr — gyt
(2 = )0 ) ) — o)t < )

1a11

B e ey (yon — goa)ea oo (g(s) (2,1
—&—Es(s))dzdt <a(s)+E(s)+e(s) =:&(s), (z,y) ell,seS.
We construct the sequences of approximations f,(.,.) : S — L*ILR), v,(.,.) : S — C(II,R) with the
following properties:
a) fp(.,.): S — LY(ILR), v,(.,,.) : S — C(II,R) are continuous,
b) £,(5)(@ ) € Py, 0p(5)(x, ), (I 0p(5)) (@), ace. (1), s € S,
) o)) = fpa () < (s + Koy, e (1D, 55
d) vp11(8)(z,y) = v(s)(z,y) + & F(al F(az fo Y(gPr — zPr)ea—L(ypa _ gp2)aa—l.
212 =L f () (2, t)dzdt, (z,y) € 11, s € S.
Assume that we have already constructed f;(.),v;(.) satisfying a)-c) and define v,41(.) as in d). From c)
and d) one has
[0p41(5)(9) = 0p(8) ,9)] < Sasftamy Jo Jo (@ = 2y
(972 — 102y 0 £()(2,8) — fyoa (3)(2, )zt <
%ﬁlwz)fo Jo (@Pr — zpr)on—typz —gpzyea—lop =ty =L
KoK3)&Ep(s)dzdt = K3(K1 + K2K3)€p(s) = &pya(s).
On the other hand,

(3.10)

d(fp(S)(:v,y)vF(w,y,va(S)(x,y),(Ig’pvpﬂ( Nz, y))) <

Kilvp+1(s)(z,y) — vp(s)(z, y)| + Kgm fo fo (zPr — zPr)ea—L.
(72 — tr2) e 102 4 () (2, 8) — () (2 ) ddt <

(K1 + K2 K3)€p11(5)-

(3.11)

For any s € S we define the set-valued maps Gpi1(s) = {u € L'(ILR)u(z,y) €

F(z,y,vp41(5) (@, 9), (15" vp11(5)) (2, 9)) a-e. (1)} and
Hpi1(s) = cl{u € Gpia(s); [u(z,y) — fp(s) (@, y)| < (i + Ko K3)€p1(s)}-

We note that from 3.11 the set H,11(s) is not empty.

Set F, +1($ Y,s ) = F(x7y7vp+1(8)(xay)7 (Ig7pvp+1(8))(x7y)) and note that

d( Fp+1(w7y75)) < |fp(s)($>y)‘ + (Kl + K2K3)§p+1(5) = §;+1(s)(x,y)
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and & ,,(.) : § = L'(I,R) is continuous.
By Lemma 2.2 and Lemma 2.3 we obtain the existence of a continuous function f,41(.) : S — L*(IL,R)

such that

fp+1(5)(a:7y) € F(x,y,vp+1(s)(x,y), (I(()vap-ﬁ-l(s))(x’y)) a.e. (H)v Vs € S7

[for1(s) (@, y) = fp(s)(z, y)| < (Ko + KoK3)Eppa(s) Vs €5, (2,y) € 1L

From 3.10, c¢) and d) we obtain

[p1(8) () = 0p(8)( )le < &pra(s) = KP(als) +e(s) +E(s)), (3.12)

[for1(8)() = Fo(8)( )l < KP7HKL + KaK3)ThTa(a(s) + €(s) + E(s)). (3.13)

Thus, f,(s)(.,.), vp(s)(.,.) are Cauchy sequences in the Banach spaces L (II, R) and C(II, R), respectively.
Consider f(.) : S — LYII,R), v(.) : S — C(II,R) their limits. The function s — a(s) + (s) + =(s) is
continuous, hence locally bounded. Therefore 3.13 implies that for every s’ € S the sequence f,(s')(.,.)
satisfies the Cauchy condition uniformly with respect to s’ on some neighborhood of s. Therefore, s —
f(s)(.,.) is continuous from S into L!(IL, R).

As before, from 3.12, v,(s)(.,.) is Cauchy in C(II,R) locally uniformly with respect to s. Hence s —
v(s)(.,.) is continuous from S into C(II,R). At the same time, since v,(s)(.,.) converges uniformly to
v(s)(.,.) and

d(fp(s)(x,y), F (2, y,v(s)(2,y), (Ig"v(s))(2,y)) <
(K1 + Ko K3)|vp(s)(z,y) —v(s)(z,y)| ae (II), VseS

passing to the limit along a subsequence of f,(s)(.,.) converging pointwise to f(s)(.,.) we obtain

f(s)(z,y) € F(z,y,v(s)(x,y), (Ig" v(s))(z,y)) a.e. (II), Vs € S.

One may write successively,

1

|P1 al)F(ag fO fO mﬂl _ ZP1)oz1 l(ypz _ tpz)az 1,p1—1p2— 1f ( )(zgﬁ)dzdt—
piall P1_p1 a1—1(,p2 _ pp2\oa—1_p1—1ypa—1 dzdt] <
F(a1 F(az) fO fO x < (y t ) z t f(S)(Z,t) z t| =
Py "oy~

r1<a1)r(a2) Jo Jo (@pr = zpr)ea=t(yp2 — gp2) e tpp =Lt £ (s) (2, 1) —

o x ag— ag— — -
f(s)(z,t)|dzdt < pﬁ(m)ﬁfo foy(xm — zpr)ea—L(yp2 _gp2)oa—lpi—1gpa—1
(K1 + K2 K3)|vp—1(s)(2, 1) — v(s)(z,t)|dzdt < Kl[vp—1(s)(.,.) = v(s)(., )llc-

So, we pass to the limit in d) and we get V(z,y) € I, s € S

all

v(s)(x,y) = y(s)(x,y) + W fO fO xPl _ Zﬂl)oa l(ypz th)oQ,l_
211271 () (2, ) dzdt,

ie., v(s)(.,.) is the required solution.
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Finally, by adding inequalities 3.10 for all p > 1 we get

A a(s) + e(s) + =(s)
[0p1(5) (2, y) = w(s)(z,y)| <D &ls) < R : (3.14)
1=1
Passing to the limit in 3.14 we obtain the conclusion of the theorem. O

Theorem 3.2 allows to provide a continuous selection of the solution set of problem 1.1-1.2.

Hypothesis H3. Hypothesis H1 is satisfied, K < 1 and there exists ¢(.,.) € LY(II,R,) with
sup(, yen (o’ q)(x,y) < oo such that d(0, F(z,y,0,0)) < g(z,y) a.e. (II).

Corollary 3.2. Assume that Hypothesis H3 is satisfied.

Then there exists a function v(.,.) : I x S = R such that

a) v(.,(§n) € S(Emn), Y(€,n) €S.
b) (&,m) = v(., (&§,m)) is continuous from S into C(II, R).

Proof. We take S =S, o(u,n) = u, ¥v(u,m) = n V(uw,n) € S, () : S = (0,00) an arbitrary continuous
function, g(.) = 0, w(.) = 0, &£(s)(z,y) = q(z,y) Vs = (g, 1) € S, (x,y) € I and we apply Theorem 3.2 in

order to obtain the conclusion of the corollary. O
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