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ABSTRACT. In this paper, generalize the Bateman polynomials in terms of generalized hypergeometric func-
tion of the type pFp. Establish different forms of extended polynomials such as series expansion, generating

functions and recurrence relations.

1. INTRODUCTION

Bateman polynomials are the family of Fj, orthogonal polynomials. Many of researchers generalized the
classical results on the Bateman polynomials. A large dedicated literature, numbers of relevant properties,
extensions, generalizations and applications of Bateman polynomials are available in [1], [2], [4], [7], [10] and

[11]. The Bateman polynomials f,(z) generated by

S =10 (5. (1)

have the following classical properties.

= (F)k(1 + n)pypa”
Jula) = kg T (1.2)
fulx) = 2F2(—n,14+n;1,1; 2), (1.3)
e fr(@) = nfa(@) = —nfoi(z) — afo_y(x), n>1, (1.4)
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2fo(2) — nfal ka ) =20 S fila) n 1, (15)
k=0
2fo@) — nfule) = S (1) H (L4 2R fule), n > 1. (1.6)
k=0

2. MAIN RESULTS

In this section we determine generalized properties of classical Bateman polynomials, series expansion,

generating function and recurrence relations. For this let ¢ (u) have a formal power- series expansion

= Z%un, (2.1)

n=0

Define a polynomials fT(La)(:zz) by
- a n —l—a 7pp(£t
S == () (22)

where p > 2, ¢ = p — 1 and « is any non-negative real parameter.

Theorem 2.1. If n is non-negative integer then,

(@)(p) = L+ Dn D () (HRAER ) (2Ran ), () by,
Ia () n! ];0 (HTa)k(HTa)k""(%)k . (2.3)

Proof: From (2.1) and (2.2)

o0
pk: ktk’}/k
qk 1 _ t 1+a+pk’

gt
%
M

O

By using (1), pp 58 of [1]

P14 ) nppreypattn T
> @ =33 C ol ’
n=0 n=0 k=0 qn(1+a)pk

By using Lemma 11, pp 57 of [1]
i f’r(la) - i k(p)pk )k(l + a)nJqu’th"’

2 2 (K (n— R+ )y
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- 3030 (e (OO

n=0 k=0 (@)% (n — k)'(1 4+ a)prk )

equating the coefficients of t", we obtain (2.3).

Theorem 2.2. Ifn > 1, then

1 n 1 2
fo gy = BFDn p | Iradn 2hatn ghatn o) (2.4)
n! q q q —
p—times
Proof: If we choose
(O e (B
Ve = (kNP
in (2.3) then our yield is (2.4).
Theorem 2.3. If n is non-negative integer then,
£, (@) = n i (@) = ~(a+n)f,2) (2) — g2 8, (). (2.5)

Proof:

In order to derive (2.5), consider

F=Y f*@r =1-1)7" (o).
n=0

Differentiate with respect to x

o0

Fr=Y" @@ =1 -7 (v)

n=0

—pPt
qi(1 —t)r’
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Differentiate with respect to t

oo

= > A @ = (@)1= ) ) — (1= )7 W) 5,

n=0

ov  —pPx(l+qt)

where, i 7q‘1(1 T

W )

=) FP @t = (14 a)(1— )72 p(v) — - W (v),
n=0
Therefore F' satisfies the partial differential equation
x(1+qt)Fy —t(1 —t)F; + (1 + a)tF = 0.
w(1+4qt) > fl @) — (1 -t Z O @mt™™ ) + (L4 o)t Y fi (@)t =0,
n=0 n=0
Y e @) = nf @) = =Y (14 a+n) £ (@) - ga Z £ @)t
n=0 n=0 n=0
=Y (a+n) i) qwz £
n=1
which leads to (2.5).
Theorem 2.4. If n is non-negative integer then,
n—1 n—1 ,
£, (@) = nfiO @) = —(1+a) 3 £ @) —pr Y £ @) (2.6)
k=0 k=0

Proof:
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F also satisfies the partial differential equation

xF, — otF, + prtF, — tF, + *F; + (1 + Q)tF = 0.

14 a)t ¢
oF, _tF, = U Totn ot o
1—¢ 1—¢

z i f;L(a) ) — tz f(a) Ynt™~ 1_ ~(1+a) i gl i flgoz) (Z’)tk —px i gt i f];(a) (l‘)tk
n=0 n=0 k=0 n=0 k=0

i[l’f;(a)(x) — nféa)((g)]t 1 + O[ Z kaa tn+k+1 T Z Z f (Oz tn+k+1
n=0 n=0k=0 n=0 k=0

00 n—1 n—1
S+ a)Y () —pe Y £ @),
n=1 k=0 k=0

which leads to (2.6).

Theorem 2.5. If n is non-negative integer then,

2 f(z) = nfl)(z) = Z(—Q)n_k(l + a + pk) lga)(x)- (2.7)

Proof:

F satisfies the partial differential equation

tF, 4 qutF, — tF, — qt>F, + pt>F, + (1 + a)tF = 0.

(I+ayt ,  pt?
1+qt 1+qt

Ft7
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n=0 n=0 k=0 n=0 k=0
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= i ()" F (1 + o+ pk) 1) ()2,

which gives (2.7).

For a = 0 and p = 2 the equations (2.2) to (2.7) reduces to (1.1) to (1.6).

Theorem 2.6. Ifn > 1, then the polynomials fy(ba)(w) also satisfying the following property

o0

1 2 —pPat
S fO @)t = (1), F, ratn Ztatn gratn. o Pt (2.8)
n=0 p p p H,_/ qq
p—times
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