International Journal of Analysis and Applications

Volume 17, Number 4 (2019), 503-516 IJ A A

URL: https://doi.org/10.28924/2291-8639 INTERNATIONAL JOURNAL

DOI: 10.28924/2291-8639-17-2019-503

OF ANALYSIS AND APPLICATIONS

STABILITY AND CONVERGENCE ANALYSIS OF SMOKING IMPACT IN SOCIETY
WITH ALGORITHM ASPECTS

AQEEL AHMAD*, MARYAM SHAHID, MUHAMMAD FARMAN, M.O. AHMAD

Department of Mathematics and Statistics, The University of Lahore, Lahore, Pakistan

*Corresponding author: ageelahmad.740@gmail.com

ABSTRACT. In this manuscript, an epidemic model employed the dynamics of drugs usage among adults.
Among smokers, often the desire to quit smoking arises. A large number of smokers attempt to quit, but
only a few of them are successful. A non-linear mathematical model is employed to study and assess the
dynamics of smoking and its impact on public health in a community. We prove the essential properties,
bounded, positivity and well-posed, also local and global stability analysis has been made for the epidemic
model. The sensitivity analysis of the model is provided by threshold or reproductive number as well as
analyzed qualitatively. We develop an unconditionally convergent nonstandard finite difference scheme by
applying Mickens approach ¢(h) = h + O(h?) instead of h to control the spread of bad impact in society.
Finally numerical simulations are also established to investigate the influence of the system parameters on

the spread of the smoking impact in society.

1. INTRODUCTION

The scope of mathematics includes mathematical modeling and esoteric mathematics. The flow of work,
process, predictions and outcomes can easily be measured with the help of mathematical concepts and
theories. Therefore, biologists are now extremely dependent on mathematics. Mathematical modeling of bi-
ological sciences has been conducted [1-3]. The relationship between simple mathematical modeling involves
biological system, integer order differential equations that show their dynamics and complex system which

describes their changing of structure. The nonlinearity and multi-scale behaviors in mathematical modeling
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describe the mutual relationship between parameters [4]. In last few decades, many biological models were
studied in detail by using classical derivative [5-8].

Smoking is the large problem in the entire world. Despite overwhelming facts about smoking, it is still a
very bad habit which is widely spread and accepted socially. Smoking is a bad habit in which a substance is
burned and the resulting smoke breathed to taste and absorbed into the bloodstream [14]. Tobacco pandemic
is one of the largest public medicinal threats to the world has ever faced, as it puts to death up to half of
its users. Smoking kills about six million people each year of whom more than five million are ex-smokers
and smokers and over 500,000 are nonsmokers revealed to second-hand smoke. Tobacco users who pass away
prematurely deprive their families of earnings, lift the cost of fitness care and through them in deep financial
crisis. The World Health Organization forecasts that by 2030, ten million persons will pass away every year
due to tobacco associated illnesses. Numerous mathematical models for smoking have been developed in the
last few years [9,13].

Epidemiology is related with the spread of diseases in population and the major factors that effects the
transmission of diseases [15]. The subject of smoking is one of the interesting areas in study of epidemiology.
There is a lot of work that has been done on the smoking epidemics models [16-18]. Mathematical models
are established to understand the dynamics of the contagious diseases. These models are divided into com-
partments with population are called compartmental models. The assumptions of transfer data from one
to another compartment depends upon the nature and time rate. The major idea in these models is that
the people will start to live healthy in a community. Diseases may effect the healthy peoples but effected
one could become healthy again in the community [19-22]. Different numerical technique can be employed
for epidemic model to analyse the data for control strategy. Different technique converges conditionally and
diverge for large step size for epidemic model but NSFD scheme converges unconditionally.

In this paper, we investigate the stability and qualitative analysis of the smoking model. An unconditionally
convergent nonstandard finite difference scheme has been presented to obtain solution of smoking model.
The analysis of two different states disease free and endemic equilibrium which means the disease dies out
or persist in a population has been made by finding reproductive number. Numerical results are presented

graphically to show the dynamics of the model.

2. MATERIALS AND METHOD

The concept of mathematical modeling has been prolonged to define the stability and qualitative features
of giving up smoking models from 2000 [26-28]. Many researchers considered various smoking models like [23],
in which they examined numerous classes of smokers (potential smokers P(t), smokers S(t), and quit smokers
Q(t). Then [24] modified the proposed model and introduced a new class named as chain smokers. Later

on, Zeb et al. [25] studied a smoking model in which they argued local and global stability of the model and
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its general solutions in which the collaboration between occasional and potential smokers occurs. In [26] the
author presented a modified smoking model in which the dynamic behavior has been discussed numerically.

The proposed smoking model [8] in the form of system of differential equation is given as:

dP

o =N = BILP — (di + p)P +7Q (2.1)
% = B LP — BoLS — (dy + p)L (2.2)

% = BoLS — (v +ds + p)S (2.3)

% st da+ ), (24)

% — (b= )N = (4P + doL + dsS + dsQ) (2.5)

with initial conditions P(0) = ny, L(0) = ng, S(0) = ng, Q(0) = n4, N(0) = ns, where P, L, S, Q and N
represents the smoking status of time dependent sub-compartments b, i, v and 7 are the parameter involved
B1 and [ are the transmission coefficient dy, do, ds and d4 are the death rates of the sub-compartments of

the smoking model.

3. STABILITY OF THE MODEL

In this section, we find the basic reproduction number and stability of the model. We prove that our
model is locally and globally stable for disease-free-equilibrium. Since all our model parameters are positive
or non-negative, it is important to show that all state variables remain positive or non-negative for all positive

initial conditions for 0. From our model equation, we have

dN

= = (=N = (1P + 2L+ d3S +daQ) < b— p)N

The closed set is

= b
D=(P,L,Q,5NeR :N< ;)

Theorem 1: The closed set D is bounded and positive invariant.
Proof: ‘% < bN — uN,

So N is bounded above by bN — uN, Hence % <0andt> %.
On simplification we have, N(t) < N(0)e #! + %(1 —e ).

Ast — 00, e =0, So limy_oo N(t) < %

Thus, D is bounded and positively invariant in R‘j_

Theorem 2: Assume that model (2.1 — 2.4) has global solution corresponding to non-negative initial
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condition then solution is non negative all times. .

Proof:Assume P(0) > 0, L(0) > 0,Q(0) > 0, equation can be written as

dP
E:bN—(ﬁlL-i-dri-/i)P
debN—DP
dt

This linear first order differential equation in P which has solution

P= P(O)ea:p(/o —A(P)dp + exp/o —A(P)dt x 0/0 Wexp(/ou —A(w)dw))du > 0

Hence P > 0 for all ¢t > 0, regarding the non-negativity of the remaining variables, we consider the subsystem

dL
7 =PLP = BoLS — (da + p)L (3.1)
ds
¢ = PLS = (v +ds +p)S (32)
d
W ys -+ dit e, (3.3)
This can be written in matrix form
‘% _ MY (1) + B(1) (3.4)
L(t) —B1 — (d2 + p) 0 0
where Y(t) = | S(t) | M= 0 (v +ds + ) 0
Q(t) 0 v —(7 +ds+ p)
0
and B(t)=| 0
Y

We note that M is a Metzler matrix (i.e with non-negative of t-diagonal entries) in opinion of the before
now recognized non-negatively of P. Thus an equation (3.4) is a monotone system [46]. Therefore, R3

invariant under the flow system (3.4). This complete the proof of the theorem.

4. QUALITATIVE ANALYSIS

By substituting the values of parameters in given system of differential equations and taking rate of change

with respect to time zero, we get

bN — 51 LP — (dy + p)P+7Q =0, (4.1)

B1LP — B LS — (dg + /J,)L =0, (42)
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BoLS — (v +d3 +p1)S =0, (4.3)
¥S — (7 +ds+p)Q =0, (4.4)
(b= p)N = (di P+ d2L + d3S + dsQ) = 0, (4.5)

By solving equations. (4.1 — 4.5), we get the disease free equilibrium point Ey = (P,L,S,Q) i.e Ey =
(0,0,0,0), which is trivial solutions. If §; < do+u then the disease free equilibrium point Ey = (Py, Lo, So, Qo)
i.e By = (1,0,0,0)

Solving the system of Equations (4.1 — 4.5), we get

Ey = (P, L7, 5%,Q"),

where

pr_ p+da Brda(p 4y +d3) — (b — p)(p + do)(—=Bo(p +dy — bdy) + B1(p + v + d3))

B1 BilBryr + (b — p)(—Ba(p + di + bdr) + Br(p + v+ ds + dy + ds(p + 7 + da))]
«_ Hty+ds
L=
g Brda(pty+ds) — (b—p)(u+da)(=Ba(p+dr —bdy) + r(p+ 7 +ds))
B2[BiyT + (b — p) (= B2+ di + bdy) + Br(p + v+ d3)) + Brda + Brdz(p + 7 + dy)]
0 = Y[Brda(p 4y +dz) — (b — p)(p + do)(—B2(pu + dy — bdy) + 1 (p + v+ d3))]

Ba(p+ 7+ da)[frym + (b — ) (—=Ba(p + di + bdy) + Br(p + v + dz + da + d3(p + 7 + d))]
Theorem 3: Ej of the given system is locally asymptotically stable if Re(\) < 0.

Proof: A can be evaluated from the relation |J — AI| = 0. Consider the jacobian matrix again as

—B1L — (di + p) —BP 0 T
p1L B1P — BaS — (do + ) —B2L 0
J = 0 p2S BoL — (v +d3+ ) 0
0 0 ¥ —T —dy—p
i —dy — 0 0 T ]
0 —(d2 + ) 0 0
J = 0 0 —y—ds—p 0

0 0 ¥ —T —dy— b
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The Eigne values of the above matrix according to the equilibrium point Fy = (0,0,0,0) are —(d; + p),
—(dg + p), —(v+ds+ p), —(7 4+ ds + ) with negative real parts represents that the given system is locally
asymptotically stable. Also the system is stable for the point F; = (1,0,0,0).
Theorem 4: The The disease free equilibrium Ey; = (1,0,0,0,0) of subsystem (2.1 — 2.4) is globally
asymptotically stable (GAS) if Ry < 1.
Proof:Let Py = 1 and consider the following combination of linear function and voltera type lyapunove
function

My = My(P,L,S,Q) = P — Pyln(P) + L+ b1.S + b=Q
using the function that Py = 1, lie derivative of Mj in the direction of vector field given by the right hand
side of equation (2.1 —2.4) is

M, dP, 1. dL . dS  dQ
R A S R T

% = (bN — 1LP — (di + w)P + 7Q)(1 — %) + BLP — BoLS — (dg + )L + by (B2LS
—(v+ds 4 p)S +b2(vS — (T +ds + )@
%:_g(1+TQ_P)+(51+(b1_1)525—(d2+,u))L+(bﬂ—b1(7+d3+u))5

H(7 = ba(T + ds + 1))@

choose by, by

boy —bi(y+ds+p)=0

and
T—bay(T+ds+p)=0
we get
-
by = ————
LI +dy+p
by = L
Lt dat ) ds £ )
with in this mind % becomes
dMy bN Y

ER =2 (147Q = P)+ (1 +(

dt P —1)B2S — (d2 + )L

(T4+ds+p)(y+ds+ p)

%:_g(l"‘TQ_P)+(51(T+d4+u)(’y+d3+u)+(77—(T+d4+u)(’y+d3+l~b))5zs

—(dg + p)(T+ds+p)(y +dz+p)) <0

since it is easy to see that the largest invariant subset contained in the set.

dM

g = {(P,L,S, Q)EKO/ dt

=0}
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Consider the jacobian matrix as

—p1L — (d1 + 1)
p1L

J= 0

0

5. REPRODUCTIVE NUMBER

—pP

1P — (28 — (da + 1)

BalS
0

BoL — (v 4 d3 + )

0
—B2L

v

-
0
0
—(T+ds+p)

Since the Jacobian matrix is J = F — V then the matrix F' and V can be written as

PrL+ (dy + 1)

—B1L
V= 0

0

oSO O O O

B P

—B25
0

A
A
0

o O O O
o O O O

0

—B1P + 825 + (day + )

0

BaL
—BoL+ (v +ds + p)

-

-7
0
0
(T+ds+p)

We know that K = FV~! and using the relation |K — AI| = 0 for the eigen value ) , we get

which shows the reproductive number Ry =

0.020408 < 1. Since reproductive number Ry < 1, so the constructed system is in disease free state.

B1

The sensitivity of Ry = Ttda

N
o+ da
B1
p+ds

6. SENSITIVITY ANALYSIS OF Ry,

to each of its parameters is

Ok 1 o,
851 w+ do
ORy B1
= — <0
op (n+d2)? —
ORy B1
0d (1 +dg)* —

. By substituting the values of parameters, we get Ry =
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It can be seen that Ry is most sensitive to change in parameter, here, Ry is increasing with 81 and decreasing

with p, do. In other words it found that the sensitivity analysis shows that prevention is better than to

control the disease.

TABLE 1. Values of physical parameters used in smoking model

Parameter | Value | Parameter | Value

n1 40 N 40

ng 60 n 80

ns 200 dy 0.33
dy 0.44 ds 0.55
dy 0.66 B4 0.001

Ba 0.001 L 0.05
b 0.1 vy 0.99
T 0.2

7. NONSTANDARD FINITE DIFFERENCE (NSFD) SCHEME

A nonstandard finite difference (NSFD) scheme for the system (2.1 —2.5) is presented in this section [29].

In recent years, nonstandard finite difference (NSFD) scheme for discrete models have been constructed or

tested for a wide range of nonlinear systems of differential equations [30-32]. The positivity of the state

variables involved in the system is satisfy by proposed method. This property has key role when we solve

mathematical models arising in biology because these state variables represent sub-populations which never

take negative values. The discretized form of the the system (2.1 —2.5) by using NSFD scheme which based

on the generalized first order forward method is written as

Pk+1 _ Pk
¢

P BLLRPRYG 4 g(dy + ) P = PR boNF 4 Qb

Pk-‘rl _

Lk+1 _ Lk
¢

LAY 4 9o LM SY 4 g(dy + p) LM = L+ LA PR

k+1 _

Pk + bpN* + 7¢Q"

14 B1LEG + ¢(dy + )

Lk 4 ﬁlLkPk+1

1+ B2Sk + B(da + )

= bN* — B L* P! — (dy + p) PP + Q"

= BlLkPk-i'l _ ﬁQLk-HSk —(do + M)Lk-&-l
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Sk+1 _ Sk
— = BoLFFISH — SKHL(y 4 dy + p) (7.7)
SH = LIS ) — oS (v + ds + ) (7.8)
S+ o(y + ds + ) = B2 LM SF 4 5" (7.9)
gt - LIS + S (7.10)
1+ ¢(y +ds + p)
Q" — Q% = oS — b(7 + dy + 1) Q! (7.11)
QT (1 + (7 +da + p)) = pyS*T + QF (7.12)
Qk-‘rl _ ¢,)/Sk+1 + Qk (7 13)
L4+ (T +dy + p) '
which is the purposed NSFD scheme for the given model, where
1 — e~ (ds+pty)h
p=¢ph)= — (7.14)

ds+p+7y

The discrete method given in (22,25, 29, 32) is indeed an NSFD scheme because it is constructed according
to Mickens rules [32] formalized as follows in [33]. Rule 1. The standard denominator h = At of the discrete
derivatives is replaced by the complex denominator function in Equation (33) which satisfies the asymptotic
relation

6(h) = h+O(h?)

Note that the denominator function ¢ is expected to better capture the dynamics of the continuous model
through the presence of the underlying parameters ds, 1,y. In fact, exact schemes for a wide range of
dynamical systems involve such complex denominator functions [34,35]. Rule 2. Nonlinear terms in the

right-hand side of Equation (2.1 — 2.5) are approximated in a non-local way. For instance, we have Ly, Py, ~

Ly Py instead of L, Sy, ~ Li Py

8. ANALYSIS OF THE SCHEME

Theorem 5: The NSFD scheme (22, 25,29, 32) is a dynamical system on the biological feasible domain K

of the continuous model (2.1 — 2.5).

Proof: First, we prove the positivity of the scheme (22,25, 29, 32). It is easy to show that the NSFD scheme
(22, 25,29, 32) takes the explicit form

phl _ PF 4 bpN* + 16Q"
1+ BiLR+ @(di + p)
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TR+ _ LF(1+ B1L*¢ 4 ¢(dy + ) + (B1L7)(P* + bpN* 4 76Q")
(14 ¢B2S* 4 ¢(do + p)) (1 + B1LEd + ¢(d1 + 1))
Ght1 BoSkHA + Sk B
(1+¢(y+ds+p))B
¢y(B2S*PA + S*B) + QF (1 + ¢(y + ds + ) B
(I +o(m+ds+p)(1+ oy +ds +p)B

Qk+1 —

where
A = LF(14-B1 LE G+ ¢(di+p)) + (BLLF) (PF+0o N +76QF), B = (14+¢B2S* +d(da+11)) (1+B1 LF -+ (di +1))

Thus Pkl >0, LFt1 >0, S > 0, Q! > 0 whenever the discrete variables are non-negative at the

previous iteration. It remains to prove the positive invariance of . Adding the (22,25) and (29) we have

(14 @(di + ) H** ' = gbN + H* — [1 + (dg + p) ] L* T — [1+ ¢(v + ds + p)] 5" < ¢bN + H*

[1+ ¢+ di)|H**' < gbN + H"
= Hk+1 < ﬂ
Tditp
whenever
koo bN
T op+d

The priori bonds for Q**! and N**! follow the radially from the fact that L**' and S**! are less then or

equal to H**1. This complete the proof.

9. NUMERICAL SIMULATIONS

The mathematical analysis of smoking epidemic model with non-linear incidence has been presented.
Firstly, we investigate the basic reproduction number Ry for the system (2.1 — 2.5) which completely charac-
terized the stability of the disease free and endemic equilibrium. We observed that, if Ry < 1, the disease free
state at Fy and E is locally stable. To observe the effects of the parameters using in this dynamics smoking
model (2.1 —2.5), conclude several numerical simulations varying the value of parameters. These simulations
reveals that a change in time and step size h affects the dynamics of the epidemic as shown in Figures 1 and
Figures 2. By applying the Mickens approach, we use ¢ = ¢(h) instead of step size h in figure 2 and figure 4.
comparison is made by highlighting the point in each graph which shows that the Smokers reduces within 20
weeks when we used ¢. Its interpretation for a longer period reduces the infected individuals in the health
system. When initial condition changes to P(0) = 40, L(0) = 80,.5(0) = 120,Q(0) = 160, N(0) = 400, the

convergence to disease free equilibrium point remain consistent as shown in figure 3 and Figures 4.
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FiGURE 1. Numerical solutions for potential smokers, Light Smokers, Smokers and Quit

Smokers in a time ¢ (weeks) with step size h =1
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FIGURE 2. Numerical solutions for potential smokers, Light Smokers, Smokers and Quit

Smokers in a time ¢ (weeks)for ¢ = ¢(h) with h =1
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Smokers in a time ¢ (weeks) with step size h = 1 with different initial conditions

Disease Free Equil

ibrium
160 T T T T T

Potential Smokers
140 + e |_ight Smokers E
Smokers

— QUit Smokers
120 - b

100 b

Comparmental Population
o]
o

60 1
40 ]
20r X: 19.53
Y: 2.35¢-08
o . . . : |

0 2 4 6 8 10 12 14 16 18 20
Time (weeks), for ¢ =¢(h) with h=1

FIGURE 4. Numerical solutions for potential smokers, Light Smokers, Smokers and Quit

Smokers in a time ¢ (weeks) for ¢ = ¢(h) with h = 1 with different initial conditions
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10. CONCLUSION

It is an important to note that nonstandard finite difference scheme for mathematical models based on
system of differential equations is more powerful approach to compute the convergent solution. The con-
structed unconditionally convergent nonstandard finite difference (NSFD) scheme for smoking model preserve
the positivity of all values of h (step size) which shows that the developed Scheme is stable. The nonstandard
finite difference scheme is dynamically consistent, easy to implement and shows a good agreement to analyze
the bad impact of smoking for long period of time and represents their dynamical behavior graphically.
Threshold condition shows most sensitive effect regarding their parameters. We prove the essential proper-
ties, bounded, positivity and well-posed, also local and global stability analysis has been made to analyze
the smoking effects in the community. Numerical simulations are carried out to check the actual behavior

of the model.
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