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ABSTRACT. In this paper, we introduce the notion of Menger probabilistic partial metric space and prove
some fixed point theorems in the framework of such spaces. Some examples and an application to Volterra
type integral equation are given to support the obtained results. Finally, we apply successive approximations

method to find a solution for a Volterra type integral equation with high accuracy.

1. INTRODUCTION

The concept of a Menger probabilistic metric space (briefly, Menger PM-space) was initiated by Menger
[15]. The idea of Menger was to use a distribution function instead of a nonnegative number for the value
of a metric.

The study of this space was expanded rapidly with the pioneering works of Schweizer and Sklar [20],
Stevens [25] and some of their coworkers. In 1972, Sehgal and Bharucha-Reid [23] obtained a generalization of
the Banach contraction principle on a complete Menger space. Since then, a number of mathematicians have

made a substantial contribution to the theoretical development of Menger PM-spaces (see [4,6-10,12,17,26]).
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On the other hand, Matthews [14] introduced the notion of partial metric space as a part of the study of
denotational semantics of dataflow networks. In recent years, some scholars have investigated the topological
properties of partial metric spaces and have established some fixed point results in these spaces (see [1,3,5,
16,19, 22]).

In this work, using the concepts of Menger probabilistic metric space and partial metric space, we establish
a new concept of Menger probabilistic partial metric space. We present some fixed point theorems in these
spaces. Some examples and an application to Volterra type integral equation are given to illustrate the
usability of our results. Finally, we apply successive approximations method to find an approximate solution
for a Volterra type integral equation with high accuracy.

First, we recall some basic definitions and facts which will be used further on. We denote by R the set of

real numbers and R™ the set of nonnegative real numbers.

Definition 1.1. [14] A partial metric on a nonempty set X is a mapping p: X x X — RT such that for
all x,y,z € X:

x =y if and only if p(z,x) = p(x,y) = p(y,y),
p(x,z) < p(z,y),

p(z,y) =ply, z),

p(z,y) < p(x,2) +p(z,y) — p(z, 2).

pl
p2

(p1)
(p2)
(p3)
(p4)

A pair (X, p) is called a partial metric space, if X is a nonempty set and p is a partial metric on X.

It is clear that if p(z,y) = 0, then from (pl) and (p2), z = y. But if z = y, p(z, y) may not be 0. A basic
example of a partial metric space is the pair (R™,p), where p(z,y) = max{z,y} for all z,y € R* (see [16]).
Each partial metric p on a nonempty set X generates a Ty topology 7, on X whose base is the family of
open p-balls {By(z,¢) : € X,e > 0}, where By(z,e) = {y € X : p(z,y) < e + p(z,z)} for all z € X and

e > 0.

Definition 1.2. [14] Let (X,p) be a partial metric space, {x,} be any sequence in X and x € X. Then:

(i) The sequence {x,} is said to be convergent to x with respect to T, if
lim p(n, 7) = plz, 7).
n—oo
(ii) The sequence {x,} is said to be a Cauchy sequence in (X,p), if lUm p(x,,x.) exists and is finite.
n,m—o00

(i) (X,p) is said to be a complete partial metric space if for every Cauchy sequence {x,} in X, x € X

exists such that

lm p(x,,zm) = lim p(z,,2) = p(z, x).

n,m—0o0 n—oo

Notice that in a partial metric space the limit of a convergent sequence may not be unique.
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In the sequel, we recall the definition of n-th order t-norm. Shi et al. [24] gave the following definition of

n-th order t-norm.

Definition 1.3. A mapping T : 117 1[0, 1] — [0,1] is called an n-th order t-norm if the following conditions
are satisfied:
(i) 7(0,0,...,0)=0, T(a,1,1,...,1) =a for all a € [0, 1],
(ii) T(ay,as2,as,...,an) = T(az,a1,as,...,a,) = T(az,as,a1,...,a,)
=...=T(as,as3,a4,...,an,a1),
(iii) a; > b;, 1 =1,2,3,...,n imply T(a1,a2,a3,...,a,) > T(b1,ba,bs,... by),
(iv) T(T(a1,a2,a3,...,a,),b2,b3,...,by,)

= T(a1,T(az,as,...,an,b2),bs,...,by,)

- T(alaa/2aT(a37a47"'aanaanb3)ab47"~7bn)

T(aly a2,a3,...,0n—1, T(an7b27 b3u ey bn))

When n = 2, we have a binary t-norm, which is commonly known as t-norm.

The following are three basic continuous 3-th order t-norms:
(1) The minimum 3-th order t-norm, say T, defined by Th(a, b, ¢) = min{a, b, c}.
(2) The product 3-th order ¢t-norm, say Tp, defined by Tp(a,b,c) = abe.
(3) The Lukasiewicz 3-th order ¢-norm, say Tr,, defined by Tr.(a,b, ¢) = max{a + b+ c — 2,0}.

These t-norms are related in the following way: T, < Tp < Ty,.

Definition 1.4. [21] A function F : R — RY is called a distribution if it is increasing left-continuous with
inf F'(t) = 0 and F(t)=1.
infF(t) =0 an Sup (t)

The set of all distribution functions is denoted by DT. A special distribution function is given by

Definition 1.5. [21] A Menger probabilistic metric space (briefly, Menger PM-space) is a triple (X, F,T)
where X is a nonempty set, T is a continuous t-norm, and F is a mapping from X x X into DT such that,
if F,, denotes the value of F' at the pair (z,y), the following conditions hold:

(PM1) F, ,(t) = H(t) if and only if x =y,

(PM2) Fyy (1) = Fy 0 (1),

(PM3) Fpy(t+s) > T(Fy.(t), F. y(s)) for all z,y,z € X and s,t > 0.
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According to [21], the (e, A)-topology in a Menger PM-space (X, F,T) is a family of neighborhoods N, of
a point z € X given by N, = {N(e,\) : ¢ > 0,X € (0,1)}, where Ny(e,\) ={y € X : F, 4(¢) > 1 — A}
The (e, \)-topology is a Hausdorff topology.

Definition 1.6. [21] Let (X, F,T) be a Menger PM-space. Then:
(i) A sequence {x,} in X is said to be convergent to x in X if, for every e > 0 and A > 0, a positive
integer N exists such that for each n > N, F, .(e) >1—A.
(ii) A sequence {x,} in X is called a Cauchy sequence if, for every e >0 and X\ > 0, a positive integer
N eaists such that for each n,m > N, Fy . (€) >1—\.

(iii) A Menger PM-space is said to be complete if every Cauchy sequence in X is convergent to a point

m X.

Example 1.1. Let X = R*, T(a,b) = (H_‘gliab if a,b € (0,1] and T(a,b) =0, if a = 0 or b = 0. Define
F:XxX— Dt by

—t _ if t>0,
Foy(t) = 57
0, if t<0

forall x,y € X. Then (X, F,T) is a complete Menger PM-space.

Definition 1.7. [10] A function ¢ : Rt — RT is said to be a ®-function if it satisfies the following
conditions:
(i

) 6(t) =0 if and only if t =0,
(i) &

)

)

(t) is strictly monotone increasing and ¢(t) — oo as t — oo,
(iii) ¢ is left-continuous in (0,00),

(iv) ¢ is continuous at 0.

From now on, we mean by ® the class of all ¢-functions and by ¥ the class of continuous functions

¥ : RT — RY such that ¢(0) = 0 and ¥"(a,,) — 0, whenever a,, — 0 as n — oo.

2. MAIN RESULT

In this section, first we describe the new concept of Menger probabilistic partial metric space. Then we
improve some fixed point results of Gopal et al. [10], in the setup of Menger probabilistic partial metric

spaces.

Definition 2.1. A probabilistic partial metric space is an ordered pair (X, F) where X is a nonempty set,
F: X xX — D% is given by (x,y) — Fy, such that the following conditions are satisfied for all z,y,z € X
and t € RT:
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(PPM1) F, ,(t) = Fy(t) = F, 4(t) if and only if x =y,
(PPM2) F, ,(t) = Fy.(t),
(PPM3) Fyo(t) > Fy (1),
(PPM4) If F,.(t1) = 1, F.,(ts) = 1 and F,.(ts) = 1 for ti,te,t3 € RT, then

Foylti+ta+1t3) =1.

It is clear that every probabilistic metric space is a probabilistic partial metric space.

However, the

converse of this fact needs not hold. For example, = y does not imply F, ,(t) = H(t). See the following

example.

Example 2.1. Let (X,p) be a partial metric space. If F: X x X — D% is a mapping defined by

F,

zy(t) =H(t—p(z,y), Ve,ye X,teR,

then (X, F) is a probabilistic partial metric space. Obviously, x =y does not imply Fy ,(t) = H(t).

Definition 2.2. A Menger probabilistic partial metric space is a triple (X, F,T), where (X, F) is a proba-

bilistic partial metric space, T is a continuous 3-th order t-norm and the following inequality holds:

Fz,y(tl + t2 + t3) 2 T(Fx,z(t1)7 Fz7y(t2)a Fz,z(tB))

for all z,y,z € X and all t1,ts,t3 € RT.

(2.1)

Remark 2.1. Let (X, F) be as Example 2.1. Then (X, F,Ty) is a Menger probabilistic partial metric space

induced by (X, p).

Example 2.2. Let (X,p) be a partial metric space. Define a mapping F: X x X — DT by

Fw,y(t) =
0,

t .
ey Y

t>0,

if t<0

for all z,y € X. Then (X, F,Ty) is a Menger probabilistic partial metric space.

Definition 2.3. Let (X, F,T) be a Menger probabilistic partial metric space. Then:

(i) A sequence {zy,} in X is said to be convergent to x in X if, for each t >0, lim F, .(t) = Fy . (¢).
n—oo

(i) A in X 45 called a

{xn}

lim Fy, .. (t) exists.
m,n— 00

sequence

Cauchy

sequence if, for each t > 0,

(iii) A Menger probabilistic partial metric space is said to be complete if for every Cauchy sequence {x,}

i X, a point x € X exists such that

m,n— 00

lim Fy, o, (t) = lim mew(t) = F:wc(t)'
n—oo

(iv) A sequence {xy,} is called G-Cauchy if for each p € N and t >0, lim F, . . (t) ezists.
n—oo
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(v) The space (X, F,T) is called G-complete if for every G-Cauchy sequence {x,} in X, a point x € X

exists such that lim F, . . (t)= lim F, .(t) = Fp(t).

n—soo n—soo
Definition 2.4. (see also [10]) Let X be a nonempty set, f : X — X be a mapping and 5,7 : X x X X
(0,00) = (0,00) be two functions. Then f is said to be (8,)-admissible if for all x,y € X and all t > 0 we
have

Blx,y,t) <1 amplies p(fx, fy,t) <1
and

Y(x,y,t) > 1 dimplies ~(fx, fy,t) > 1.

Definition 2.5. Let (X, F,T) be a Menger probabilistic partial metric space, f : X — X be a given mapping
and 8,7 : X x X x (0,00) = (0,00) be two functions. We say that f is a (8,7)-admissible y-type contractive

mapping if f is a (B8,7)-admissible mapping, satisfying in the following inequality

(2.2)

S fy.0( < Bla,y. 09 (

- 1) _ b 1)
Fra,py(¢(ct)) Foy(0(1))
for all z,y € X and all t > 0 such that Fy ,(¢(t)) > 0, where c € (0,1), p € ® and ¢ € V.

According to Gopal et al. [10, Theorem 2.1], we present a new fixed point theorem in the Menger proba-

bilistic partial metric spaces.

Theorem 2.1. Let (X, F,T) be a G-complete Menger probabilistic partial metric space and f : X — X be
a (B,7)-admissible -type contractive mapping satisfying the following conditions:

(i) xg € X exists such that 8(xo, fxo,t) <1 and y(xo, fxo,t) > 1 for all t > 0,

(i1) if {xn} is a sequence in X such that B(zy_1,2n,t) <1 and ¥(Tpn, Tpy1,t) > 1 for alln € N, and for all
t >0 and x, = x as n — oo, then B(xy,x,t) <1 and y(zn, fx,t) > 1 for alln € N and for all t > 0.

Then f has a fived point.

Proof. Let zy € X be such that condition (i) holds. We define inductively the sequence {z,} in X by
Tpy1 = frxn, for n =0,1,2,... . We may suppose that x,,.1 # x, for each n, otherwise f has obviously
a fixed point. We conclude from (8, y)-admissibility of the mapping f, the condition (), and by induction
that B(xn—1,%n,t) <1 and y(xn,Tny1,t) > 1 for all n € N and all ¢ > 0. From properties of the function
¢, it is possible to find some ¢ > 0 such that Fy, ., (¢(t)) > 0. It implies that Fy, 4, (¢(%)) > 0, too. From
(2.2), we have that

1 1
ey L S e d(E—r 1)
< 3($07$17t)¢(m—1)

¢(Fxo,:<¢<t>> -1)

IA
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Repeating the above procedure successively r times (r < n), we obtain

1 1
- < 1/)"_’"( - 1). (2.3)
FiEn,iEn-H (¢(Crt)) Fxr,xr+1 ((b( cn—tr ))
Since " (a,) — 0, whenever a,, — 0, then from (2.3), for any positive real number r we have
Fopwnr(0(c"t)) =1, as n — oo. (2.4)
Now, let € > 0 be given and choose r > 0 so that ¢(c"t) < €. Regarding (2.4) we deduce
Fppwn(e) =1, as n— oo, forevery &>0. (2.5)
On the other hand, we can write
€ € €
FﬂCmﬂCner (5) Z T(F$7L7$n+l (5)7 Fxn+17xn+1 (g)’ Fxn+1a$n+p(§)>
>
€ € € €
> T(Fwn,$n+1 (g)v FﬂCmﬂCn+1 (g)v T(Fwn+17zn+2 (5)’ Fﬂvn+1,$n+2 (5)7
€ € €
T(' .. aT(an+p—2,wn+p—1 (F)v Fl’n+pf27ln+p—l (31,7,1)7 F:L'n+p717l'n+p (F))))
On making n — oo and in view of (2.5), for any positive integer p, we have
Fpp2nip(€) =1, as n— oo, forevery e>0.
It follows that {x,} is a G-Cauchy sequence. Since (X, F,T) is G-complete, {z,,} is convergent and
nli}H;OFTnvrnﬁ—p (t) = nILH;OFTnﬂL (t) = ELyu(t) (2'6)
for some v € X. Furthermore, we get
€ € €
Frua(®) 2 T(Frun (5)s Puars () Fovrania (5))- (2.7)

Taking into account the continuity of ¢ at zero, t; > 0 exists such that ¢(¢1) < §. From (2.6), ng € N exists

such that Fy, ,(¢(t1)) > 0 for all n > ny. Hence, applying (ii) we derive that

1
Frn+1,fu(§)

for all n > ng. Now, letting n — oo, since ¥(0) = 0 and by the continuity of function v, we obtain

—1§’Y(f$n7fu7t1) Sﬂ(x’rwuﬂtl)w(

1 1
(Ffzn,,fu(¢(t1)) - 1) Fopu(d(2)) 1)

F:vn+1,fu(§) — 1, as n — oo.

From (2.1) and (2.6) Fy, , 2,,,(5) = 1 as n — o0, too. Passing n to infinity in the relation (2.7) it follows

that Fy, .(¢) =1, for each € > 0. Thus fu = u. This completes the proof. O



Int. J. Anal. Appl. 17 (5) (2019) 778

Example 2.3. Let X =RT. Define F': X x X — DT by

t
~ t+max{z, y}

Foy(t)

for all x,y € X and for all t > 0. Define the mapping f: X — X by

; 5, if wel0,1),
x:

2x, otherwise
and the functions 8 and v from X x X x (0,00) into (0,00) by

t
x’ ,t :77
B(z,y,t) P p—

47 fovy € [03 1);
oy, t) =

10t ;
1(5agy),  otherwise

for all t > 0. Now, consider self-mappings ¢ and 1p on Rt defined by ¢(t) = (t) = t and let ¢ = 1

5
Obviously, f is (B,7)-admissible. To show that f is a (8,7)-admissible ¥-type contractive mapping, we have
to check the condition (2.2).

To do this, we distinguish three cases:
case I' If 0 < x <y <1, then

S ) -
Fyo 1,(#(ct)) t+Jz + 9]

< 6(x,y7t)w(

Yy
t+ |z -yl

v(fx, fy, t)(
1
e

case II: If x € [0,1) and y ¢ [0,1], then

1 2y 1

W S S S
o f0 07— ) = e < P (memy Y~ e

case III: If x,y ¢ [0,1), then

Y

L N Y g 1 y
P U e < e (e Y

’Y(f%fy,t)( REFrE

It can be easily verified that all conditions of Theorem 2.1 hold, and therefore f has a fixed point.

We denote by Fiz(f) the set of fixed points of f. In what follows, we give a sufficient condition for the

uniqueness of the fixed point in Theorem 2.1.

(H): For all u,v € Fiz(f) and for all ¢ > 0 there exists z € X such that

Bz, fz,t) <1 with B(u,z,t) <1 and S(v,z,t) <1,
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and

Y(z, fz,t) > 1 with ~(u,2,t) >1 and ~(v,z,t)> 1.

Similar to this condition was already considered in the paper [10].

Theorem 2.2. Adding condition (H) to the hypotheses of Theorem 2.1, we obtain that f has a unique fixed

point.
Proof. Let u,v € Fiz(f). From condition (H), z € X exists such that
Bz, fz,t) <1 with B(u,z,¢) <1 and S(v,z,t) <1,
and
v(z, fz,t) > 1 with ~(u,2,t) >1 and ~(v,z,t)> 1.
Taking into account (8, y)-admissibility of f, we obtain
B(fz, f2z,t) <1, B(u, fz,t) <1, B(v, fz,t) <1
and
W fz fPat) 21, A(u fzt) 21, (v, fz,t) 2 1.
Consequently, by induction, we get
B(zn, 2nt1,t) <1, B(u,zn,t) <1, Blv,zp,t) <1
and
Y(Znt1s2n42,t) 2 1, y(w, 2pq1,1) 2 1, (v, 2p41, ) 2 1

for all ¢ > 0, where z, = f™z. Then, using (2.2) we derive

o
Foy pz(0(ct))

1
-1 < 7(”7Z”’t)(Ffu’f(fnflz)((z’(Ct)) - 1)

< By, Zn—lat)w(w N 1)

< (rmm Y)

It follows that

1 1
7—1§w"(7—1> for all neN.
Fu’fnz((ﬁ(Ct)) Fu,z(d)((.n%l))
Letting n — oo, we obtain lim F, . ,, = 1. A similar argument shows that lim F,. ., = 1. Using
n—oo n—oo

these facts, it is easily can be shown that Fy, ,(t) = 1 for any ¢ > 0. It implies that u = v, and the proof is

complete. 0
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Example 2.4. Let X = R and F, ,(t) = H(t — max{x,y}) for all z,y € X and for all t > 0. Clearly,

(X, F,Tp) is a G-complete Menger probabilistic partial metric space. Define the mapping f : X — X by

f@)=73

and the functions v and 8 from X x X x (0,00) into (0,00) by

2, if v,y € (2,00),
Blx,y,t) =
—t therwise
-y ©
%a if x,y € (5700)7
y(z,y,t) =

5,  otherwise

for all t > 0. Also suppose that ¢, : RT — R defined by ¢(t) = ¢(t) =t and let c = 5. Now, it can be

easily shown that all the hypotheses of Theorem 2.2 are satisfied and so f has a unique fixed point.

In the sequel, we first introduce the concept of (3, y)-contractive mapping of type (I) and then we describe
a fixed point theorem concerned with these kinds of contractions in the framework of Menger probabilistic

partial metric spaces.

Definition 2.6. Let (X, F,T) be a Menger probabilistic partial metric space and f : X — X be a given
mapping. We say that f is a (8,7)-contractive mapping of type (I), if functions B : X x X x (0,00) — (0, 00)
and v : X x X x (0,00) — (0,00) ewxist such that

t t t t
ﬁ(xa Y, t)Ffz,fy((z)(t)) 2 'Y(fxa fy7 Z) min {Fz,y(¢(g))7 Fy,fy(qs(g)): Fy,fz((b(g))} (28)
forall z,y € X and all t > 0, where ¢ € ® and c € (0,1).
Example 2.5. Let X = {0,2,4} and F be as in Example 2.3. Clearly, (X, F,Ta) is a complete Menger

probabilistic partial metric space. Define the mapping f : X — X by f(0) =0, f(2) =4 and f(4) = 2. Also,
define two functions B and v from X x X x (0,00) into (0,00) by

2, if w=y,
B(z,y,t) =
%7 otherwise
1, ife=y=2, orz=y=4,
v(@,y,t) = 1 2, ifz=y=0,
ﬁﬁ_l, otherwise.

Now, consider ¢ : Rt — RT defined by ¢(t) =t and let c = L. Then f is a (3, ~)-contractive mapping of

2
type (I).



Int. J. Anal. Appl. 17 (5) (2019) 781

Two useful following lemmas help us to prove Theorem 2.3.

Lemma 2.1. Let (X, F,T) be a Menger probabilistic partial metric space and ¢ be a ®-function. Then the
following statement holds.

If for z,y € X and ¢ € (0,1) we have Fy ,(¢(t)) > Fyp(¢(L)) for all t >0, then x = y.
Proof. The proof is similar to [4, Lemma 2.9]. O

Lemma 2.2. Let (X, F,T) be a Menger probabilistic partial metric space. Then the function F is a lower
semi-continuous function of points, i.e., for every fivzed t > 0 and every two sequences {x,}, {yn} in X such

that ILm Fp o) =Fy.(t)=1 and ILm F, ,t)=F,,(t) =1 it follows that lirgianxmyn (t) = Fpy(t).

Proof. Let t > 0 and € > 0 be given. Since F} , is left-continuous at ¢, so h exists such that 0 < 2h < ¢ and
Fpy(t) — Fyy(t —2h) < e. Put F, ,(t —2h) = a. Taking into account continuity of T and T'(a,1,1) = a,

there is a real number [ in (0, 1), fulfills

2
T(a,l,l) > a— % and T(a— %,l,l) >a— ;
On the other hand, by our assumptions, an integer M}, ; exists such that
h h
Fxn’z(g) > [ and Fyny(§) > l7
whenever n > M), ;. Now, by (2.1) and (PPM3)
h h
meyn (t) Z T(Fwny(t - h)7 Fy)yn (5)’ Fy7y'n (5)) (2'9)
and
h h €
F,, ,(t—h)> T(Fwnw(§),Fwy(t — 2h),FLI(§)) > T(a,l,l) >a— 3" (2.10)
Thus, on combining (2.9) and (2.10), we have
2
Frpn®) 2 Tla= 2,00 > a= 5 > Foy(t) — <.
This completes the proof. O

Now, we present a new version of [10, Theorem 3.2] due to Gopal et al. in the Menger probabilistic partial

metric spaces.

Theorem 2.3. Let (X, F,T) be a complete Menger probabilistic partial metric space, which satisfies T'(a,a,a) >
a with a € [0,1]. Let f: X — X be a (B,7)-contractive mapping of type (I) satisfying the following condi-
tions:

(1) f is (B,7)-admissible,

(i7) there exists xo € X such that B(zo, fro,t) <1 and y(xo, fro,t) > 1 for allt >0,
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(#i1) if {xn} is a sequence in X such that B(zp—1,2n,t) < 1 and y(zp, Tpy1,t) > 1 for alln € N, and all

t >0 and z, — x as n — o0, then B(xn_1,2,t) <1 and y(x,, fx,t) > 1 for alln € N and all t > 0.

Then f has a fived point.

Proof. Since T'(a,a,a) > a for all a € [0,1], then T' > T)s. Let g € X be such that (i) holds and define
a sequence {z,} in X so that z,41 = fx,, for n = 0,1,.... We suppose 2,11 # x, for all n = 0,1,...,
otherwise f has trivially a fixed point. From (i), (i¢) and by induction, we get B(xy—1,%n,t) < 1 and
Y(@p, Tpe1,t) > 1 for all n € N and all ¢ > 0. By continuity of ¢ at zero, for each t > 0 we can find r > 0
such that ¢ > ¢(r) and therefore using (2.8) and (PPM3) we have

Faponin ()

v

B0 152057 P g (07)
Y Tt 2 0 { P,y (0(5)), Fa i (9C5)), P g (6(5)) }

> win{Fr i (005), Fapen (60)

Y

We will show that
r
Fxn,mn“(ﬁb(r)) > Fxn_lrn((b(g)) (2.11)

If we assume that Fy, . . (#(%)) is the minimum, then from Lemma 2.1, we deduce that x,, = x,,41. This

is in contradiction with the assumption x,, # z,11 and so Fy,_, ., (¢(%)) is the minimum i.e., inequality

(2.11) holds. Now, from (2.11), it follows that

Frrvionir () 2 Fopin, i (60) 2 Fr 1, (9(2)) 2 o 2 g, (9

that is,

r

Fop i () 2 Foo 2, (0()), (2.12)

on

for arbitrary n € N. Next, let m,n € N with m > n, then by (2.1) and (PPM3) we get

Bz, ((2(m—n) = 1)t) > T(Fyp 001 (t), Frpnin () Py, ((2(m — n) — 3)2)).

By strictly increasing of ¢ and also making use of (2.12) we have

Fapam ((Q(W —-n)—1)t) > min {FxmrnH @), Fapy 1o (t), Fapy1,0m (t)}
> min { Feg o (6(20): o Frg o (6 S5)): Fro. (6 7)) |

m—1

= Fepm (8(7)

Since ¢(Zr) — o0 as n — oo, for fixed € € (0,1), ng € N exists such that for each n > ng, Fy) ., (¢(5)) >

cn

1 — . This implies that, for every m > n > ng,

Fipwn ((2(m—n) = 1)t) > 1 — .
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By the arbitrariness of ¢ > 0 and € € (0,1), we deduce that {z,} is a Cauchy sequence in the complete

Menger probabilistic partial metric space (X, F,T). Thus, u € X exists such that

lim Fy o, (t) = lim FIH,U(t) = Fu,u(t)~

m,n— oo n—oQ

We are going to show that u € Fiz(f). Indeed, we have

Ffu,u(Zt) > T<Ffu,xn (d)(r))a Fxn,u(Qt - 2¢(T))’ an,zn (d)(?")))

min {Ffu,zn (@(r), Fo,, u(2t — 2¢(T))}

Y

(2.13)

We may assume that x,, # fu for all n € N| since otherwise if x,, = fu for infinitely many values of n, then

u = fu and hence the proof is finished. Now, from (2.13), for any arbitrary ¢ € (0,1) and n large enough,

we get Fy (2t —2¢(r)) > 1 — €. Hence, Ffy o (2t) > min{Ffy 5, (¢(r)),1 —€}. Since € > 0 is arbitrary, it

yields that F, ., (2t) > Fry a2, (¢(r)). Next, using (2.8) we deduce

Fu,fu(2t) > Fa:n,fu((vb(r))

> ﬁ(mn*h U, T)Ffwn—lafu(d)(r))

> A(fan-t, fu S min { By a(9(5)), Fupul6(5)), Fugo, - (6(5)) |

> min {Fr,,u(@() Fuguld(2). Fua, (60)) .

Cc

By taking the limit infimum on both sides of the above inequality and applying Lemma 2.2, we have

Fufu(2t) > lim inf Fy | . (é(r))

n—oo

r

> lim infmin {Fxn—l’u(¢(£))7 Fu,fu(¢(£))v Fue, (¢(E))

n—oo

> min {1 - E,Fu’fu((b(g)), 1-— 5}.

Finally, since € € (0,1) is arbitrary, then Fp,, ., (6(r)) > Fy u(¢(£)). From Lemma 2.1, we conclude that

C

u = fu and so we achieve our desired goal.

O

Example 2.6. Let X = [0,1], p(z,y) = max{z,y} and (X, F,T) be as in Example 2.1. Then (X, F,T) is a

complete Menger probabilistic partial metric space. Define the mapping f : X — X by

f %a lf T e [07%)U(%71];
xTr =

0, if x:%,

and the functions 8 and v from X x X x (0,00) into (0,00) by

_ t+max{w,y}

B(x7y7t) T + mm{x,y} ’
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zyt) = ——.
v(@9,1) Tty -+t

We consider ¢ : RT — R defined by ¢(t) =t and let ¢ = % It is routine to see that all the hypotheses
of Theorem 2.3 are satisfied, and therefore f has a fized point.

Theorem 2.4. Adding condition (H) to the hypotheses of Theorem 2.3, we obtain that f has a unique fized

point.

Proof. Let u,v € X be such that v = fu and v = fv. From condition (H), z € X exists such that
B(z, fz,t) <1 with B(u, z,t) < 1 and B(v, z,t) < 1, and (z, fz,¢) > 1 with y(u, z,t) > 1 and y(v, 2,t) > 1.

By virtue of the fact that f is (8, )-admissible and using induction, we derive

B(Zn,zn-&-lat) < 1a 5(U7Zn7t) < 17 ,@(’U,Zn,t) < 17

and
’Y(szrl» Zn+2; t) > 17 7(”; Zn+1; t) > ]-7 ’Y(Uv Zn+1, t) >1

for all t > 0, where z, = f™z (n € N). By continuity of ¢, r > 0 exists such that ¢ > ¢(r) and therefore we

have

wenn ()2 Fu (6(1)
B(ts 20, 7) Epu g, (6(1)

Yt fzny ) min { Fue, (6(5)), Fapen (9(5)), Feypu(6(2)) }
> min { £z, (6(0), By a i (60)) -

C

Y

v

Now, we consider following cases:

case I. If F, | (¢(%)) is the minimum, then by (2.8) and (PPM3), it follows that

sZn+1

Fuspin (@) 2 Foppen (6(5))
> Blant 2 ) Fra .2, (6(0)
> Yz 2ty ) min (e, (6(5)) Fy o (6(5)), Frya, (6(55)) |
> min{F, o (6(5) Foya (6() -

Now, if F, ..., (é¢(%)) is the minimum for some n € N, then by Lemma 2.1, we deduce that z, = z,41.

Applying (PPM3), we get Fy ., (¢(r) > Fo, 2. (6(%)) > Fuz,.i (¢(%)), then u = z,11. Consequently
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B(v,u,t) <1 and vy(fv, fu,t) > 1 for all ¢ > 0 and thus we have

Fv,u(¢(t)) Z B(Uvuat)Fj'v,j'u(¢(t))

= (fv, fu, %)min {F”’“w(z))’Fu,fu(¢(£))7Fu,fv(¢(z))}

Fuul6(2).

Y

Again, by Lemma 2.1, we have u = v.
On the other hand, if F, _, ., (¢(Z%)) is the minimum, then

Frporin B(5)) 2 Fap 2, (6(5)) 2 oo 2 Py (6 57),

and, letting n — oo, we get F),

nyfn+1

(¢(%)) — 1. Therefore lim F, . ., (t) = 1. A similar method shows
n— 00
that lim F, . . (t) = 1. By virtue of these facts, we get Fy,,(t) = 1 for each ¢t > 0. Hence, u = v.
n—oo

case II. Suppose that F, . (¢(%)) is the minimum, then we get

T r r
Fartrn(00) 2 Pz (65) 2 Fuey ,(0(5)) 2 -2 2 P (9 —17))-
A similar argument as above shows that v = v, and the proof is complete. O

In the sequel, we first introduce the concept of (8, v)-contractive mapping of type (IT) and then we describe
a fixed point theorem concerned with these kinds of contractions in the setup Menger probabilistic partial

metric spaces.

Definition 2.7. Let (X, F,T) be a Menger probabilistic partial metric space and f : X — X be a given
mapping. We say that f is a (8,)-contractive mapping of type (II), if functions 5 : X x X x (0,00) — (0, 00)
and v : X x X x (0,00) = (0,00) ewxist such that

B 900 Fya gy (6(0)) = (2, f, =) min { Fr o (6(0)), Fyupy (65 } (214)

for all x,y € X, for allt > 0, where ¢ € (0,1) and ¢ € .

Now, we present a new version of [10, Theorem 3.4] due to Gopal et al. in the Menger probabilistic partial

metric spaces.

Theorem 2.5. Let (X, F,T) be a complete Menger probabilistic partial metric space and f : X — X be a
(8,7)-contractive mapping of type (II). Suppose that the following conditions hold:

(7) f is (B,7)-admissible,

(i1) o € X exists such that B(xg, fro,t) <1 and y(xo, fzo,t) > 1 for allt > 0,

(#i1) for each sequence {x,} in X such that B(xp—1,xn,t) <1 and y(zp, Tpy1,t) > 1, for alln € N and all
t >0, ko € N exists such that B(xm-1,Tn—1,t) <1 and y(Tm,xn,t) > 1, for all m,n € N with m >n > ko

and for all t > 0,
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() if {xn} is a sequence in X such that B(xp—1,%n,t) < 1 and y(z,,Tpt1,t) > 1 for all n € N and all
t>0 and z, — x as n — o0, then B(xn_1,2,t) <1 and y(x,, fx,t) > 1 for alln € N and all t > 0.

Then f has a fized point. In addition, if condition (H) holds, then f has a unique fized point.

Proof. Let ©9 € X be such that (i7) holds. Define a sequence {z,} in X such that z,4; = fz, for all
n =0,1,... . We may suppose that z,; # x, for all n = 0,1,..., otherwise f has trivially a fixed point.
By (4) and (i), and applying induction, we get B(xn_1,2n,t) < 1 and v(xp, Tpr1,t) > 1 for all n and all
t > 0. By continuity of ¢ at zero, for each ¢t > 0, r > 0 exists such that t > ¢(r), thus S(z,—1,2,,7) < 1
and (2p, Tny1, 5) > 1. It follows from condition (2.14) and (PPM1) that

Frnanis () 2 Fron 2, (6(r))

Z ﬂ(xn—laxn7T)FffI:n_1,f.’IJn(¢(r))
> ’Y(xm Tn+1, g) min {Fxnfl,rn ((b(g))a FImInH ((b(g))? }
> min {Fr, 0, (65)) Fan (G }-

Now, if F,

nyTnt1

(¢(%)) is the minimum, then F, . ., (¢(r)) > F, (#(£)) and so by Lemma 2.1, z,, =

nsTn+41

Tpy1, which contradicts the assumption x,, # 2y41. Thus F,,_, », (#(%)) is the minimum, and so

Frnin () 2 Foo oy (0(2)) 2 02 Fayan (6

Letting n — oo, then

Fln@n+1 (t) — L (215)

We claim that {z,} is a Cauchy sequence. Suppose the contrary. Then there exist £ > 0, A € (0, 1) for which

we can find subsequences {Z,(s)} and {@y(s)} of {z,} such that n(s) is the smallest index for which

s < m(s) < n(s)a Fzm,(s)axn(s)(g) <1-2A, wat(s)vmn(s)—l(g) >1-A
By the properties of ¢, €1 > 0 exists such that
o(e1) < e.

We deduce that F,

Tim(s)1Tn(s)

(p(e1)) <1 — A, so {z,} is not Cauchy sequence with respect to ¢(¢1) and .

Thus, increasing sequences of integers m(s) and n(s) exist such that n(s) is the smallest index for which

s<m(s) <n(s), Fu,ane(@E1) ST=X Fo e (#(e1) >1— A (2.16)

Take a real number 7 such that 0 <n < ¢(%2) — ¢(e1). From (2.16) it follows that

€1

me(s) »Tn(s)—1 (¢(*

C)—77)>1—)\.
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Then, for any 0 < A\; < A < 1, by (2.15) it is possible to find a positive integer N; such that for all s > Ny,

we have
Fl‘?n(s)717$vn(s) (77) >1- A, Fxn(s)flvl‘n(s)(n) >1- A (2'17)
From (2.17) it follows that

€1

Fxm(s)717mm(s) (¢(7

- D) > Fapoyorame (M) > 1 =AM > 1=\ (2.18)

A similar relation holds when one substitutes @,,(s)—1 and @, with z, 51 and z,), respectively. On

the other hand, from (2.18) we observe that

1-A > Fzm(s),wn(s) (¢(51)) = Ffa:m<5),1,f7;n(5)71 (d)(gl))

IV

5(xm(s)—1v xn(s)—lv 51)Ffmm(5),1,fxn(s),1 (¢(51))

€1 . €1
’Y(fl'm(s)flv fxn(s)flv ?) min {Fa:m“)_l,a:m(s) (qs(i

c

Y

€1
DFenirsinin (9D}
€ .
> V(fxm(s)—hfxn(s)—l;%)mln{l _)\71 _)‘}
> 1-A\
This is a contradiction, therefore {z,} is a Cauchy sequence in the complete Menger probabilistic partial

metric space. Hence, u € X exists such that lim F, ., (¢t)= lim F, ,(t) = F,.(t). Now, we show that
m,n—00 n—oo

u is a fixed point of f. We have

Ffu,u(Zt) > T(Ffuﬂcn ((b(r))v FJCn,u(Qt - 2¢(T>), mewn ((b(?“)) (2'19)

By continuity of ¢, r > 0 exists such that ¢ > ¢(r). Furthermore, for arbitrary ¢ € (0,1), ng € N exists such

that for all n > ng, we get

Fyu(2t = 20(r) > 1— 6. (2.20)

Hence, from (2.15), (2.19) and (2.20), we obtain that
Fruu(2t) > T(Ffyz, (¢(r)),1 —0,1—0).

Since § > 0 is arbitrary and T is continuous, we can write Fy o (2t) > Ffy g, (¢(r)). Without loss of
generality we may assume that z,, # fu for all n € N, otherwise if for infinitely many values of n, x,, = fu,

then w = fu, and hence the proof is finished. Applying (2.14) and (iv), we derive

Fu,fU(zt) > mefu((b(r))
ﬂ(xn—la 'LL, T)Ffa’)nfl,fu(d)(r))

s, fu, Symin{ Fo, g, (00)), Fugulo(5) .

Y

Y
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Letting n — oo in the above inequality, we get Fry o (f(r)) > Fyu fu(@(%)). Thus u = fu by Lemma 2.1.

c
Hence f has a fixed point. Moreover, if (H) holds, then by using a similar technique as in the proof of

Theorem 2.4 one can see that u is a unique fixed point of f. O

3. APPLICATION TO INTEGRAL EQUATION

Here, in this section, we wish to study the existence of a solution to a Volterra type integral equation, as
an application of our results.

Let k£ > 0 be an arbitrary fixed number. Consider the following Volterra type integral equation:

z(t) = g(z(t)) —|—/O Q(t, s, z(s))ds, t € [0, k] (3.1)

where g € C(R) and € C([0,k] x [0,k] x R,R). Equip C([0, k], R) with the partial metric

p@y) = max {lz@)] ly®l}.  zy € C([0, 4], R).

Now, we define the mapping F': C([0, k],R) x C([0, k], R) — DT by
Foy(t) =H(t —p(z,y)), t>0, x,ycC([0,k]R). (3.2)
We know that (C([0, k], R), F,Tys) is a complete Menger probabilistic partial metric space.

Theorem 3.1. Let k >0, g € C(R), and Q € C([0,k] x [0, k] x R,R), satisfying the following conditions:
(1) [9lo0 = sup | (¢, s5,2(s)) [< o0,
t,5€[0,k],z€C([0,k],R)
(i1) c1,co € (0,1) exist such that for all z € C([0,k],R), all r € R, and all t,s € [0, k] we have
lg(r)l < elrf, 1Q(t s, 2(s))] < cflﬂ«”(S)L

and ¢ = ¢1 + co < 1. Then, the Volterra type integral equation (3.1) has a solution z* € C([0, k], R).

Proof. Consider the complete Menger probabilistic partial metric space (C([0, k], R), F\, Ths) defined as (3.2).
Now, we define the mapping f : C([0,k],R) — C([0, k], R) by

t
F@)() = g(a(t)) + /0 Qt, 5, 2(s))ds.
For each z,y € C([0, k], R) we have

p(f(2), f(y) = max {|f(z)®),[f (W)}

t€(0,k]

t t
< max a(a(t) + /O 19(t, 5, 2(5))lds, lg(y(®)] + /O (¢, 5, y(s))ds}
< el e (O] ly(o)})
= op(z,y)
< cmax{p(z,y),p(y, f(¥)), p(y, f(z))}.



Int. J. Anal. Appl. 17 (5) (2019) 789

Applying (3.2), for any r > 0, we derive

Frasw() = H(r=p(f@). /()
H (£ = max{p(e,y),p(v, £()), vy, / ()}

. r r r
= 1mn {Fr,y(g)’Fy,f(y)(g)v Fy,f(x)(g)}

Y

for all z,y € C([0,k],R). Thus all conditions of Theorem 2.3 are satisfied, when ¢(r) = r for all » > 0 and
Blx,y,t) = y(z,y,t) =1 for all ,y € C([0, k], R) and ¢ > 0. Therefore, f has a fixed point z* € C(]0, k], R),

which is the solution of the integral equation (3.1). O

Example 3.1. Consider the following Volterra type integral equation

t In( s sin(e 3tz (s
z(t) = 7cos (z(t)) +/ t+3 C—Zsh \/% ( ))ds. (3.3)

Observe that Eq. (5.3) is a special case of the Eq. (3.1) when g(r) = % cos(r) (r € R), and Q(t, s, (s)) =

In(t+s+2) sin(e™ " x(
3 cosh ¢/2s+1

)i (t,s € [0,1]). Obviously, all the conditions of Theorem 3.1 are satisfied. Then the

Volterra type integral equation (3.3) has at least one solution which belongs to the space C([0,1],R).

4. NUMERICAL RESULTS

Numerical methods can help us to investigate the solutions of differential and integral equations (see
for instance [2,11,18]). In this section, we use a numerical method to find an approximate solution for a
Volterra type integral equation. For this purpose, we use successive approximations method (SAM) [2] to
find a solution for the Example 3.1.

The SAM, also called the Picard iteration method provides a scheme that can be used for solving initial
value problems or integral equations. This method solves any problem by finding successive approximations
to the solution by starting with an initial guess as x((t), called the zeroth approximation. As will be seen,
the zeroth approximation is any selective real-valued function that will be used in a recurrence relation to
determine the other approximations. The most commonly used values for the zeroth approximations are 0,
1, or t. Of course, other real values can be selected as well.

Given the nonlinear Volterra type integral equation

o(t) = F(a®) + A [ K(t,s,o(s))ds

where z is the unknown function to be determined, K(¢,s,x(s)) is the kernel, and X is a parameter. The

successive approximation method introduces the recurrence relation

Zo(t) = any selective real valued function, (4.1)

—

) = FEL) + )\/ K(t, s, 7(s))ds, n > 0.
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The solution is determined by using the limit
Z(t) = nh_)rréoxnﬂ(t).

Now, we discuss on the solutions of Example 3.1. To this end, consider the following nonlinear equation

2(t) = F(a(t)) + G(z(t), (4.2)
where

F(a(t)) = 5 cos(a(0), (4.3)
and

_ (fIn(t+s+ %) sin(e ™3tz (s))
Gl=®) = /0 3cosh v/2s + 1 ds-

Applying SAM, we solve the nonlinear Volterra type integral equation (3.3). To this aim, put t = 0 in

(4.4)

equation (3.3). We get z(0) = § cos(z(0)) or equivalently v = 1 cos(c). It gives us o = 0.3176508287. Now,
we choose zg(t) = 0.3176508287 in (4.1), by doing two steps of successive approximations method we find
Z2(t) and consider it as an approximation for x(t) (see Fig. 1). Since equation (3.3) is nonlinear, it is difficult
to proceed this method further. In order to see how good is this approximation, we put zz(t) in the left and
right hand sides of equation (3.3) instead of x(¢), and consider the difference of these values as error. we
define
errsam (t) := |22(t) — (F(22(t)) + G(22(1)))].

In table (1), we have calculated x5 (t) and errgans(t) at different values of ¢. The error graph of errgans(t)

is also plotted in Figure (2) in the interval [0, 1].

TABLE 1. The values of z3(t) and error related to SAM for different values of t

t | uz2(t) | errsanm(t)

0| 3.17e-1 e-10
0.1 | 3.14e-1 2.93e-5
0.2 | 3.15e-1 2.86e-5
0.3 | 3.16e-1 1.23e-5
0.4 | 3.17e-1 1.1e-5
0.5 | 3.19e-1 3.66e-5
0.6 | 3.21e-1 6.22e-5
0.7 | 3.23e-1 8.66e-5
0.8 | 3.24e-1 1.09e-4
0.9 | 3.25e-1 1.31e-4

1| 3.27e-1 1.51e-4
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FIGURE 1. graph of approximate solution Z in [0,1]
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FIGURE 2. absolute error graph of approximate solution Z in [0,1]
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