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ABSTRACT. The theory of g—calculus operators are applied in many areas of sciences such as complex
analysis. In this paper we apply Salagean g-differential operator to harmonic functions and introduce

sharp coefficient bounds, extreme points, distortion inequalities and convexity results.

1. INTRODUCTION

We state some notations regarding to g-calculus used in this article, see [1,4] and [6]. For 0 < ¢ < 1

and positive integer n, the g-integer number is denoted by [n], and introduced by:

1—g¢q e
[n]q = - =l4+q+¢+...+¢"" (1.1)

We can easily conclude that:

lim [n], =n.
q—1-

If f(2) be analytic in this open unit disk U= {z € C: |z| < 1} and normalized by f(0) = f'(0) — 1 =0,

then the g-difference operator of g—calculus operated on f given by:

_ f(z) = flez)
9f(2) = =g (1.2)
where lim 9, f(z) = f'(z), for example see [2,5] and [8].

qg—1—
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For f(z) =z + Y peoarz”, the Silagean ¢-differential operator is defined by:

Sqf(z) = f(2)

S f(z) = 20, (S:In*lf(z)) = f(2) * (z + ZZOZQ[H;"Z’“)

where m is a positive integer and “x” is the familiar Hadamard product or convolution of two analytic

functions.
Since
oo
lim §"(2) =2+ Z E™ay 2",
q—1 2

is the famous Salagean operator [9], so the operator S;" is called Salagean g-differential operator.

Let S, denote the class of functions:

which are harmonic, univalent and sense-preserving in U and normalized by f(0) = f/(0) — 1 = 0, where

h and g are analytic in U take the form:
h(z)=z+ Zakzk and g(z) = Zbkzk, (0< b0 <1). (1.5)
k=2 k=1

Also, we call h and g analytic part and co-analytic part of f respectively, see [3].

Hence f € S}, is of the type:
f(2) :z—|—2akzk+2bkzk (1.6)
k=2 k=1

Now, we consider the Saldgean g-differential operator of harmonic functions f = h + g, by:

Sq'f(2) = 84 h(z) + (=1)" S g(2), (1.7)

where S;" is defined by (1.3) and h and g are of the type (1.5). For more details see [7].

We denote by Sy the family of functions of the type (1.4) where:
hz)=z=> lalz"  g(z) =D [bklz", [ba] <1. (1.8)
k=2 k=1

For A>0,0<B,C<1,0<D<1and~€eRlet S,’;(v)(A, B, C, D) denote the class of functions in S

/

of the type (1.5) such that:
Sy f(2))

SS‘Z(Z)+(A+B)( i

o Cei"/ (S;nf(z))”

Re {(1 — A)(1-B) - o7 + (Ce™ — AB)} >D, (1.9)
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where

0
2 = %(z) =1z,
;0
(S77(2) = 55
82
S = w(z) _
2 -
(512" = s (S5 re) = —=(Sy) — =2(Sym) — =(Sp0) — = (5pa)

We further denote by S ) (A, B, C, D) the subclass of Sh(w)(A, B, C, D) consisting of harmonic functions

o (1.10)
(Sg"f(rew)) = iz(S;"‘h)l - iz(S;”g)/

-z,

(1.11)

f =h+7 so that h and g are of the form (1.8) and satisfying (1.9).

2. MAIN RESULTS

In our first theorem, we introduce a sufficient coefficient condition for functions in Sh( ) (A,B,C,D)

and then we show that this condition is also necessary for f(z) € S; (A, B,C, D).

Theorem 2.1. Suppose f = h+ 7, where h and g be given by (1.5) and:

|(A+ B)k — (1— A— B+ AB) — Ck*| [k]"|ax|+

NERANIE

|(A+ B)k — (1— A— B+ AB) — Ck*| [K];*|bx| < 1 — D.

E
Il

1

Then f(z) € S, ,.,(A,B,C,D).

h(v)

Proof. In view of the fact that:
“Re{fW}>0<—= |W+1-D|>2|w—-1-D|,”

and letting:

Srf(2)"

5 (2) (5772)" o (

W:(l—A)(l—B)%Jr(AJrB) + (Ce — AB),

it is enough to show that:
W+1-D|—-|W—-1-D| >0

But by using (1.10) and (1.11) we have:

(1- (1+Za Mkl-i-zbk "))

(A+B(1+Zkak Kb Zkbk Iz
k=1

k=2

W +1-D| =

— Ce" <1 + ) kag[k]y T+ (k- Daglk]y 2!

k=2 k=2

+Zkbk ’“+Zk — 1)by k] (2)* )
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+Ce" —AB+1-D

k

<2-D-Y |1+ (A+B)(k—1)+AB — CK[K]]"| |ax] %
k=1
oo Zk
=Y 1= (A+B)(k— 1)+ AB — Ck*| [K]7'[bk] | =,
k=1 Z
and
W —1-D| <D+ [(A+B)(k— 1)+ AB — Ck?| [k]]"|as| %
k=2
) k
+3 1 (A+ B)(k — 1) + AB — CK?| [k]|bs % .

k=1

So by using (2.1), we get:
W+1-D|—-|W-1-D|>

2|1-D—> |(A+B)k— (1 - A— B+ AB) — Ck*| [k]}"|ax| -
k=2

|(A+ B)k — (1— A= B+ AB) — CK*| [k];"|b| | > 0.

k=1
O
Remark 2.1. The coefficient bound (2.1) is sharpt for the function:
o) T .
F =
() ”; (AT B)k—(1—A— B+ AB) - Ck2[[H]1"
¢S] ch o
+kZ:1 (AT Bk —(1-A-B1AB) Ry
where
1 o0 o0
1-D (Z ]+ yk|> =1
k=2 k=1
Theorem 2.2. Let f =h+g€S;. Then f(z) € S; (A, B,C, D) if and only if:
Z (A+ B)k— (1— A— B+ AB) — Ck?| [k]}"|ax|
= (2.2)
+Y |[(A+B)k— (1— A= B+ AB) — CK?| [K])"|bg| <1 - D.
k=1

Proof. From Theorem 2.1, and since S;;(’v) (A,B,C,D) C Sh(,y) (A, B,C, D), we conclude the “if” part.
For the “only if” part, suppose that f(z) € Shim (A, B,C, D). Thus for z = re? € U, we have:

(A+ B)(S‘Tf,(ZD — Cet (S;nffz))

S f(2) n

Re{(l—A)(l—B) 2 . +Ce”+Oe”—AB}

= Re {(1 —A)(1-B) (1 + iak[k}];ﬂzk*l + i bk[k]rqn(f)kil)
k=2 k=1
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+(A+B) <1+Zkak Jm k-1 Zkbk ™ (z)k~ 1)
k=1

k=2

—Cen (1 + ) kag[k]y T+ (k- Daglkly 2!
k=2 k=2

+Zkbk ’“+Zk — )bk ()1)+C’e”—AB}

oo

1—Z|A+B (1—A— B+ AB) — Ck*| [K])"|ay|r""

oo

—Z|A+B (1—A— B+ AB) — CK?*| [k])"|by|r* ™ > D.

The above inequality holds for all z = re? € U. So if z = r — 1, we obtain the required result (2.2).

Now the proof is complete. O

3. GEOMETRIC PROPERTIES OF S;;(v) (A,B,C,D)

In this section, we first introduce extreme points of S;:(,y) (A, B,C, D) and then we obtain the distortion

bounds for f € ;) (A, B,C, D). Finally we show that the class 82(7)(‘47 B,C, D) is a convex set.

Theorem 3.1. f=h+7g€ S;: (A, B,C, D) if and only if it can be expressed:

f(z) = X12+2thk +ZYk9k (z €U), (3.1)
where
1-D , B
hk(z)zz_\(AJrB)k—(17A—B+AB)—Ck2|[k]g”zk’ (k=2,3,...) (32)

1-D _
9 = AT B — (1= A— B+ AB) —CH] [k];n(z)k’

X120,Y120, X1+ Xe + 50 V=1, X, 20 and Y, >0 for k=2,3,....

Proof. If f is given by (3.1), then:

1-D
_ X,
: kZZQ|(A+B)k—(17A—B+AB)—Ck2|[k]7qn ke

1-D

+; (A+B)k—(1—A— B+ AB) — Ck2?| [k]lek(z)k.

Since by (2.2), we have:

o0

> [(A+B)k— (1 - A— B+ AB) — Ck?| [k]}"
k=2
1-D
X
X<|(A+B)k—(1—A—B+AB)—CI<:2|[k]gL)| ¢l

+Z\A+B (1—A— B+ AB) - Ck?*| [K]I" %

1-D
X (|(A+B)k:—(1—A—B+AB) CR2[ [k )'Yk|
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—D)(Z|Xk| +Z|Yk|) —(1-D)(1-X,)<1-D.
k=2 k=1
So f(z) € S,’;(W (A, B,C,D).
Conversely, suppose f(z) € S;;(,Y)(A, B,C, D). By putting:
X=1- (X X+ Y W),
k=2 k=1
where
A+ B)k—(1—A— B+ AB) — C¥?|[K]y" o,
B 1-D h
_ |(A+B)k — (1 - A— B+ AB) — C¥?|[K]}" )
k= T—D |x |
we conclude the required representation (3.1), so the proof is complete. (Il
Theorem 3.2. If f(z) € S;‘L( )(A,B,C,D), |z| =r <1, then:
()] = (1= [bu])r
1 ( 1-D 2(A+B) - (1+AB) |b = (34)
2lm\(A+B)+ (1+AB) —4C (A+B)+(1+AB)—4Cc"")"
and
|f(R) < (A= [ba])r
1 (3.5)

1-D 2A+B)— (1+AB) - C

Proof. Suppose f(z) € SF

h(ﬁ/)(A,B, C, D), then by (2.2), we have:

oo

+ [Q]ZIH((A+B)+(1+AB)—4O_ (A+B)+(1+AB)—4C

ba] )

z)| = Z—ZlaklszrZIbk\(f)’“
=z +[01](2) = Y _ (Jaxlz" — |bx|(2)¥)
k=2
1-D ~ /(A+B)+ (1+AB) 4C
L 7 oy e gy ;2( D lax
+(A+B) +1(1+DAB) _4Cbk|>7"k:| 2 (1 o |b1|)7"
1-D = /(A+ B)(k—1)+(1+ AB) —4C
T (A+B)+(1+AB)—4C kzz( 1-D lax
+<A+B)(k_11)__g+AB)_4C|bk|>rk} > (1= b))
1-D

*(A+B)+(1+AB)_4C(1’ 1-D

— (1= oy —

2(A+ B) — (1+ AB) — C\bl\)ﬁ

1-D 2A+B)—(1+AB)-C

[2]?((A+B)+(1+AB)—4C_ (A+B)+(1+AB)_4CV’1‘)T

Relation (3.5) can be proved by using the similar statements. So the proof is complete. (I
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Theorem 3.3. If f;(2), j =1,2,..., belongs to Sy (A, B,C, D), then the function F(z) = DN fi(2)
18 also in SZ(W)(A,B,C,D), where f;(z) defined by:

oo (oo}
z)=z— Zak,jzk + Zbk,j(z)’“, (Gj=12,..., 2;11/\3' =1).
k=2 k=1
In the other worlds, S;;(W) (A,B,C,D), is a conver set.
Proof. Since f;(z) € S;;(’y) (A, B,C, D), so by (2.2), we get:

Z\A+B (1— A— B+ AB) — CK*| [k]]"|a]

o0

Y |(A+B)k—(1—A-B+AB) - CK?| (k] |bej| <1 - D, (j=1,2,...).
k=1

Also

(o9}

z) = i Aifi(z) =2 — i (Z%%J)Zk + i (i /\jbk,j) (z)
j=1 k=k k=1 j=1

Now, according to Theorem 2.2, we have:

Y [(A+B)k—(1— A— B+ AB) - CE| [k} | Nja;
k=2 j =
+Z|A+B (1-A—B+AB) - Ck*|| bekj
=Z<Z’A+B —(1—A— B+ AB) — CK?| [K]7"ax.;]

j= k=2

+Y [(A+B)k—(1-A—B+AB) Ck2|[]m|b,€,]|>

k=1

D) )
j=1
Thus, F(2) € S,y (A, B,C, D). O
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