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ABSTRACT. In this article, we introduce a new class of convex functions involving m € [0, 1], which is called
exponentially m-convex function. Some new Hermite-Hadamard inequalities for exponentially m-convex
functions via Reimann-Liouville fractional integral are deduced. Several special cases are discussed. Results

proved in this paper may stimulate further research in different areas of pure and applied sciences.

1. INTRODUCTION

Convex functions and their variant forms are being used to study a wide class of problems which arises in
various branches of pure and applied sciences. This theory provides us a natural, unified and general frame-
work to study a wide class of unrelated problems. For recent applications, generalizations and other aspects

of convex functions and their variant forms, see [3-13,15,18-21,24-27,29-31] and the references therein.

An important class of convex functions, which is called exponential convex functions, was introduced and
studied by Antczak [2], Dragomir et al [10] and Noor et al [19]. Alirezai and Mathar [1] have investi-

gated their basic properties along with their potential applications in statistics and information theory,
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see [1,2,14]. Awan et al [3] and Pecaric and Jaksetic [26] defined another kind of exponential convex func-
tions and have shown that the class of exponential convex functions unifies various unrelated concepts. It
has been shown [17]that the minimum of the differentiable exponentially convex functions on the convex sets
can be characterized by an inequality, which is called the exponentially variational inequality. Exponentially
variational inequalities can be viewed a natural generalization of the variational inequalities, see [32]. For

the applications and numerical methods of variational inequalities, see Noor [16].

Toader [31] defined the m-convexity, an intermediate between the usual convexity and star shaped prop-
erty. If m = 0, we have the concept of star shaped functions on [a, b].

We would like to emphasize that exponentially convex functions and m-convex functions are two distinct
classes of convex functions. It is natural to introduce a new class of convex functions, which unifies these
concepts. Motivated by these facts, we introduce a new class of convex functions, which is called exponen-

tially m-convex functions.

The advantages of fractional calculus have been described and pointed out in the last few decades by many
authors. Fractional calculus is based on derivatives and integrals of fractional order, fractional differential
equations and methods of their solution. The most celebrated inequality has been studied extensively since
it is established, is the Hermite-Hadamard inequality not only established for classical integrals but also for

fractional integrals, see [18,20,27,29].

In this paper, we obtain some new Hermite-Hadamard type inequality for exponentially m-convex func-
tions via Riemann-Liouville fractional integrals. Some special cases are also discussed which can be obtained

from results. The ideas and techniques of this paper may motivate further research in this field.

2. PRELIMINARIES

First of all, we recall the following basic concepts.

Definition 2.1. [9,31]. A set K C R is said to be a m-convex set with respect to a fixed constant m € [0, 1],
if

(1—t)a+mtb e K, VYa,be K,t e 0,1].

The m-convex set contains the line segment between points a and mb for every pair of points a and b of K.

Toader [31] defined the notion of m-convex functions as follows.



Int. J. Anal. Appl. 17 (3) (2019) 466

Definition 2.2. [31]. A function f: K C R — R is said to be a m-convez function, where m € [0,1], if

F((1=t)a+mtb) < (1 —1t)f(a)+mitf(b), Va,be K,t € 0,1].

Remark 2.1. Clearly, a 1-convex function is a convex function in the ordinary sense. The 0-convex function
are the starshaped functions. If we take m = 1, then we recapture the concept of convex functions and if we
take t =1, then

flmb) < mf(b) Vbe K.

This shows that the function f is sub-homogenous.

We now counsider class of exponentially convex function, which are mainly due to Antczak [2], Dragomir [8]

and Noor et al [20], respectively.

Definition 2.3. /2,8, 20]. A function f: K C R — R is said to be exponentially convex function,if
e (A=tatth) < (1 — 1)ef (@ 41/ qbe K, te0,1], (2.1)
where f is positive.

For the applications of exponentially convex functions in different field of statistics, information theory
and mathematical sciences, see [1-3,17] and the references therein.
We would like to point out that u € K is the minimum of the differentiable exponentially convex function

f, if and only if, u € K satisfies the inequality
(f'(w)ef@ v —u)y >0, Ywek,

which is called the exponentially variational inequalities. For the more details, see Noor and Noor [17].

We now introduce a new concept of exponentially m-convex function.
Definition 2.4. Let f : K C R — R is said to be an exponentially m-conver function, where m € (0,1], if
ef((A=Datmth) < 11 _ 1)ef (@ Lt O] abe K, t €]0,1]. (2.2)

Fort = %7 we have

ef( a+27nb) < ef(a) + mef(b)

S Va,b € K. (2.3)

The function f is called exponentially Jensen m-convex function.

We now give the Definition of the fractional integral, which is mainly due to [27].
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Definition 2.5. [27]. Let « >0 withn —1 <a <n, n €N, and 1 <z <wv. The left- and right-hand side

Riemann-Liouville fractional integrals of order o of function f are given by

x

72 f(x) = ﬁ / (z — )" f(t)dt,

and

where T'(«) is the gamma function.

We also made the convention JO, = J_ = f(x).

We recall the special functions which are known as Gamma function,

I(z) = /e*ttwfldt.
0

For appropriate and suitable choice of m, one can obtain several new and known classes of exponentially
convex functions as special cases. This shows that the concept of exponentially m-convex function is quite

general and unifying one.

3. MAIN RESULTS

In this section, we obtain Hermite-Hadamard type inequalities for exponentially m-convex function via

Reimann-Liouville fractional integral.

Throughout this section, let I = [a, mb] be an interval in real line. From now onward, we take I = [a, mb],

unless otherwise specified.

Theorem 3.1. Let f : I C R — R be an exponentially convexr function, where m € (0,1]. If f € L[a, mb],
then

e Pa+1) Fmb) | okl ja f(2)

el ) < b —a) J(C;)Jre mY) m® J(‘i)ie

_ 0@ 4+ m2efB)] 4 [mef ®) + mef ()
- ala+1) '
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Proof. Let f be an exponentially m-convex function, from the inequality (2.2). Then, we have
otmy f(@) f()
ef (557) < %, Vx,y € [a,mb).
Substituting z = at +m(l — )b and y = (1 — )2 + mtL for t € [0,1]. Then

a+mb

Qef(T) < [ef(at—i-m(l—t)b) +mef((1—t)ﬁ+mt%)].

Multiplying both sides of the above inequality with t*~! and integrating over [0, 1], we have

1
2 p(etmy S/tafl[ef(awm(lft)b)+mef((1ft)%+mt%)]dt
(6%

0

mb b
1

b — o) — ) el (W) a+1 A1 )
(mb—a)“{/(mb w)* et m /(v —) e dv}
F(a) “ m (e @ a
- M{J(a)+ef( D 4m +1J(b)ef(m>}7

from which, one has

fetmey o Tlat1) Fmb) o, a1 F2)
e S2(mb—a)°‘ J(Cfl)Jre mY) 1Lm, J(",‘J)ie 2

On the other hand exponentially m-convexity of f gives

ef (ttm=0b) 4 e f(A=t)5tmiz) < 4ol (@) 4 m2efGo) 4 (1 = t)[mef ® + me/ G)].

. Multiplying both sides of the above inequality with =1 and integrating over [0, 1], we have

o _

1
ta_lef(at+m(1_t)b)dt+m/ta_lef((l_t)%+mt%)dt
0

1 1
< /t“[ef(“) +m26f<v%)]dt+/(t“*1 — t)[mel® 4 mef G]dt.
0 0

)

a b a
F(O[) Ja ef(?’flb) + ma+1Ja ef(%) < ef( ) + mzef(m) mef(b) + mef(M)
(mb — a)> | 7@+ (®)- - a+1 ala+1)

from which one has

Ia+1)

ale! @ 4 m2ef G + [mel ®) + mel i)
2(mb — a)® '

ala+1)

{J((J(zl)+€f(mb) +ma+1(](of))€f(’i)} S

Combining inequality (3.2) and inequality (3.3), we get (3.4).

(3.3)

O
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Corollary 3.1. If we choose m =1 in Theorem 3.1, then we have a new result

ey T(a+1) [ . @ )
) < {J(a)+6f(b) L )} < el

~2(b—a)™ a

Corollary 3.2. If we choose m =1 and o = 1 in Theorem 3.1, then we have a new result

b
9ol (%5) < : 1 /ef(x)dx < 20/ @ 4 SO
—a

Theorem 3.2. Let f,g : I C R — R be an exponentially m-convex function, where m € (0,1]. If fg €
L{a, mb], then

F(a + 1) a o f(a) 4 Jo eg(mb) - /() 4 mes®) 4 a(mef(b) + eg(a)).
(mb—a)> | "™~ ot - ala+1)

Proof. Let f,g: I C R — R be an exponentially m-convex function. Then
efla=tFmth) < (1 _ )l L tmef® | a.b e [a,mb], te0,1],
e9(atFmA=08) < 409(@) 4 (1 —1)e9®) | a,b € [a,mb], t e [0,1].
Adding both sides of the above inequalities, we have
ef(@=t)mtb) 4 pglat+m1=0b) < (1 _ t)[ef (@) 4 med®)] 4 t[mef ®) 4 9(2)],

toz—l

Multiplying both sides of the above inequality with , and integrating over [0, 1], we have

1
/tozfl[ef(a(lft)ertb) + 6g(at+m(1ft)b)]dt

0
1 1
< /(t(’_1 —t)[ef@ 4 mes®)at 4 /to‘[mef(b) + e9@]dt.
0 0

mb mb
r
(mb(a)a)a{ /(u— a)* el du + /(mb—v)a_leg(“)dv}

ef@) 4 mes®  (mef®) 4 9(@)
ala+1) ala+1)

)
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from which, we have

a b b a
I'(a+1) o ef(a)+Jl‘;‘ cotmb) |, ef(@) L medl )—l—oz(mef( ) 4 e9( )),
(mb—a)> - + ala+1)

which is the required result. ([

Corollary 3.3. If we choose m =1 in Theorem 3.2, then we have a new result

a b b a
F(a + ]_) Jba ef(a) + JO& eg(b) < ef( ) —+ eg( ) -+ a(ef( ) -+ eg( )) .
(b—a)> - ot - ala+1)

Corollary 3.4. If we choose m =1 and a =1 in Theorem 3.2, then we have a new result

eF(@) 1 ef®) 4 o(@) | eo(®)
5 :

b
/69 ) +€f(w dx <

We now derive Hermite-Hadamard type inequalities for m-convex functions using Reimann-Liouville

fractional integral.

Theorem 3.3. Let o> 0 and f: I C R — R be an exponentially convex function, where m € (0,1]. If

f € L[a,mb], then

a+mb 2a IP(OZ —+ 1) mb @ a
ef( 2 ) < (mb _ a) [J( a+mb)+ef( ) + m +1 (a+mb) ef(wL)]
Y rof@) 2.0 o T () F(25)
_4(a+1)[e m-e ]+2[e —+ me }

Proof. Let f be an exponentially m-convex function. Then, from the inequality (2.3), we have

ef(H%) < ,
- 2

z,y €1l

Substituting z = $a + m25th, y = 2=ta+ Lb for ¢t € [0,1]. Then

+mb

2ef(5) < of(atm 500) 4 el Grratsb)
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Multiplying both sides of the above inequality with t*~1, and integrating over [0, 1], we have

1 1
2 e < /ta_1ef(ga+m%b)dt+m/ta—1ef(%a+gb)dt

a
0
a+2mb a+mb
a—1 2 _a a—1
_ 2 / 20mb = W\ r g, 4 2T / 20— )\ ) gy
a —mb mb—a mb—a b— =
mb o
__2°T(e) e of(mb) 4 okl Ja S G]
(mb — a)o (=) * ()~ ’
Thus
o wwa M) 4 el g A)]
~  (mb—a)~ ()t (apmey-¢©
1
- a/tal{ef(é“*m'zztb) +mef<22wf“+5b>}dt
2
0
1 21 2
- a—1 t a m(2—1 b f b
§§/t {[QBf( 4 MEZD 0] (2 4 2ef( ne
0
1 1
= %[ef(“) - /tadt—i— [e/®) 4 mel Gz )/to‘_ldt]
0
= qofla) _ 2,065 o T f () F(-%)
4(0[—1—1)[6 m-e ]+2[e + me },
which is the required result. ]

Lemma 3.1. Leta >0 and f: I CR — R be a differentiable exponentially m-convex function on the

interior I° of I, where m € (0,1]. If |f’| € L|[a, mb], is a m-convex function, then

201 (o + 1)

a atmb atmb

(mb — a)Ot [J(C‘a+2mb) f(mb) 4 ma+lja ;r:'rbzb) f(m)] _ 2 ( ) + mef(( 3)

b i )
— —t
_m a[/taej a+m—b)f( atm . D)t
0
1
/ta FGrta+d b)f( a+ b)dt (3.4)

0
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Proof. It suffices to note that

1
b— : — t 2t
m y a [/taef(2a+m"2b>f/(2a+m2b)dt}
0

a+mb
_mb—a 2 () 2a /2 2(mb — x) @19l (@)dz
4 mb—a (a — mb) mb—a a —mb
mb
mb—a 2 atmyy  29FID(a 4+ 1)
_ [ « f(mb
4 [_ mb—a’ ( '+ (mb — )+t J(7a+2mb),e ( )} (3.5)
Similarly, one can have
b i 2
— 2-t .t —t t
-t | [t Gty Sl
0
mb—al 2m armoy 29T (a + 1) o
- _ ef () FG%)
— 4 |:mb — a 2 (mb — a)a+1 J( a+mb) e :| . (36)
Adding (3.5) and (3.6), gives (3.4). O

Theorem 3.4. Leta >0 and f: I CR — R be a differentiable exponentially m-convex function on the

interior I° of I, where m € (0,1]. If | f'| € L[[a,mb], is a m-convex function, then

2070 (a + 1)
(mb — a)>

_% [ef(‘”{”b) n meﬂ(“;::b)} ’

ef (5]

[Jaa#mb +ef(mb) + a+1J a+mb
(=) )”

‘ ’”{ @]+ ) + aﬁ&i";f(i‘ﬂs)
[ f/ ()] + |ef ) (} M;—&{A a,b) +A2( )}},
where
Ai(a,b) = ]ef(“)f’(b)‘ + ]ef(b)f’(a)],
and

Ba(=5,0) = [/ G ()] + [/ 1/ (5).
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Proof. Using Lemma 3.1and exponentially m-convexity function of f, we have

20-10(a + 1)
(mb — a)

7% {ef(“*z"“’) e ((“;’:‘7)] ‘

: mb4—a{/lta{

0

[Ty € ) 4 mF g o]

(5t

ef(%a+m%b)fl(%a + m2 ; tb)’

2—t
G

T '(%tw ;b)‘}dt]. (3.7)

Using m-convexity of f, we have

t

2 of Grtatsty p 2=t
2m

ef(%‘”m%b)f'(%a + m%b) +

b)

t

2
2 m2(2—1)% ;4 m(2—t)t b

— Z’ef(a)f/(a” + fkﬂ )f’(b)| + — [|ef(“)f/(b)| + |ef( )f/(a)u

m2(2 —t)?
4

m(2 —t)
2

< { [g1er @1+ 2= Dieron) o) + 0]

2 2

2t f(s ( t) by
{[m2|e )|+ |ef(b)|“ |f 2\+§‘f(b)”

m(2 —t)t

e |G O]

|€f(m)f |+ |€f(b)f/(b)|+

+!ef“’)f’(%)ﬂ

2 1) “
TS @] 0 0]+ T 0] )
2 —t
+m(T{A1(a,b)+A2(§,b)}. (3.8)
Thus
2071 (a0 + 1 o
W[J(a+mb)+ef(Mb)+ma+lJa +mb) (m)}

_;[eﬂ“?h) +mef<(“§;”>”

4

1
< mb—a[/ta{il{‘ef(a)f/(a)’+‘ef(b)f/(b)‘}+Tn(24_t){’ef(b)f/(b)‘
0

m(2 —t)t

He/ 0 ()} + () +A2<azvb>}}d4

_mb—a (@) () (@? +Ta + 14)
4 { 4(a+3) {‘e 1 )|—|—|e I |}+ a+1(a+2)(a+3)

m(o+4)
(@t sl gy (2100 + 50},

(e @]+ 7 Gl +

which is the required result. ]
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Corollary 3.5. [21]. If we choose m =1 and a = 1, in Theorem 3.4, then

b

NICON /ef(w)dx
b—a
a
_b-a {7{|ef(“)f’(a)‘ + e ® £/ (b)[} + 10[A1(a,b) + Az(a, b)]
- 4 24

Theorem 3.5. Let f: I CR — R be differentiable exponentially m-convez function on the interior 1° of

I, where m € (0,1]. If |f'| € L[[a,mb], is a m-convex function on I and p~* +q~1 = 1, where ¢ > 1, then

we have

297 (e + 1)
(mb — a)®

_% |:ef(u.+27nb) n mef((a«zi»::b)] ‘

f(mb) + ma+1J(oza+mb)7ef(ﬁ)]

2m

[Uiespeye

mb—a 1 @) ()[4 m?(a? + Ta + 14)
* fat 1)} s O o s B s

e/ 1 (b))

m(a+4)
(a+2)(a+3)

. m(a+4) a g
7 f/(b))| +(a+2)(a+3)A4(mgab)} }7

v m2(a? + Ta + 14) Fl=2) oy @ g
+{4( |’ f(ﬁ”

A3(a’b>} a+1)(a+2)(a+3)

1
+4(o¢ +3)

where

As(a,b) = [/ f(a)|* + |/ f' (b))

and

@ Py = lef G g1 @ b
Ad(—5.0) = [/ G2 ()7 + 1O 1/ ()|,

Proof. Using Lemma 3.1 and the power mean inequality, we have

20-10(a + 1)
(mb — a)~

7% |:ef(a+27nb) + mef((a«zi»::b)] ‘

[Tousgan ™ 4 m T e/ )]
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f(éa+m%b>f'(§a +m=——=b)

1
< mb—a /to‘
S e
0
ef(zz;fa+%b)f/(ﬁa+ tb)‘}dt}

2m 2
ta{

(o)

t 2—t ’

+

S

ef(%“mz%tb)f'(%a + m?b)

o
el / o [L1er@ p o)+ TEC D o0 gy

0

¢ Y4
a

F(Ztattb) g2 = ty
el 4TI ~a + ob)

1

1
mit(2 —t) o m?(2—1)* (e, a
HE 08w b+ { oo pogp+ TR G g Ly
0

+mt(24* t) A4(%,b)] }é}

mb—a m2(a? + Ta + 14)

= ef (@) q Ty
Ao+ 1)7 H (a+3)| O i Der 9@ 4@

m(a+4) a m?(a? + Ta + 14) ( /@ g
cEs e LG R by e LA
R P R BRI
+4(a—|—3)|efbf(b)| +(a+2)(a+3)A4(m2’b)} }
which completes the proof. O

Corollary 3.6. [21]. If we choose m =1 and a =1, in Theorem 3.5, then

b

RIC ORI /ef(r)dx
b—a
_b-a H 31ef (@ ()] + 11]ef® £/(b)[4 + 20A5(a, b) }3
T 42)r 48
+{ 11]e/@ f7(a)|9 + 3|e®) £/(b)[7 + 20A4(a, b) H
48 ’

Theorem 3.6. Let f: I C R — R be differentiable exponentially m-convex function on the interior 1° of I,

-1

where m € (0,1]. If | f'| € L{[a,mb], is a m-convex function on I and p~* + q~! = 1, where ¢ > 1, then we
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have

20710 (a + 1)
(mb —a)*

- [ pegmy | mef(("“’”’)] ‘

[J( a+7nb)+e f(mb) + ma-‘rlJ(oz +mb) (n%)]

mb — a H 1e7(@ f(a)[9 + Tm2|ef® £/ (b)|9 + 2mAs(a, b) }é
" 4(pa+1)F 12

Tm2[e! G f1(2)[9 + |/ O) £ (B)]9 + 2m A4 (;%,b) | 7
+ D .

Proof. Using Lemmad3.1 and the Holder’s inequality, we have

2017 (o 4 1)
(mb — a)™

1 [ef(‘”;”b) N mef((“;:;:%} ’
2
) 1 11
N (VRO
0 0
1 1
o fema) L
0 0

ef (5]

« mb «
[J(aJerb)Jref( ) +m +1J( a;::b)

of (satm2zt) g L

2

q 2
ﬁ}

2—t
—b
a+m 5 )

I3

1

“f

f:;b+ % H/ Tl '”Wlem)f’(bw””(Z”A?,(a,w]dt}q
0
|

el 55 “+b>f( a+ b)
m

Q=

2— a
O]}

mb — a H 1e7(@ £(a)[9 + Tm2|ef® £/ (b)|9 + 2mAs(a, b) }é

H P Ly Sl e+

 A(pa+1)7 12
Tm2|e! i) f1(-25)]9 + [eF®) F(B)]9 + 2mAL (5, b) | ¥
+ )
12
which completes the proof. O

Corollary 3.7. [21]. If we choose m =1 and o =1, in Theorem 3.6, then

b
NIC N /eﬂz)dx
b—a

L _b-a He”")f’(a)lq+7|ef(b)f’(b)l"+2A3(a7b)}3
T Ap+ 1)y 12

+ {7Ie“a>f’<a>\q 1"V £ )1 + 224(a,b) H

12
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4. CONCLUSIONS

In this paper, we have introduced and studied a new class of exponentially convex functions involving the
parameter m. We have obtained several new Hermite-Hadamard inequalities via Riemann-Liouville frac-
tional integrals. It is shown that previously known results can be obtained as special cases from our results.

It is shown that the class of exponentially m-convex functions is quite general, flexible and unifying one.
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