International Journal of Analysis and Applications

Volume 17, Number 5 (2019), 752-770 IJ A A

URL: https://doi.org/10.28924/2291-8639 INTERNATIONAL JOURNAL

DOI: 10.28924/2291-8639-17-2019-752

OF ANALYSIS AND APPLICATIONS

DIRECT PRODUCT OF FINITE FUZZY NORMAL SUBRINGS OVER
NON-ASSOCIATIVE RINGS

NASREEN KAUSARY*, MUHAMMAD AZAM WAQAR?

! Department of Mathematics, University of Agriculture FSD, Pakistan

2 Department of School of Business Mangment, NFC IEFR FSD, Pakistan

*Corresponding author: kausar.nasreen57@gmail.com

ABSTRACT. In this paper, we define the concept of direct product of finite fuzzy normal subrings over non-
associative and non-commutative rings (LA-ring) and investigate the some fundamental properties of direct

product of fuzzy normal subrings.

1. INTRODUCTION

A generalization of commutative semigroups has been established by Kazim et al [10]. In ternary com-
mutative law: abc = cba, they introduced the braces on the left side of this law and explored a new pseudo
associative law (ab)c = (cb)a. This law (ab)c = (cb)a is called the left invertive law. A groupoid S is left
almost semigroup (abbreviated as LA-semigroup) if it satisfies the left invertive law: (ab)c = (cb)a.

A groupoid S is medial (resp. paramedial) if (ab)(cd) = (ac)(bd) (resp. (ab)(cd) = (db)(ca)), in [5] (resp.
[1]). In [10], an LA-semigroup is medial, but in general an LA-semigroup needs not to be paramedial. Every

LA-semigroup with left identity is paramedial in [19] and also satisfies a(bc) = b(ac) and (ab)(cd) = (dc)(ba).
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S. Kamran [6], extended the concept of LA-semigroup to the left almost group (LA-group). An LA-
semigroup S is left almost group, if there exists left identity e € S such that ea = a for all a € S and for
every a € S, there exists b € S such that ba = e.

Rehman et al [23], discussed the left almost ring (LA-ring) of finitely nonzero functions which is a gener-
alization of commutative semigroup ring. By a left almost ring, we mean a non-empty set R with at least
two elements such that (R,+) is an LA-group, (R,-) is an LA-semigroup, both left and right distributive
laws hold. For example, from a commutative ring (R, +,-), we can always obtain an LA-ring (R, ®, ) by
defining for all a,b € R, a® b =0b—a and a-b is same as in the ring. In fact an LA-ring is a non-associative
and non-commutative ring.

A non-empty subset A of an LA-ring R is an LA-subring of R if a — b and ab € A for all a,b € A. A is
called a left (resp. right) ideal of R, if (A,+) is an LA-group and RA C A (resp. AR C A). A is called an
ideal of R if it is both a left ideal and a right ideal of R.

First time, the concept of fuzzy set introduced by Zadeh in his classical paper [26]. This concept has
provided a useful mathematical tool for describing the behavior of systems that are too complex to admit
precise mathematical analysis by classical methods and tools. Extensive applications of fuzzy set theory
have been found in various fields such as artificial intelligence, computer science, management science, expert
systems, finite state machines, Languages, robotics, coding theory and others.

Liu [14], introduced the concept of fuzzy subrings and fuzzy ideals of a ring. Many authors have explored
the theory of fuzzy rings (for example [2-4,13,15,16,25]). Gupta et al [4], gave the idea of intrinsic product
of fuzzy subsets of a ring. Kuroki [13], characterized regular (intra-regular, both regular and intra-regular)
rings in terms of fuzzy left (right, quasi, bi-) ideals.

Sherwood [24], introduced the concept of product of fuzzy subgroups. After this, further study on this
concept continued by Osman [17,18] and Ray [20]. Zaid [27], gave the idea of normal fuzzy subgroups.

Kausar et al [21] initiated the idea of intuitionistic fuzzy normal subrings over a non-associative ring and
also characterized the non-associative rings by their intuitionistic fuzzy bi-ideals in [7]. Recently Kausar [9]
explored the direct product of finite intuitionistic anti fuzzy normal subrings over non-associative rings. In
this paper we explore the concept of [9,21] in finite fuzzy normal subrings over non-associative and non-
commutative rings. Recently Kausar et al [11] studied the fuzzy ideals in LA-rings and also Kausar et al [12],
investigated a study on intuitionistic fuzzy ideals with thresholds («, §] in LA-rings.

In this paper, we give the concept of direct product of fuzzy normal LA-subrings. In the first section, we
investigate the some basic properties of fuzzy normal LA-subrings of an LA-ring R. In the second section, we
provide the some elementary properties of direct product of fuzzy normal LA-subrings of an LA-ring Ry X

R5. In the third section, we define the direct product of fuzzy subsets py, tig, ..., it,, of LA-rings R1, Ra, ..., Ry,
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respectively and examine the some fundamental properties of direct product of fuzzy normal LA-subrings of
an LA-ring R; X R X ... X R,,. Specifically we will show that:

(1) Let A and B be two LA-subrings of an LA-ring R. Then AN B is an LA-subring of R if and only if
the characteristic function x, of Z = AN B is a fuzzy normal LA-subring of R.

(2) Let X = Ax Band Y =C x D be two LA-subrings of an LA-ring R; X Rs. Then X NY is an LA-
subring of R; X Ry if and only if the characteristic function x, of Z = X NY is a fuzzy normal LA-subring
of R X Rs.

(3) Let A= A1 xAgx...x A, and B = By X By X...x B,, be two LA-subrings of an LA-ring Ry X Ro X ... X R,,.
Then AN B is an LA-subring of Ry X Rs X ... X Ry, if and only if the characteristic function x, of Z = ANB is

a fuzzy normal LA-subring of Ry X Ry X ... X R,,.

2. Fuzzy NORMAL LA-SUBRINGS

In this section, we investigate the some basic properties of fuzzy normal LA-subrings of an LA-ring R.

By a fuzzy subset p of an LA-ring R, we mean a function p : R — [0,1] and the complement of p is
denoted by 1, is a fuzzy subset of R defined by p/(x) = 1 — p(x) for all z € R.

A fuzzy subset p of an LA-ring R is said to be a fuzzy LA-subring of R if pu(x —y) > min{u(x), u(y)} and
w(zy) = min{pu(z), u(y)} for all z,y € R.

A fuzzy LA-subring of an LA-ring R is said to be a fuzzy normal LA-subring of R if u(zy) = p(yzx) for
all xz,y € R.

Let A be a non-empty subset of an LA-ring R. The characteristic function of A is denoted by x4 and
defined by

lifxe A
Oifx ¢ A

Xa: R—=1[0,1] [z — x4 (z) =

Lemma 2.1. Let A be a non-empty subset of an LA-ring R. Then A is an LA-subring of R if and only if

the characteristic function x 4 of A is a fuzzy normal LA-subring of R.

Proof. Let A be an LA-subring of R and a,b € R. If a,b € A, then by definition of characteristic function

Xa(a) =1=x,4(b). Since a — b,ab € A, A being an LA-subring of R. This implies that

Xala—=b) = 1=1A1=x,(a)Axa(b)

and x4(ab) = 1=1A1=xy,(a)Ax4(b).
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Thus x 4(a—b) > min{x4(a), x4 (d)} and x 4(ab) > min{x 4(a), x 4(b)}. Since ab and ba € A, so x 4(ab) =
1 =x4(ba), ie., x4(ab) = x4(ba). Similarly we have
XA (a’ - b) 2 min{XA(a)a XA(b)}7
xalab) = min{xa(a),xa(b)},
xalab) = xa(ba),
when a,b ¢ A. Hence the characteristic function x4 of A is a fuzzy normal LA-subring of R.
Conversely, suppose that the characteristic function x4 of A is a fuzzy normal LA-subring of R. Let
a,b € A, then by definition x 4(a) =1 = x4(b). By the supposition
xala=b) > xala) Axab)=1A1=
and x4(ab) = xa(a) Axa(b) =1A1=
Thus x 4(a —b) =1 = x4(ad), i.e., a —b,ab € A. Hence A is an LA-subring of R. O

Lemma 2.2. If A and B are two LA-subrings of an LA-ring R, then their intersection A N B is also an
LA-subring of R.

Proof. Straight forward. O

Theorem 2.1. Let A and B be two LA-subrings of an LA-ring R. Then AN B is an LA-subring of R if

and only if the characteristic function x, of Z = AN B is a fuzzy normal LA-subring of R.

Proof. Let Z = AN B be an LA-subring of R and a,b € R. If a,b € Z = AN B, then by definition of
characteristic function x,(a) = 1 = x,(b). Since a — b,ab € A, B, A and B being LA-subrings of R. This
implies that
Xz(a—0b) = 1=1A1=xz(a)Axz(b)
and xz(ab) = 1=1A1=xy,(a)Axz(b).
Thus xz(a —b) > min{xz(a), xz(b)} and x;(ab) > min{xz(a),xz(b)}. As ab and ba € Z, so xz(ab) =
1 =xz(ba), ie., xz(ab) = xz(ba). Similarly we have
Xz(la—=b) = min{xz(a), xz(b)},
Xz(ab) = min{xz(a),xz(b)},
xz(ab) = xz(ba),

when a,b ¢ Z. Hence the characteristic function y, of Z is a fuzzy normal LA-subring of R.
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Conversely, assume that the characteristic function x, of Z = AN B is a fuzzy normal LA-subring of R.

Let a,b € Z = AN B, then by definition of characteristic function x,(a) = 1 = x4 (b). By our assumption
Xz(a=0) > xzla)Axz(b)=1A1=
and yz(ab) > xz(a)Axz(b)=1A1=1.

Thus xz(a —b) = 1= x;(ab), i.e., a — b and ab € Z. Hence Z is an LA-subring of R. O

Corollary 2.1. Let {A;},.; be a family of LA-subrings of an LA-ring R. Then A = NA; is an LA-subring

i€l

of R if and only if the characteristic function x 4 of A =NA; is a fuzzy normal LA-subring of R.

Lemma 2.3. If u and v are two fuzzy normal LA-subrings of an LA-ring R, then their intersection pu My

is also a fuzzy normal LA-subring of R.

Proof. Let p and v be two fuzzy normal LA-subrings of an LA-ring R. We have to show that § = p N~y is

also a fuzzy normal LA-subring of R. Now

Blzr—22) = (pN7)(21—2)
= min{p(z1 — 22),7(21 — 22)}
> {{u(z1) Apz2)} Ay(2n) Av(z2)})
= {n(z) A{pz2) Ay(z0)} Av(z2)}
= A{nlz) AMy(z) Ap(z2)} Av(z2)}
= {{u(z) Az} A{p(z2) Av(z2)})
= min{(pN7)(21), (LN 7)(22)}
= min{B(z1), B(22)}.
= Bz — 22) > min{B(21), B(22)}.

Similarly, we have (21 0 z2) > min{S(z1), 8(22)}. Thus S is a fuzzy LA-subring of an LA-ring R. Now

Blzioz) = (uN7y)(z1022)
= min{pu(z 0 22), (21 0 29)}
= min{u(zz021),7(22021)}
= (rN7Y)(z202)

= fB(z202).

Hence g = p N~ is a fuzzy normal LA-subring of R. (]
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Corollary 2.2. If {u;}icr is a family of fuzzy normal LA-subrings of an LA-ring R, then p = Np,; is also
a fuzzy normal LA-subring of R.

3. DIRECT ProbpuUCT OF Fuzzy NORMAL LA-SUBRINGS

In this section, we define the direct product of fuzzy subsets pq, p5 of LA-rings Ry, Ra, respectively and
investigate the some elementary properties of direct product of fuzzy normal LA-subrings of an LA-ring
Ry X Rs.

Let pq, o be fuzzy subsets of LA-rings R;, Ra, respectively. The direct product of fuzzy subsets pq, t5 is
denoted by p; X py and defined as (uq X py)(z1, z2) = min{u, (z1), po(x2)}.

A fuzzy subset p1; X py of an LA-ring Ry X Ry is said to be a fuzzy LA-subring of R; x Ry if

(1) (11 ¥ po)(z —y) = min{(pg X pp)(@), (11 X p2)(¥)},

(2) (1 % ia)(wy) = min{(y % 1)(@), (g X 1) (9)} for all @ = (w1, 22) ,y = (91, 2) € Ry x Ra.

A fuzzy LA-subring of an LA-ring Ry X Ry is said to be a fuzzy normal LA-subring of Ry x Ry if
(11 X po)(zy) = (py X pg)(yz) for all @ = (z1,22) ,y = (Y1, 92) € B1 X Ra.

Let A x B be a non-empty subset of an LA-ring Ry x Ry. The characteristic function of A x B is denoted

by X axp and defined as

lifre Ax B
Xaxp: Fi XR2_>[071] |x:(x17x2)_>XA><B (x):
Oifr ¢ Ax B

Lemma 3.1. [21, Lemma 4.2] If A and B are LA-subrings of LA-rings Ry and Ra, respectively, then A x B

is an LA-subring of an LA-ring R1 X Ry under the same operations defined as in R1 X Rs.

Proposition 3.1. Let A and B be LA-subrings of LA-rings Ry and Ry, respectively. Then A X B is an
LA-subring of an LA-ring Ry X Ro if and only if the characteristic function x, of Z = A X B is a fuzzy

normal LA-subring of an LA-ring Ry X Ra.

Proof. Let Z = Ax B be an LA-subring of Ry xRy and a = (a1,a2),b = (b1,b2) € Ry xRs. Ifa,b € Z = AxB,
then by definition of characteristic function x,(a) = 1 = x,(b). Since a — b and ab € Z, Z being an LA-
subring of an LA-ring R; X Ry. This implies that

Xz(a—=b) = 1=1A1=xz(a)Axz()

and x4 (ab) = 1=1A1=xy(a)Axz(b).
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Thus x ;(a—b) > min{xz(a), xz(b)} and x ;(ab) > min{x4(a), xz(b)}. Since ab and ba € Z, so j1, (ab) =
1=p,, (ba), ie., xz(ab) = xz(ba). Similarly we have
xz(a=b) = min{xz(a),xz(b)},
Xz(ab) = min{xz(a),xz(b)},
xz(ab) = xz(ba),
when a,b ¢ Z. Hence the characteristic function x, of Z = Ax B is a fuzzy normal LA-subring of R X Rs.
Conversely, suppose that the characteristic function x, of Z = A x B is a fuzzy normal LA-subring of
R; x Ry. We have to show that Z = A x B is an LA-subring of Ry X Rs. Let a,b € Z, where a = (a1, as)
and b= (by,b2), a1,b1 € A, as,bs € B. By definition, we have x,(a) =1 = x,(b). By our supposition
xzla=b) > xz(@)Axz(b)=1A1=
and xz(ab) > xz(a) Axz(b) =1A1=
Thus xz(a —b) =1 = x4(ab), i.e., a —b and ab € Z. Hence Z = A x B is an LA-subring of Ry x Ry. O

Lemma 3.2. If X = AXx B and Y = C x D are two LA-subrings of an LA-ring Ry X Ry, then their

intersection X NY is also an LA-subring of R1 X Rs.
Proof. Straight forward. O

Theorem 3.1. Let X = AX B andY = C x D be two LA-subrings of an LA-ring Ry X Ry. Then X NY is
an LA-subring of Ry X Rg if and only if the characteristic function x5 of Z = X NY is a fuzzy normal
LA-subring of R1 X Rs.

Proof. Let Z = X NY be an LA-subring of an LA-ring Ry x Ry and a = (a1, az2),b = (b1,b2) € Ry X Ry. If
a,b € Z = X NY, then by definition of characteristic function x ;(a) =1 = x4(b). Sincea—band ab € Z, Z
being an LA-subring of R; X Ro. This implies that
Xz(a—=0b) = 1=1A1=xz(a)Axz(b)
and xz(ab) = 1=1A1=xz(a)A xz().
Thus xz(a —b) > min{x(a),xz(b)} and x4 (ab) > min{x,(a), x5 (b)}. Since ab and ba € Z, then by
definition x ,(ab) = 1 = x4 (ba), i.e., xz(ab) = x;(ba). Similarly we have
xz(a—b) = min{xz(a),xz(b)},

xz(ab) > min{xz(a),xz(b)},

Xz (ab) Xz(ba),
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when a,b ¢ Z. Hence the characteristic function x, of Z is a fuzzy normal LA-subring of Ry X Ra.
Conversely, assume that the characteristic function x, of Z = X NY is a fuzzy normal LA-subring of an

LA-ring Ry x Ry. Let a,b € Z = X NY, then by definition x,(a) =1 = x,(b). By our assumption

xz(@=0) > xz(a)Axz(b)=1A1=

and xz(ab) > xz(a)Axz(b)=1A1=1.

Thus x4(a—b) =1 = x4(ab), i.e.,a—band ab € Z. Hence Z is an LA-subring of an LA-ring Ry x Ry. [

Corollary 3.1. Let {C;},er = {A; x B;} be a family of LA-subrings of an LA-ring Ry X Rs. Then

iel
C = NC; is an LA-subring of R1 x Ra if and only if the characteristic function xo of C = NC; is a fuzzy

normal LA-subring of Ry X Ra.

Lemma 3.3. If i and v are fuzzy normal LA-subrings of LA-rings Ry and Rs, respectively, then p X vy is

a fuzzy normal LA-subring of an LA-ring Ry X Rs.

Proof. Let p and 7 be fuzzy normal LA-subrings of LA-ring R; and Rs, respectively. We have to show that

B = p x 7 is a fuzzy normal LA-subring of an LA-ring R; X Ry. Now

B((a,0) = (c,d)) = (ux7)(a—cb—d)
= min{u(a —c),y(b—d)}
= pla—c)Ay(b—d)
= A{ula) Aple)} Ay (b) Ay(d)}
= pla) A{u(e) Ay(D)} Avy(d)
= pla) AN (0) A ple)} Avy(d)
= A{ula) Ay (0} A{ule) Ay(d)}
= min{(p x7)(a,b), (n x7)(c,d)}
= min{B(a,b),5(c.d)}.
= B((a,b) = (c,d)) = min{B(a,b), B(c,d)}.
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Similarly, we have 5((a,b) o (¢,d)) > min{S(a,b),5(¢c,d)}. Thus pu X v is a fuzzy LA-subring of Ry x Rs.

Now

B(a,b) o (c,d)) = (ux7)(ac,bd)

= min{p(ac),y(bd)}
= min{u(ca),v(db)}
= (u xv)(ca,db)

= B, d)o(a,b)).

Hence p x 7y is a fuzzy normal LA-subring of Ry x Rs. ]

Proposition 3.2. If p = py X iy and v = vy X v are two fuzzy normal LA-subrings of an LA-ring Ry X Ra,

then their intersection B = p N~y is also a fuzzy normal LA-subring of Ry X Ra.

Proof. Let p = pq X py and v = v, X 75 be two fuzzy normal LA-subrings of an LA-ring Ry x Ry. We have

to show that 8 = p Ny is also a fuzzy normal LA-subring of R; X Ry. Now

B((21, 22) — (23, 24))

(1Y) (21, 22) — (23, 24))

min{u((21,22) = (23, 24)), ¥((21, 22) — (23, 24)) }
{{n(21, 22) A pulzs, 24)} A{y(21, 22) Av(z3,24) 1)
{u(21, 22) A{p(zs, 24) Ay(21, 22) } A y(z3,20) }
{u(z1,22) AN{y(21,22) A pu(zs, 24) } A y(z3,24)}
{{ulz1, 22) Av(z1, 22)} A{pulzs, 24) Ay(zs,24) }}
mind (N 7y) (21, 22), (00 Y) (23, 24) }

min{B(z1, z2), B(z3,24) }.

B((21, 22) — (23, 24)) = min{B(21, 22), B(23, 24) }.

Similarly, we have 3((z1, 22) o (23, z4)) > min{B(z1, z2), B(23, z4) }. Thus 8 = N~ is a fuzzy LA-subring

of an LA-ring R; X Ry. Now

B((21, 22) 0 (23, 24))

(1 O)((21,22) © (23, 24))
min{p((z1, 22) © (23, 24)),V((21, 22) © (23, 2)) }
min{ (23, 24) © (21, 22)), 7((23, 24) © (21, 22)) }
(1 O7)((23,24) © (21, 22))

B((z3, 24) o (21, 22))-
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Hence 8 = Ny is a fuzzy normal LA-subring of an LA-ring R; X Rs. O

Corollary 3.2. If {8, }ier = {p; X v, }tier is a family of fuzzy normal LA-subrings of an LA-ring Ry X Ra,
then 8 = Np, is also a fuzzy normal LA-subring of R1 X Rs.

Theorem 3.2. If p = py X pgy and v = v, X 9 are fuzzy normal LA-subrings of LA-rings R = Ry X Ra
and R" = R3 x Ry, respectively, then 8 = p x v is a fuzzy normal LA-subring of an LA-ring R’ x R" =
(Rl X Rg) X (Rg X R4)

Proof. Let p = p; X py and v = ;7 X v, be fuzzy normal LA-subrings of LA-rings R’ = R; X Ry and
R" = R3 x Ry, respectively. We have to show that 5 = pu X « is a fuzzy normal LA-subring of an LA-ring
R’ x R". Now

B(((21, 22), (23, 24)) — (25, 26), (27, 28)))
= 1 x (21, 22), (23, 24)) — ((25, %), (27, 28)))
= pxy(((21,22) = (25, 2)), (23, 24) — (27, 28)))
= min{u((21,22) = (25, %)), ¥((23, 24) — (27, 28))}
> min{(u(z1, 22) A (25, %)), (V(23, 24) A y(27, 28)) }
= ((n(z1,22) A (25, 26)) A (7(23, 24) Ay(27,28)))
= ((u(21,22) Ay(zs,24)) A (125, 26) A (27, 28)))
= minf{(u(21,22) Ay(2s,24)), (125, 26) N (27, 28)) }
= min{u x y((21,22), (23, 24)), X ¥((25, 26), (27, 28)) }

= mln{ﬁ((zla 22), (23, 24)), B((25, 26), (27, ZS))}v :

Similarly, we have

B(((21,22), (23, 22)) © (25, 26), (27, 28)))
> min{B((z1, 22), (23, 24)), B((25, 26), (27, 28)) }-
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Thus 8 = p N~ is a fuzzy LA-subring of an LA-ring R/ x R”. Now

B(((21, 22). (23, 24)) © (25 7). (27, 7))

= (1, 22), (5 20) © (25, 26), (27, 26))

= ux (21 22) 0 (25,26), (23, 24) © (21, )
= min{u((21, 22) (25, 26)), 7((23. 24) © (27, 28))}
= min{u((z5,26) © (21,22)), 7((27, 28) © (25, 24))}
= x 9 ((25:26) © (21, 22)), (21, 28) © (23, 20)))
= (25026 (27, 28)) © (21, 22), (23, 22))

= B(((25, 26), (27, 28)) 0 ((21, 22), (23, 24)))-

Hence 8 = N~ is a fuzzy normal LA-subring of an LA-ring R/ x R". O

Lemma 3.4. Let p and v be fuzzy subsets of LA-rings Ry and Ro with left identities e; and e, respectively.
If ux v is a fuzzy LA-subring of an LA-ring R X R, then at least one of the following two statements must
hold.

(1) p(x) <~(e2), for all z € Ry.

(2) pu(z) <~vl(e1), for all x € Ry.

Proof. Let p x v be a fuzzy LA-subring of R; X Rs. By contraposition, suppose that none of the statements
(1) and (2) holds. Then we can find a and b in Ry and Rg, respectively such that

1(a) > 7 (e2) and () > 7 (er).

Thus, we have

(ux7)(a,b) = min{u(a),v(b)}
> min{p(er),v(e2)}
= (px7)(e1,e2).
So pux 7y is not a fuzzy LA-subring of Ry x R». Hence either p(z) <y (e2), for all x € Ry or p(z) < y(e1)

for all z € Rs. O

Lemma 3.5. Let i and v be fuzzy subsets of LA-rings Ry and Ry with left identities ey and eq, respectively
and p1 X v is a fuzzy normal LA-subring of an LA-ring R1 X Ra, then the following conditions are true.

(1) If u(z) < v(ez2), for all x € Ry, then u is a fuzzy normal LA-subring of R;.

(2) If u(x) < ~v(er), for all x € Ra, then v is a fuzzy normal LA-subring of Rs.
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Proof. (1) Let u(z) < vy (eg) forall z € Ry, and y € R;. We have to show that y is a fuzzy normal LA-subring
of R1. Now

ple—y) = ple+(-y)
= min{u(z + (—y)),v(e2 + (—e2))}
= (px7)(r+(-y) e+ (—e2))
= (pxV((x,e2) + (—y, —e2))
= (ux)((z,e2) = (y,€2))
> (X )z, e2) A(px ) (Y, e2)
= min{min{u(z),y(e2)}, min{u(y),v(e2)}}

= pl(z) A py).

and

p(zy) = minfu(zy),v(eze2)}
= (ux7)(2y, e2e2)
= (px7)((z,e2) 0 (y,€2))
Z (X )(@,e2) A x7)(y, e2)
= min{min{p(x),y(e2)}, min{u(y),v(e2)}}

= p(z) A py).

Thus p is a fuzzy LA-subring of R;. Now

p(zy) = min{u(zy),~(e2e2)}
= (nx7) (zy, e2e2)
= (nx7)((z, e2) 0 (y,€2))
= (Lx7)((y,e2) o (z,€2))
= (b x7)(yz, eze2)
= min{p(yz),v(eze2)}

= plyx).

Hence p is a fuzzy normal LA-subring of R;. (2) is same as (1) . O
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4. DIrRecT PropucT oF FINITE Fuzzy NORMAL LA-SUBRINGS

In this section, we define the direct product of fuzzy subsets pq, tig, ..., tb,,, of LA-rings Ri, Ra, ..., Ry,
respectively and examine the some fundamental properties of direct product of fuzzy normal LA-subrings of
an LA-ring R; X Ry X ... X R,,.

Let pq, ttg, ..., pt,, be fuzzy subsets of LA-rings R, Ra, ..., Ry, respectively. The direct product of fuzzy
subsets fiq, fg, ..y b, 18 denoted by pq X pig X ... X p,, and defined by (p; X gy X oo X ) (21, T2y ooy ) =
min{in (21, g (3) s o i ()}

A fuzzy subset py X py X ... X p,, of an LA-ring Ry X Rs X ... X R, is said to be a fuzzy LA-subring of
Ry X Ry X ... x Ry, if

(1) (g X pg X oo X p ) (@ —y) = min{(py X pig X oo X py ) (@), (g X pg X oo X ) ()}

(2) (pq X prg XX gy ) (wy) > man{ (pg X pig X oo X fy, ) (), (pg X prg X . X 1, ) (y) } for all z = (21, T2, .o 7)Yy =
(Y1,Y2, -y Yn) € R1 X R X ... X Ry,.

A fuzzy LA-subring of an LA-ring Ry X Ry X ... X R,, is said to be a fuzzy normal LA-subring of Ry X Ry X
ce X R 1 (pg X g X oo X ) (@y) = (g X pig X oo X ) (yz) for all © = (1,22, ..., 20) , ¥y = (Y1,Y2, -1 Un) €
Ri X Ry X ... x R,.

Let A; X A X ... x A,, be a non-empty subset of an LA-ring R = Ry X Ry X ... X R,,. The characteristic

function of A = A; x Ay X ... X A, is denoted by x4 and defined as

lifze A
Oifx¢g A

Xa: R— [0,1] | T = (l.laxQ;"'axn) _>XA(x) =

Lemma 4.1. If Ay, As, ..., A, are LA-subrings of LA-rings Ry, Ro, ..., R,,, respectively, then A1 X AgX...xX A,

is an LA-subring of an LA-ring Ry X Ry X ... X R,, under the same operations defined as in [21].
Proof. Straight forward. O

Proposition 4.1. Let Ay, Ao, ..., A, be LA-subrings of LA-rings Ri, Ro, ..., Ry, respectively. Then A, X
As X ... X A, is an LA-subring of an LA-ring Ry X Ro X ... X R, if and only if the characteristic function

X4 oOf A= A1 X Ay x ... X A, is a fuzzy normal LA-subring of R1 X Ry X ... X R,,.

Proof. Let A = Ay x Ay X ... X A, be an LA-subring of R; X Rs X ... Xx R, and a = (a1, a2, ...,a,),b =
(b1,b2,...;b,) € Ry X Ry X .. x R,,. If a,b € A = A1 x Ay X ... X A,, then by definition of characteristic
function x4(a) =1 = x4(b). Since a — b and ab € A, A being an LA-subring of Ry x Rz X ... x R,. This

implies that

Xala—=b) = 1=1A1=xy4(a)Axalb)

and x4(ab) = 1=1A1=x4(a)Ax4(D).
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Thus x4(a — b) > min{x4(a),x4(b)} and x4 (ab) > min{x4(a),x4(b)}. Since ab and ba € A, then by

definition x 4(ab) = 1 = x4(ba), i.e., p,  (ab) = p,  (ba). Similarly we have

xala=0b) = min{x4(a),xa()},
xalab) = min{x4(a),x4(b)},

xalab) = x4(ba),

when a,b ¢ A. Hence the characteristic function y 4, of A = A; X Ag X ... X A, is a fuzzy normal LA-subring
of Ri Xx Ry X ... X R,,.

Conversely, suppose that the characteristic function x4 of A = A; x Ay x ... x A, is a fuzzy normal LA-
subring of Ry X Ro X ... X R,,. We have to show that A = A; x As x...x A, is an LA-subring of Ry X Ry X...X R,,.
Let a,b € A, where a = (a1,a,...,a,) and b = (by,bs, ..., b,), then by definition x 4(a) =1 = x4(b). By our

supposition

xala—=b) > xal@)Axab)=1A1=1

and x4(ab) > xa(a) Axa(0) =1A1=

Thus x4(a —b) =1 = x4(ab), i.e.,a —band ab € A. Hence A = Ay x Az X ... x A, is an LA-subring of
an LA-ring R; X Ry X ... X R,,. O

Lemma 4.2. I[f A= A; x Ay X ... Xx A, and B = By X By X ... X By, are two LA-subrings of an LA-ring

Ry X Ry X ... X Ry, then their intersection AN B is also an LA-subring of R1 X Ry X ... X R,,.
Proof. Straight forward. O

Theorem 4.1. Let A=Ay X Ay X ... x A, and B = B X By X ... X B,, be two LA-subrings of an LA-ring
Ry X Ry X ... X Ry,. Then AN B is an LA-subring of Ry X Ry X ... X Ry, if and only if the characteristic

function x5 of Z = AN B is a fuzzy normal LA-subring of R1 X Ry X ... X R,,.

Proof. Let Z = AN B be an LA-subring of Ry x Ry X ... X R,, and a = (a1,a2,...,an),b = (b1,b1,...,b,) €
Ry X Ry X ... X Ry,. If a,b € Z = AN B, then by definition of characteristic function x(a) = 1 = x4 (b).

Since a — b and ab € Z, Z being an LA-subring. This implies that

Xz(a—=b) = 1=1A1=xz(a)Axz()

and x4 (ab) = 1=1A1=xy,(a)Axz(b).
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Thus xz(a — b) > min{xz(a),xz(b)} and x,(ab) > min{xy(a),xz(b)}. As ab and ba € Z, then by
definition x z(ab) = 1 = x(ba), i.e., xz(ab) = x(ba). Similarly, we have
xz(a—b) = min{xz(a),xz(b)},
xz(ab) = min{xz(a),xz(b)},
Xz(ab) = xz(ba),
when a,b ¢ Z. Hence the characteristic function x , of Z is a fuzzy normal LA-subring of Ry X Ry X ... X R,,.
Conversely, assume that the characteristic function x, of Z = AN B is a fuzzy normal LA-subring of
Ry X Ry X ... x Ry,. Let a,b € Z = AN B, then by definition x(a) =1 = x,(b). By our assumption
Xz(a—=0b) = xzla)Axz(b)=1A1=1
and xz(ab) = xz(a) Axz(b)=1A1=

Thus x;(a—b) =1 = xz(ab), i.e., a—band ab € Z. Hence Z is an LA-subring of Ry X Rg X ... x R,,. O

Corollary 4.1. Let {A;}ier = {Ain X Ao X .. X A} be a family of LA-subrings of an LA-ring Ry X

iel
Ry X ... X Ry, then A =NA; is an LA-subring of R1 X Ry X ... X Ry, if and only if the characteristic function

xa of A=nNA; is a fuzzy normal LA-subring of Ry X Ra X ... X Ry,.

Theorem 4.2. If p = py X pig X oo X o, and v = vy X Y9 X ... X 7y, are two fuzzy normal LA-subrings
of an LA-ring R1 X Rs X ... X R,, then their intersection 8 = u N~y is also a fuzzy normal LA-subring of
Ry X Ry X ... x R,,.

Proof. Let = pq X pig X ... X i, and v = 3 X 74 X ... X 7,, be two fuzzy normal LA-subrings of an LA-ring
Ry X Ry % ... x R,,. We have to show that 3 = p N~ is also a fuzzy normal LA-subring of Ry x Ry X ... X Ry,.
Let 2z = (21, 29, ..., 2p) and w = (w1, wa, ..., w,) € Ry X Ra X ... X R,,. Now
Blz—w) = (kNY)(z—w)=min{u(z —w),y(z —w)}

= {{u(z) A p(w)} A{y(z) Ay(w)}}

= {u(z) AM{p(w) Ay(2)} Ay(w)}

= {u(z) AM{y(2) Ap(w)} Ay(w)}

= {{uiz) Ay} A{p(w) Ay(w)}}

= min{(pNv)(2), (LN y)(w)}

= min{f(z), B(w)}.

Thus B((z1, 22, ..y 2n) — (W1, W2, ...wy)) = min{B(z1, 22, ..., 2n), B(w1, wa, .. wy,) }.
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Similarly, we have

B((z1, 22y ey 2n) © (W1, Wa, ...wy)) = min{B(z1, 22, ..., 2n), B(w1, wa, .. wy,) }.

Therefore § = p N~y is a fuzzy LA-subring of an LA-ring Ry X R X ... X R,,. Now

B((z1, 22y .y 2n) © (W1, Wa, ..., wy,))
= (uN7)(z1w1, 22w, ..., ZpWy,)
= min{p(z1w, 22Wa, ..., 2wy, Y(z1W1, 20Wa, ..., ZpWy ) }
= min{p(wiz1, W22, ..., Wn 2n), V(W1 21, Wa22, ..., Wnzpn)
= (pNy) (w21, w222, ...y Wn2n)

= B(w1, w2, ..., wn) 0 (21,22, ..., Zn)).

Hence 8 = Ny is a fuzzy normal LA-subring of an LA-ring R; X Ry X ... X R,,. ]

Corollary 4.2. If {p;}ier = {1 X Mg X - X in }icq 8 @ family of fuzzy normal LA-subrings of an LA-ring
Ry X Ry X ... X Ry, then pu = Ny, is also a fuzzy normal LA-subring of R1 X Ry X ... X R,,.

Proposition 4.2. Let 1 = pq X fig X oo X f, and v = 7y X Y5 X ... X 7,, be fuzzy subsets of LA-rings
R =Ry xRy x .. xR, and R = R} X Ry X ... X R, with left identities e = (e1,ea,....,en) and € =
(e1/,eal, ..., enl), respectively. If u X v is a fuzzy LA-subring of an LA-ring R X R'. Then at least one of the
following two statements must hold.

(1) pw(z) <~(€), for allz € R.

(2) p(x) <~(e), forallz € R'.

Proof. Let pu x ~ be a fuzzy LA-subring of R x R’. By contraposition, suppose that none of the statements
(1) and (2) holds. Then we can find a and b in R and R/, respectively such that

p(a) = (") and p(b) = v (e).
Thus, we have
X 7(0‘7 b) = mzn{:u‘(a)a’)/(b)}
> min{u(e),v(e')}
= (nx7)(eer).

Therefore p X v is not a fuzzy LA-subring of R x R'. Hence either p(x) < v (¢'), for all z € R or
w(x) <~(e) for all z € R'. O
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Proposition 4.3. Let 1 = pq X fig X oo X fi,, and ¥ = 71 X Y5 X ... X 7,, be fuzzy subsets of LA-rings
R =Ry xRy x .. xR, and R = R} X Ry X ... X R, with left identities e = (e1,ea,....,en) and € =
(e1/,eal, ..., enl), respectively and px -y is a fuzzy normal LA-subring of an LA-ring Rx R'. Then the following
conditions are true.

(1) If u(z) <~(€), for allx € R, then u is a fuzzy normal LA-subring of R.

(2) If u(z) < ~v(e), for all x € R, then v is a fuzzy normal LA-subring of R'.

Proof. (1) Let p(x) <~y (e), forall x € R, and y € R. We have to show that y is a fuzzy normal LA-subring
of R. Now

pr—y) = pla+(-y)
= min{u(z + (-y)),y(e' + (=€)}
= (x)(@+(-y),e + (=€)
= (mx)((@€)+ (-y, =€)
= (pxy)((z,€) = (y,¢)
> (uxy) (@) A (uxv)(y,€)
= min{min{u(x),v(e")}, min{u(y), v(e')}}

= (@) A p(y).

and

p(zy) min{p(zy),y(e'e’)}

= (ux9)(zy,ee)

= (Lxy)((z,.€)o(y.e))

> (ux ) (@) A (px )y €)

= min{min{u(x),v(e")}, min{u(y),v(e')}}

= @) A p(y).
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Thus p is a fuzzy LA-subring of R. Now

!

plry) = min{u(zy), y(e'e)}
= (ux7)(zy,ee)
= (px7)((z,€)0(y,€))
= (ux7)((y.€)o(x,¢))
= (ux7)(yz,e'e)
= min{u(yz),v(c'e)}

= plyx).

Hence p is a fuzzy normal LA-subring of R. (2) is same as (1). O
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