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ABSTRACT. In this work, we estimated the different entropies like Shannon entropy, Rényi divergences,
Csiszar divergence by using the Jensen’s type functionals. The Zipf’s mandelbrot law and hybrid Zipf’s
mandelbrot law are used to estimate the Shannon entropy. Further the Taylor one point and Taylor two

points interpolations are used to generalize the new inequalities for m-convex function.

1. INTRODUCTION AND PRELIMINARY RESULTS

In numerical analysis, interpolation is a method of constructing new data points within the range of a
discrete set of known data points for example in the situation when one obtained the number of data after
experiment which actually represent the value of function for a limited number of value of the independent
variable. It is usually require to interpolate which means that it has to be estimated the value of the function
for an intermediate value of independent variable. There are many interpolating polynomial can be found

in literature for example Taylor polynomial, Lidstone polynomial etc.
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The most commonly used words, the largest cities of countries income of billionare can be described
in term of Zipf’s law. The f-divergence which means that distance between two probability distribution
by making an average value, which is weighted by a specified function. As f-divergence, there are other
probabilities distributions like Csiszar f-divergence [15,16], some special case of which are Kullback-Leibler-
divergence use to find the appropriate distance between the probability distribution (see [19,20]). The notion
of distance is stronger than divergence because it give the properties of symmetry and triangle inequalities.
Probability theory has application in many fields and the divergence between probability distribution have
many application in these fields.

Many natural phenomena’s like distribution of wealth and income in a society, distribution of face book
likes, distribution of football goals follows power law distribution (Zipf’s Law). Like above phenomena’s,
distribution of city sizes also follow Power Law distribution. Auerbach [2] first time gave the idea that
the distribution of city size can be well approximated with the help of Pareto distribution (Power Law
distribution). This idea was well refined by many researchers but Zipf [28] worked significantly in this
field. The distribution of city sizes is investigated by many scholars of the urban economics, like Rosen and
Resnick [26] , Black and Henderson [3], Ioannides and Overman [14], Soo [27], Anderson and Ge [1] and
Bosker et al. [4]. Zipf’s law states that: “The rank of cities with a certain number of inhabitants varies
proportional to the city sizes with some negative exponent, say that is close to unit”. In other words, Zipf’s
Law states that the product of city sizes and their ranks appear roughly constant. This indicates that the
population of the second largest city is one half of the population of the largest city and the third largest city
equal to the one third of the population of the largest city and the population of n-th city is % of the largest
city population. This rule is called rank, size rule and also named as Zipf’s Law. Hence Zip’s Law not only
shows that the city size distribution follows the Pareto distribution, but also show that the estimated value
of the shape parameter is equal to unity.

In [17] L. Horvéth et al. introduced some new functionals based on the f-divergence functionals, and
obtained some estimates for the new functionals. They obtained f-divergence and Rényi divergence by
applying a cyclic refinement of Jensen’s inequality. They also construct some new inequalities for Rényi and
Shannon entropies and used Zipf-Madelbrot law to illustrate the results.

The inequalities involving higher order convexity are used by many physicists in higher dimension problems
since the founding of higher order convexity by T. Popoviciu (see [24, p. 15]). It is quite interesting fact that
there are some results that are true for convex functions but when we discuss them in higher order convexity
they do not remaind valid.

In [24, p. 16], the following criteria is given to check the m-convexity of the function.

If f0™) exists, then f is m-convex if and only if f(™) > 0.

In recent years many researchers have generalized the inequalities for m-convex functions; like S. I. Butt et
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al. generalized the Popoviciu inequality for m-convex function using Taylor’s formula, Lidstone polynomial,
montgomery identity, Fink’s identity, Abel-Gonstcharoff interpolation and Hermite interpolating polynomial
(see [5-9)).

In [23] T. Niaz et al generalized the refinement of Jensen’s inequality for m-convex function using Abel-
Gontscharoff green function and Fink’s identity. In [18] K. A. Khan et al used refinement of Jensen inequality
and introduced new functional based on an f-divergence functional, and estimate some bounds for the new
functionals, the f-divergence and Rényi divergence. They also constructed some new inequalities for Réneyi
and Shannon estimates. They also generalized the new inequality for m-convex function using Montgomery
identity. Further the used hybrid Zipf Mandelbrot law to estimate the Shannon entropy.

Since many years Jensen’s inequality has of great interest. The researchers have given the refinement of
Jensen’s inequality by defining some new functions (see [12,13] ). Like many researchers L. Horvath and J.
Pecari¢ in ( [10,13], see also [11, p. 26]), gave a refinement of Jensen’s inequality for convex function. They
defined some essential notions to prove the refinement given as follows:

Let X be a set, and:

P(X) := Power set of X,

| X |:= Number of elements of X,
N:= Set of natural numbers with 0.

Consider ¢ > 1 and r > 2 be fixed integers. Define the functions

Frg:{l,....,¢}" = {1,....,¢)"' 1<s<nr,

)

F,.: {1,...,q}T—>P({1,...,q}r_1),

and
T.:P({1,....¢}") = P({1,...,a}" "),
by
FT,S(’L'17"'7Z'T) = (i17i27-"aisflais+17'-';7:7‘) 1 S S S T,
Fylin, .. ip) = | J{Frs(in, . i)},
s=1

and

o, I=¢;

T,(I) = . .
U FT(Z].7"'?ZT)7 I#¢
(214.euyip)ET

Next let the function
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defined by
ay;(i1,...,%,) is the number of occurences of i in the sequence (i1,...,%,).

For each I € P({1,...,¢}") let

apiz= Y apilin,....0) 1<i<q
(415.yip)EL

(H1) Let n,m be fixed positive integers such that n > 1, m > 2 and let I,,, be a subset of {1,...,n}™ such

that
ar,,i > 1 1< <n.
Introduce the sets I; C {1,...,n}(m — 1 >1 > 1) inductively by
Liy:=T() m>1>2.

Obviously the sets Iy = {1,...,n}, by (H1) and this insures that ay, ; = 1(1 <4 < n). From (H;) we have
g Z 1(m—12l2 1,1§i§n).
For m > 1> 2, and for any (j1,...,5-1) € I;_1, let

Hi Gy oo dien) =, oy i) k) < {1 B F e (i i) = (- Gi-1) L
With the help of these sets they define the functions 0y, ; : I; = N(m > 1 > 1) inductively by
Dm0y o im) =1 (i1, .y 0m) € Iy
N i—1(J1s -5 Ji-1) 1= Z Nt (B2, - -5 01).

((i1,-0i0), k) EH T, (J1,-0d1-1)

They define some special expressions for 1 <[ < m, as follows

m — 1)! _ ,
Am,l:Am,l(Imyxla---7xn7pl,~--;pn;f) ::((l_l))' Z nImyl(le"?ll)
U (i) ED

1
Di; E 1 Hmots
Z , 1 ,
= AT, 05 Di;
j=1 Mmi

and prove the following theorem.

Theorem 1.1. Assume (Hy), and let f : I — R be a convex function where I C R is an interval. If

n
Zi,...,Tn €I and py,...,py are positive real numbers such that > p; =1, then
i=1

f (Zpsxs> S Am,m S Am,m,—l S e S Am,2 S Am,l = Zpsf (xs) . (11)
s=1

s=1
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We define the following functionals by taking the differences of refinement of Jensen’s inequality given in
(1.1).
0:(f) = Am,rf<zpsxs>, r=1,...,m, (1.2)
s=1
O2(f) = Amr—Amp, 1<r<k<m. (1.3)

Under the assumptions of Theorem 1.1, we have

Inequalities (1.4) are reversed if f is concave on I.

2. INEQUALITIES FOR CSISZAR DIVERGENCE

In [15,16] Csiszar introduced the following notion.

Definition 2.1. Let f: RT — R™ be a convex function, let v = (rq,...,7,) and q = (q1,- .., qn) be positive

probability distributions. Then f-divergence functional is defined by

It(r,q) := Zj; aif <r> : (2.1)

qi

And he stated that by defining

£(0):= lim f(z); Of (O> —0.  0f (%) = lim zf (3) a>0, (2.2)

z—0+ 0 z—0+ T

we can also use the nonnegative probability distributions as well.
In [17], L. Horvath, et al. gave the following functional on the based of previous definition.

Definition 2.2. Let I C R be an interval and let f: I — R be a function, let v = (r1,...,m,) € R™ and
q= (Qh ) qn) S (O, Oo)n such that

r
Zel, s=1,...,n.
ds

Then they define the sum as ff(r, q) as

y(r,q) = iqsf () | (2.3

ds

We apply Theorem 1.1 to IAf (r,q)

Theorem 2.1. Assume (Hy), let I C R be an interval and let v = (r1,...,r,) and q = (q1,---,qn) are in

(0,00)™ such that

ds
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(3) If f : I — R is convex function, then

qu ( ) Al > Al 2...2A£,11],m_1214“],m_f(29 123)2%.

where

] (m=1)! . . 4 =1 Gy
AE”],Z = W Z 7’]1m7l(’tl,...,ll) Za f ;

(21,..,%1) €L Jj=1 ™t Z i

If f is concave function, then inequality signs in (2.4) are reversed.

(#3) If f : I — R is a function such that x — zf(x)(x € I) is convez, then

(Z ’I"S> <Z ) S A[Q] < A’[r721]7n 1 =" S AEL]Q S A'[r721]1 = erf (;S> - ldf(r q)
s=1 S 19s / 7 s=1 5

where

1 i 1 i,
(m — 1)' ! i Zj=1 OtIm]i- Zj=1 OéIm]f

Z nIm,,l(il,...,il) Z an” Ky

. l qi; l di;
(i1,..,01)ED Jj=1 mot Zj:l Oy ij Zj:l ALy i

Al
ml T (1= 1))

Proof. (i) Consider ps = nqisq and z, = 7* in Theorem 1.1, we have

s=19s

s m—1)! _ .
(Z Zs 19s (Is) <S((l_1))l Z nIm,l(Zl,...,zl)

(il,“.,il)Gll

v
».Q
S
<
Il
-~ [l
=)
kﬂ <
K
IN
IN
V)
|
N
3.
N
A
Q
v
~
7N
=
®
N———

On multiplying >"_, ¢s, we have (2.4).

(i4) Using f := idf (where “id” is the identity function) in Theorem 1.1, we have

> pswsf (Zpsﬂﬁs) <...< ((1;1_—11))" > mpalin,.. i)

s=1 s=1 (i1,--s0) €L

. < Zpsxsf(xS)-
s=1

Im ij

Ts

Now onusingpszﬁ and x4, = = s=1,...,n, we get

s m — 1)! ' ]
ZES 1qSQS <Z 5 1Qs‘]s> <§((ll))| . Z 771,,“1(21,...,2[)

L sa | s
i b_19s Tij T_q19s Tij n
S 4 ijl QAL iy iy f Ejzl Al iy i Z C]s Ts (rs >

- 105 qs” \4gs

QL i Zl > s Zl 01 ds
J=1 o, i J=1 ar, i

.
-
Q
IS

(2.4)

(2.5)

(2.6)
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On multiplying >, gs, we get (2.6). O

3. INEQUALITIES FOR SHANNON ENTROPY

Definition 3.1 (see [17]). The Shannon entropy of positive probability distribution r = (r1,...,r,) is defined

by

n

Si==Y rilog(ry). (3.1)

s=1
Corollary 3.1. Assume (Hy).

@) If a=(q1,---,qn) € (0,00)", and the base of log is greater than 1, then
n n
S<Abl <Al o< <Alf, <Al —1og (Z”) > ., (3.2)

where

l

1
3 _  (m—1)! . . a4, a4,
Am,l - (l—].)' Z THmJ(le"aZl) Z ] IOg Za - . (33)

. _ " Qg X
(i1,...,0)€DN j=1 " tmti

If the base of log is between 0 and 1, then inequality signs in (3.2) are reversed.
(i) If a = (q1,-..,qn) is a positive probability distribution and the base of log is greater than 1, then we

have the estimates for the Shannon entropy of q

s<All <Al o<<All, <Al —1og(n), (3.4)

,m—1

where

l
4 (m—1)! ‘ _ a, a,
AEn]’Z = —W Z ’171"“1(21,...,“) Z oL log Z ar

(il ..... Z‘],)GIL j=1
Proof. (i) Using f :=log and r = (1,...,1) in Theorem 2.1 (7), we get (3.2).

(#7) It is the special case of (7). O

Definition 3.2 (see [17]). The Kullback-Leibler divergence between the positive probability distribution r =

(r1,...,7rn) and q = (q1,---,qn) is defined by

D(r,q) := XZT log (2) . (3.5)

Corollary 3.2. Assume (Hy).
(i) Letr = (r1,...,715) € (0,00)" and q := (q1,-.-,qn) € (0,00)". If the base of log is greater than 1, then

er log (Z 27?) < Ag],m < Agm_l <...< AE’Z]Q < AEL]J = er log (28) =D(r,q), (3.6)
s=1 s=1 s=1 S

s=14s
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where
l Ti; l Ti;
l : J A
A (m—1)! . . di; 2121 QL i 1 2321 Ly i
mi = TS E Mt (815 - 61) E oL o 5 i, 08 3 i
(i1,-,81) €D j=1 "mt I=1 a1 i; I=1 iy

If the base of log is between 0 and 1, then inequality in (3.6) is reversed.

(it) If r and q are positive probability distributions, and the base of log is greater than 1, then we have

D(rq)=Al > A%, > > A0 > Al >, (3.7)
where
l ¥ " s Tij
6 (m — 1)' . . qij Jj=1 XLy i Jj=1 XLy i
A[m],l = W Z Myt (815 - 41) Z o 7 7 log e T
" (i1,ei)ED j=1 " Imis Zj:l QAL i Zj:l ULy i

If the base of log is between 0 and 1, then inequality signs in (3.7) are reversed.

Proof. (i) On taking f :=log in Theorem 2.1 (i), we get (3.6).
(ii) Since r and q are positive probability distributions therefore . ;75 = >"" g5 = 1, so the smallest term

in (3.6) is given as

n n
Ts
rslog — | =0. (3.8)

Hence for positive probability distribution r and q the (3.6) will become (3.7).

4. INEQUALITIES FOR RENYI DIVERGENCE AND ENTROPY

The Rényi divergence and entropy come from [25].

Definition 4.1. Let r:= (r1,...,7r,) and q:= (q1, . - ., qn) be positive probability distributions, and let X > 0,
A £ 1.
(a) The Rényi divergence of order X is defined by

n ) A
Di(r, q) = Ail log (Z gi <2) ) : (4.1)

(b) The Rényi entropy of order X of r is defined by

i i S log <Z rf‘) . (4.2)

i=1

H)\(’I") =

The Rényi divergence and the Rényi entropy can also be extended to non-negative probability distribu-
tions. If A — 1 in (4.1), we have the Kullback-Leibler divergence, and if A — 1 in (4.2), then we have the

Shannon entropy. In the next two results, inequalities can be found for the Rényi divergence.
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Theorem 4.1. Assume (Hy), let r=(r1,...,7r,) and ¢= (q1,...,q,) are probability distributions.
(1) If 0 < XA < p such that A\, u # 1, and the base of log is greater than 1, then

Da(r,q) < AT, < AL,y <. < ATl < A7), = Di(r ), (4.3)
where
p—1
T Ti. A1 AT
| > m (@)
m_ 1 (m —1)! . _ ri, =) Oty \ 0
Am,l - /,L—llog (l—l)' ‘ Z nlm,l(lla"'?”) Zal B 1 .
(i1,.%1)ED j=1 "m Z L
=1 aIr,,L,'Lj
The reverse inequalities hold in (4.3) if the base of log is between 0 and 1.
(#3) If 1 < p and the base of log is greater than 1, then
Di(rig) = Diria) =S ortog () < A, <l <2 A, < AN =Dy ()
ds ’ ’ ’ ’
s=1
where
( ) i Ti. 1 T
l ru’il «@ ]n. Og(])
1 m — 1 | ) ) T 1 I yig QZ]
AEi],l =< 7llog (Zfl)' Z N1, 1081, 01) Z — | exp ! ;
12 ( )' . . i aIm,ﬂ'j Tij
(i1,0-501) €D j=1 Z o i
j=1 """

here the base of exp is same as the base of log, and the reverse inequalities hold if the base of log is between
0 and 1.
(#i1) If 0 < XA < 1, and the base of log is greater than 1, then

Da(r,q) < A% <Al < <Al <A = Di(r ), (4.5)

,m = — —

where

1 m—1 ' . . ! Tij = o7 s qi;
A’[r?L],l =31 ((l—l))' S nalin.i) | Y log | 2

! ar ! .
(31,-.-,81) €Ly j=1 " mots Z s

A—1
T's
Ds == Ts, Ts 1= <> ) 8217"'777‘7
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we have

l
(m— 1)' . . T’ij j=1
- < =N Z N1t (i1, - -5 01) Za _

l )
(i1,...,01) €L Jj=1 Lt Z s

IN
IN
[]=
=
I3
VR
RS
»Q‘%
w w
~~_
>
L
~—
1
|
™
\]
SN~—

if either 0 < A< 1< fBorl< A< pu,and the reverse inequality in (4.7) holds if 0 < A < 8 < 1. By raising

to power ——, we have from all
p—1

(415eees )€ j=1 Lin i Za:”i.
g=1 "™
n r A—1 % n=t1 n r W ,4i1
<< Do () = Z%(S) (4.8)
s=1 4s s=1 ds

Since log is increasing if the base of log is greater than 1, it now follows (4.3). If the base of log is between 0
and 1, then log is decreasing and therefore inequality in (4.3) are reversed. If A = 1 and 8 = 1, we have (i)

and (4i1) respectively by taking limit, when A goes to 1. O

Theorem 4.2. Assume (Hy), let 7= (r1,...,7r,) and ¢ = (q1,...,qn) are probability distributions. If either

0 < A <1 and the base of log is greater than 1, or 1 < A and the base of log is between 0 and 1, then

n A
3 (2) (1) < A Al < A < A < Dl < AR,
s=1

o1 (;)A & (4.9)

<Al < <All) < ADY = Dy (r, q)
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where

£ oo ()
= Otlm,ij Qij
log
P~
j=1 Hmois
and

zl: r e A\ A1
i i
z = ()
1 m—1 ‘ . . ;. i1 Im,ij i
Agv,}ln = ( ) E nlm,7l(lla T 7”) Z o . ] log : I
" (inyenin)€E] j=1 “Imot
(i1,..,i) €L

The inequalities in (4.9) are reversed if either 0 < A < 1 and the base of log is between 0 and 1, or 1 < A

and the base of log is greater than 1.

Proof. We prove only the case when 0 < A < 1 and the base of log is greater than 1 and the other cases
can be proved similarly. Since ﬁ < 0 and the function log is concave then choose I = (0,00), f := log,

A-1
— [ Ts ]
Ps = Ts, Ty 1= (q?) in Theorem 1.1, we have

D)\(I', q) =

1 n r A 1 n r A—1

S ST J 1
(i1,..yiy)ETL j=1 mstj Z ]‘
j:la“n’lj
1 n r A—1 n -
S STy 2 Telos <) =) rslog <> = Di(r,q 4.10
)\—18; ( % ; 0 1(r, q) (4.10)

and this give the upper bound for D) (r, q).

Since the base of log is greater than 1, the function = — zf(z) (z > 0) is convex therefore 12 < 0 and
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Theorem 1.1 gives

Y
Y

1 (m — 1)! _ . -
A (l—l)' Z nI,,,L,l(Zlv---,Zl) Za —
A—1 <ZZ—1 ds <Zf) > ’ (i1,eeey W)€l =1 I i

! T, T, A-l
A—1 Z a » qu
3 T <”J> log | 2= fmots AT
a qi; ;

i=1 I yij

v

vV
>
| —
—_

o
i[M=
—

<

V)
7N

=
»
~_
>
L

—

@]

O]
7N
»Q“i
w V)
~__

>

L
3

/N =
|2
N———

>
L

which give the lower bound of Dy (r, q). O

By using the Theorem 4.1, Theorem 4.2 and Definition 4.1, some inequalities of Rényi entropy are obtained.

Let % =(% ..., %) be a discrete probability distribution.

E’“

Corollary 4.3. Assume (Hy), let r=(r1,...,7m,) and g = (q1,...,qn) are positive probability distributions.

(1) If 0 < A <, A\, # 1, and the base of log is greater than 1, then
1
Hy(r) = log(n) — Dy <'r, n> > A > A2 > AR > AR = (), (4.12)

ctm,2 =

where

12 1 (m—1)! ) ) i =
AEn,; = 1_Mlog (l—l)' Z 77]7”’71(11,...,21) X Zal J“ l -
B] yeensl I, j=1 mslj Z ij

(i1,..,0) €D
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The reverse inequalities holds in (4.12) if the base of log is between 0 and 1.

(i) If 1 < p and base of log is greater than 1, then
n
S==> pilog(p:) > A, > AV > > AL > AT = H(r) (4.13)
s=1
where
!
[13) _ 1 (m —1)! , : ri,
A, = log(n) + 1_Mlog i Z N, 1 (i1, -y 40) Zal ]i_
(31,---,01) €D j=1 et

exp

the base of exp is same as the base of log. The inequalities in (4.13) are reversed if the base of log is between

0 and 1.
(#i1) If 0 < XA < 1, and the base of log is greater than 1, then
Hy(r)> AR > AR > o> Al <Al =, (4.14)
where
Lo
1 D
1 (m-—1)! , _ Ti; =1 *moi
4 _ - V070 J =
Ap, = S Z N1 (1, -0, 0) Z o log | = - . (4.15)
(i1,...,i1)ETL; j=1 mety Z J
j:l alm,i]
The inequalities in (4.14) are reversed if the base of log is between 0 and 1.
Proof. (i) Suppose q = % then from (4.1), we have
Dj(r,q) = L log in)‘_lr’\ = log(n) + ! log ir”\ (4.16)
’ A—1 pt S A—1 - s | .
therefore we have
1
(4.17)

Hy(r) =log(n) — Dy(r, H)

Now using Theorem 4.1 (i) and (4.17), we get

Hy(r) =log(n) — Dy (r, i) >...>log(n) — =

T
o
— Qi

l
Jj=1
h Xl i
]

(#4) and (#i7) can be proved similarly.
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Corollary 4.4. Assume (Hi) and let v = (r1,...,7,) and ¢ = (q1,...,qn) are positive probability distribu-
tions.

If either 0 < A\ < 1 and the base of log is greater than 1, or 1 < X and the base of log is between 0 and 1,

then
S Pogr) = AL 2 A > > Al Al > () > ALY,
D=1ty s=1 (4.19)
16 16 16
> AL > AN > AL = H (r),
where

ALY = . m — 1)t E Nt (i1, 01) El iz log | n* 1221 © -
m,l T — n — sl sy : ; .
()\ 1) Zs 1 ? (l 1) (i1,~~-,’il)ell j=1 a[m,lj Z Tij
j=1 SImois
and

[16] 1 (m-1)! Lo, ng i
A= =T S i i) | DD | log [ S

_ | )
A= (i1seemit) €y =1 Yoty T

The inequalities in (4.19) are reversed if either 0 < X\ < 1 and the base of log is between 0 and 1, or 1 < A

and the base of log is greater than 1.
Proof. The proof is similar to the Corollary 4.3 by using Theorem 4.2. ]

5. INEQUALITIES BY USING ZIPF-MANDELBROT LAW

In probability theory and statistics, the Zipf-Mandelbrot law is a distribution. It is a power law distribution
on ranked data, named after the linguist G. K. Zipf who suggest a simpler distribution called Zipf’s law.
The Zipf’s law is defined as follow (see [28]).

Definition 5.1. Let N be a number of elements, s be their rank and t be the value of exponent characterizing
the distribution. Zipf’s law then predicts that out of a population of N elements, the normalized frequency

of element of rank s, f(s,N,t) is

»
2=

f(s,N,t) = (5.1)

e

The Zipf-Mandelbrot law is defined as follows (see [21]).

Definition 5.2. Zipf-Mandelbrot law is a discrete probability distribution depending on three parameters
Ne{l,2,...,},q€[0,00) and t > 0, and is defined by

1

- s=1,...,N, 5.2
(S+Q)tHN,q,t ( )

f(s;N,q,t) :==
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where
N

Hygie=Y_ (; (5.3)

t
< (j+a)

If the total mass of the law is taken over all N, then for ¢ > 0, t > 1, s € N, density function of Zipf-

Mandelbrot law becomes

f(s5q,t) = (ST)th,t’ (5.4)
where
= 1

For g =0, the Zipf-Mandelbrot law (5.2) becomes Zipf’s law (5.1).

Conclusion 5.1. Assume (Hy), let v be a Zipf-Mandelbrot law, by Corollary 4.3 (iii), we get. If0 < X < 1,

and the base of log is greater than 1, then

1 R 1
Hy(r) = 1 > > >
Mr) =3l <H’\ (s+q)“> T

1 (m-1)! Z . i log 1 =1
— Il ( =
1-Xx ({-=1) i = o, zJJrq)Hth HAL 1

N
> t log(s + q)

~ Hy (s+q) +log(Hp,q,:) = S. (5.6)

»4q,t s=1

The inequalities in (5.6) are reversed if the base of log is between 0 and 1.

Conclusion 5.2. Assume (Hy), let 7 and 7o be the Zipf-Mandelbort law with parameters N € {1,2,...},
q1,q2 € [0,00) and s1,s2 > 0, respectively, then from Corollary 3.2 (ii), we have If the base of log is greater
than 1, then

i - i (5 + 03)"* Hygu > (m— 1) o
D(r,m) = lo R D R e T1y..nyd
( ! 2) Z (3 + ql)tlHN,thd & ((S + ql)tlHN#Zz,tl N B (l - 1)' Z 771m7l< ' l)

s=1 (i1,..,0)€DL
- -
. Zl Gj+a) VHN ¢ 4, Zl (ij+a1) VHN g1 ¢,
(i;+q2)* 2HN L4210 Jj=1 QI i Jj=1 Al i
E . log - >...>0.(5.7)
j=1 Ol i Zl (ij+42)" 2 HN g4 19 Zl (ij+42)" 2 HN g5 9
j=1 AL vis Jj=1 XLy i

J J

The inequalities in (5.7) are reversed if base of log is between 0 and 1.
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6. SHANNON ENTROPY, ZIPF-MANDELBROT LAW AND HYBRID ZIPF-MANDELBROT LAW

Here we maximize the Shannon entropy using method of Lagrange multiplier under some equations con-

straints and get the Zipf-Mandelbrot law.

Theorem 6.1. If J ={1,2,..., N}, for a given ¢ > 0 a probability distribution that mazimize the Shannon

entropy under the constraints

is Zipf-Madelbrot law.

Proof. It J ={1,2,...,N}. We set the Lagrange multipliers A and ¢ and consider the expression

S=-=) rinr,— (er - 1) —t (ZTSIH(S—H]) _\Ij>
s=1 s=1 s=1

Just for the sake of convenience, replace A by In A — 1, thus the last expression gives

S = —erlnrs—(ln)\—l) (er—1> -1 (erln(s—i—q)—\lf)

From grs =0, fors=1,2,..., N, we get

: . N
and on using the constraint ) ., rs = 1, we have

=3 ()

s=1

where ¢ > 0, concluding that

1
ry= ——————— s=1,2,...,N.
(3+Q)tHN,q,t

]

Remark 6.2. Observe that the Zipf-Mandelbrot law and Shannon Entroy can be bounded from above (see

N N

S:_Zf(saNaqvt)lnf(saNaqvt) S _Zf(SaNaqvt)lnqS

s=1 s=1

where (q1,...,qN) is a positive N-tuple such that 25:1 qs = 1.
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Theorem 6.3. If J = {1,..., N}, then probability distribution that maximize Shannon entropy under con-

straints

erzl, erln(s—l—q) =T, Zsrs =1

seJ seJ seJ

is hybrid Zipf-Mandelbrot law given as

w
ry = - s € J,
(s +4q)" @*(k,q, w)
where
wS
(k,q,w) =
g;@+®k

Proof. First consider J = {1,..., N}, we set the Lagrange multiplier and consider the expression

N N
Sz—erlnrs—i—lnw(Zsrs— ) (Inx—1) (er—l)—k<2rsln (s+q) — \Il>
s=1 s=1

On setting Srs =0,fors=1,...,N, we get
—Inrs +slnw—InA—kln(s+¢) =0,

after solving for rg, we get

N S
A= X: ,

s=1 S+q

and we recognize this as the partial sum of Lerch’s transcendent that we will denote with

Py (kg Z S+q

s=1

with w > 0,k > 0.

O

Remark 6.4. Observe that for Zipf-Mandelbrot law, Shannon entropy can be bounded from above (see [22]).

N N
_th(saNaQ7k)lnfh (S7N7qak) S _th (87N7Qak)lnqs
s=1 s=1

where (q1,...,qn) is any positive N-tuple such that Zil qs =1

Under the assumption of Theorem 2.1 (i), define the non-negative functionals as follows.

Os(f) = AW, -7 <ZS . S>qu, r=1,...,m,

915

04(f) = A%],T*A[l]k, 1<r<k<m.

m,

(6.1)

(6.2)
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Under the assumption of Theorem 2.1 (ii), define the non-negative functionals as follows.
o) = A (Sn)r(E2D). rmtm, (6:3)
’ s=1 25:1 s
Os(f) = A2 AP 1<r<k<m (6.4)
Under the assumption of Corollary 3.1 (i), define the following non-negative functionals.
n
O:(f) = AEIJ,T‘FZ%]O%(%% r=1,...,n (6.5)
i=1
Os(f) = AP - 1<r<k<m, (6.6)
Under the assumption of Corollary 3.1 (ii), define the following non-negative functionals give as.
Oo(f) = Al S, r=1,...,m (6.7)
O10(f) = Al — Agi]yk, 1<r<k<m. (6.8)
Under the assumption of Corollary 3.2 (i), let us define the non-negative functionals as follows.
n n r
01 (f) = AE},.—erlog Zlog Sl ,r=1,...,m (6.9)
7 s=1 s=1 25:1 4s
On(f) = A, AP 1<r<k<m (6.10)
Under the assumption of Corollary 3.2 (ii), define the non-negative functionals as follows.
Ou(f) = A, Al T 1<r<k<m (6.11)
Under the assumption of Theorem 4.1 (i), consider the following functionals.
@14(f) = A%],T_DA(I';Q% r= 17"~7m (612)
Oi(f) = Al Al 1<r<k<m (6.13)
Under the assumption of Theorem 4.1 (ii), consider the following functionals.
O15(f) = A, = Di(r,q), r=1,...,m (6.14)
Our(f) = AL, Al 1<r<k<m (6.15)
Under the assumption of Theorem 4.1 (iii), consider the following functionals.
O1s(f) = A —Dy(r.q), r=1,...,m (6.16)
Ou(f)=A, — Al 1<r<k<m (6.17)
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Under the assumption of Theorem 4.2 consider the following non-negative functionals.
O2(f) = Di(r,q)—AML,  r=1,...m (6.18)
Ou(f) = AN — Al 1 <r<k<m. (6.19)
Ox(f) = Al -Dy(r,q), r=1,....m (6.20)
O(f) = Al —ADN 1<r<k<m. (6.21)
Ou(f) = ABY AN r =1 m k=1,...m (6.22)
Under the assumption of Corollary 4.3 (i), consider the following non-negative functionals.
O5(f) = Hi(r)— AR, r=1,...,m (6.23)
Os(f) = AN —A 1 <r<k<m. (6.24)
Under the assumption of Corollary 4.3 (ii), consider the following functionals
Ox(f) = S—AUL r=1,...m (6.25)
Oss(f) = ANY — Al 1 <r<k<m. (6.26)
Under the assumption of Corollary 4.3 (iii), consider the following functionals.
Ox(f) = Hi(r)— AR r=1,....m (6.27)
Os0(f) = ALY —AM 1<r<k<m. (6.28)
Under the assumption of Corollary 4.4, defined the following functionals.
O3 = AVl —Hy(r), r=1,....m (6.29)
O3 = AL AlY 1 <r<k<m (6.30)
O35 = Hi(r)— AL, r=1,....m (6.31)
Oy = A9 Al 1<r<k<m (6.32)
O3 = AL AlY =1 m k=1, m (6.33)

7. GENERALIZATION OF REFINEMENT OF JENSEN’S, RENYI AND SHANNON TYPE INEQUALITIES VIA

TAYLOR ONE POINT AND TAYLOR TWO POINTS INTERPOLATIONS
In [5], the following functions are consider to generalized the Popoviciu’s inequality, defined as

(u—w), v<u;
(u—v)4 =
0, v > u,
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and the well known Taylor formula is as follows.
Let m be a positive integer and f : [a1, @] — R be such that fFm=1 i5 absolutely continuous, then for all

u € [aq, ag] the Taylor’s formula at point ¢ € [aq, ag] is

fw) =Thn_1(fic;u) + Rm—1(f; 65 u), (7.1)

where

m— lf(l l
Tmlfacu Z U—C )
=0

and the remainder is given by

fin-a(ficiu) = ﬁ / ) 1y

The Taylor’s formula at point « and as is given by:

ol 0 (o 1

flu) = Z T / £ ) (- £ dt, (7.2)

= (

m— 1 (l) Oé
flu) = Z f 2)(ozg—u / F ) ((E—u)pt) dt. (7.3)

1=

We construct some new identities with the help of Taylor polynomial (7.1).

Theorem 7.1. Assume (Hy), let f : [oq, 2] — R be a function where (o, az] C R be an interval. Also

let x1,...,2n € [a1,a2] and py,...,p, are positive real numbers such that > p; = 1. Then we have the
i=1
following identities:
(4)
= ()
O:(/) = e (=) + gy, / F@O; ((w—tyr Y dt, i=1,2,...,35.  (7.4)

m—1 1 1£() o -1 m—1 Qa2 _ .
©;(f) = M@i (a2 —w)) + ((m)—l)' /a F™@)e; ((t—uw)rTY)dt, i=1,2,...,35. (7.5)
Proof. Using (7.2) and (7.3) in (1.3), we get the required result. O

Theorem 7.2. Assume (Hi), let f : [a1,a2] — R be a function where [a1, ] C R be an interval. Also

n

let x1,...,2n € [0q, 2] and p1,...,p, are positive real numbers such that > p; = 1. Let f is m-convex
i=1

function such that f("=1 is absolutely continuous. Then we have the following results:

(@) If

O (u—t7"")>0 tea,ao, i=1,2,...,35
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then
m—1
0;(f(u) > f(l)l(lal)@i (u—a1)), i=1,2,...,35 (7.6)
1=2 ’
(#1) If
()™ 'e; (t—u)7 ') <0 t€[ar,as), i=1,2,...,35,
then
= (DD () N
Oi(f(u) 2 Y 50 (a2 —w)'), i=12,....35. (7.7)
=2 '

Proof. Since f("™=1 is absolutely continuous on [, as], (™) exists almost everywhere. As f is m-convex

therefore f(™)(u) > 0 for all u € [y, ag]. Hence using Theorem 7.1 we obtain (7.6) and (7.7). O

Theorem 7.3. Assume (H1), let f : [aq,az] = R be a function where [a1,az] C R be an interval. Also let
n
X1y..., Ty € [a1,a2] and py,. .., py are positive real numbers such that > p; = 1. Then the following results

=1
are valid.

(i) If f is m-convex, then (7.6) holds. Also if fU(ay) >0 forl=2,...,m — 1, then the right hand side
of (7.6) will be non-negative.
(ii) If m is even and f is m-convex, then (7.7) holds. Also if fO(ay) <0 forl=2,...,m —1 and f&O >0
forl=3,...,m—1, then right hand side of (7.7) will be non-negative.
(iii)If m is odd and f is m-convex function then (7.7) is valid. Also if fV(ag) >0 forl=2,....m—1 and
fW(az) <0 forl=2,...,m —2, then right hand side of (7.7) will be non positive.

In [7, p.20] the Green function G : [ag, ag] X [aq, az] — R is defined as

(u—as)(v—ay)

G — Q2 —Qq
(U),U) (v—a2)(u—a1)
a2 —Q1 ’

(7.8)
u<v<as.

The function G is convex and continuous with respect to v, since G is symmetric therefore it is also convex
and continuous with respect to variable w.

Let ¥ € C? (Jaq, az]), then

042—t t—a1

P (t) = Y(on) +

Q2 — oy Qg — oy

wmwjbwwwwm. (7.9)

Theorem 7.4. Assume (Hy), let f : [aq, 2] — R be a function where (a1, as] C R be an interval. Also

n
let x1,...,2n € [a1,a2] and py1,...,p, are positive real numbers such that > p; = 1. Then we have the
i=1
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following results:

(i) Fori=1,2,...,35,
- ® a1 )\V — a1 1= m i n—3
/@ (t,v) ( f ( (3(72) ) )dv-i— /f< s) (a/@i(G(tm))(v—s) dv) ds. (7.10)

(ii) Fori=1,2,...,35,

1

@2 "L ) (0 — ag) 2 1 %R . o2 -
:‘J@i(G(t,v)) (; W) dv — Ma[f( )(s) (,/ 0:(G(t, v)) (v — 5 dv) ds (7.11)

Proof. Using (7.9) in ©;,1 =1,2,...,35, we get

_ / 01 (G(t,v)) " (v)dv. (7.12)
Differentiate (7.2) twice, we get
M 7 ,
Z f —o) 7%+ ﬁ / F (v —u)™ 3 du. (7.13)

Using (7.13) in (7.12) and using Fubini’s theorem, we get (7.10). Similarly use second derivative of (7.3) in
(7.12) and apply Fubini’s theorem, we get (7.11). O

Now we obtain generalization of refinement of Jensen’s inequality for n-convex function.

Theorem 7.5. Assume (Hy), let f : [a1,a2] — R be a function where [a1, 3] C R be an interval. Also

let x1,...,2n € [0q, 2] and p1,...,p, are positive real numbers such that > p; = 1. Let f is m-convex
i=1

function such that f("=1 is absolutely continuous. Then we have the following results:
(i) If

as

/@,» (G(t,0)) (v — W) 3dv > 0 w € [ar,an], i=1,2,...,35, (7.14)
then

a2 n—=2
0 -2
0:(f) > /@i Gt [ A CIVICha ) A 1 (7.15)
— (1=2)!
a

and if

/9,» (G(t,v) (v—u)"3dv <0 u € [ag,az], i=1,2,...,35, (7.16)

Qg
then

ol o NI-2
/@z (t,v) (Zf 0‘21520‘2) )dv¢:1727...,35. (7.17)
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Proof. Similar to the proof of Theorem 7.2. |

Corollary 7.6. Assume (Hy), let f: [aq,a2] = R be a function where [aq, ae] C R be an interval. Also let
Z1y...,&n € a1, ] and p1,...,p, are positive real numbers such that » p; = 1. Then the following results

i=1
are valid.

(2) If f is m-convex, then (7.15) holds. Also if

n—1
SO () (v = )2
; (1—2) 20, (7.18)
then
0,(f)>0, i=1,2,... 35 (7.19)

(i4) If m is even and f is m-convex, then (7.17) holds. Also if

= f(l)(oQ)(U B a2)l_2 > O, (720)

2 (- 2) =

then (7.19) holds.

Remark 7.7. We can investigate the bounds for the identities related to the generalization of refinement of
Jensen inequality using inequalities for the é’ebyéev functional and some results relating to the Gruss and
Ostrowski type inequalities can be constructed as given in Section 8 of [5]. Also we can construct the non-
negative functionals from inequalities (7.6), (7.7), (7.15) and (7.17) and give related mean value theorems
and we can construct the new families of m-exponentially convex functions and Cauchy means related to

these functionals as given in Section 4 of [5].
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