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ABSTRACT. The aim of this manuscript is to apply distributivity laws of several fuzzy sets for any fuzzy
sets and study distributivity laws with any fuzzy soft sets. We investigate properties of some operations for
fuzzy soft sets over fully UP-semigroups and their interrelation with respect to different operations such as

“(restricted) union”, “(extended) intersection”, “AND”, and “OR”.

1. INTRODUCTION AND PRELIMINARIES

Several researches introduced a new class of algebras related to logical algebras and semigroups such as:
In 1993, Jun et al. [7] introduced the notion of BCI-semigroups. In 2018, Iampan [6] introduced the notion
of fully UP-semigroups.

In 1999, to solve complicated problems in economics, engineering, and environment, we cannot successfully
use classical methods because of various uncertainties typical for those problems. Uncertainties cannot be
handled using traditional mathematical tools but may be dealt with using a wide range of existing theories
such as the probability theory, the theory of (intuitionistic) fuzzy sets, the theory of vague sets, the theory of
interval mathematics, and the theory of rough sets. However, all of these theories have their own difficulties
which are pointed out in [11]. In 2001, Maji et al. [10] introduced the concept of fuzzy soft sets as a

generalization of the standard soft sets, and presented an application of fuzzy soft sets in a decision making
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problem. In 2010, Jun et al. [8] applied fuzzy soft set for dealing with several kinds of theories in BCK/BCI-
algebras. The notions of fuzzy soft BCK/BCI-algebras, (closed) fuzzy soft ideals and fuzzy soft p-ideals are
introduced, and related properties are investigated. In 2013, Rehman et al. [13] studied some operations
of fuzzy soft sets and give fundamental properties of fuzzy soft sets. They discuss properties of fuzzy soft
sets and their interrelation with respect to different operations such as union, intersection, restricted union
and extended intersection. Then, they illustrate properties of AND and OR operations by giving counter
examples. Also we prove that certain De Morgan’s laws hold in fuzzy soft set theory with respect to different
operations on fuzzy soft sets. In 2019, Satirad and Tampan [16] introduced ten types of fuzzy soft sets
over fully UP-semigroups, and investigate the algebraic properties of fuzzy soft sets under the operations of

(extended) intersection and (restricted) union.

Before we begin our study, we will give the definition of a UP-algebra.

Definition 1.1. [5] An algebra A = (A4,-,0) of type (2,0) is called a UP-algebra where A is a nonempty
set, - is a binary operation on A, and 0 is a fixved element of A (i.e., a nullary operation) if it satisfies the

following azioms:

(UP-1): (Va,y,2 € A)((y-2) - ((z-9) - (z-2)) = 0),
(UP-2): (Vxz € A)(0-z = x),

(UP-3): (Vx € A)(x-0=0), and

(UP-4): (Vz,yc A)(z-y=0,y-2=0=>z=y).

From [5], we know that the notion of UP-algebras is a generalization of KU-algebras (see [12]).
On a UP-algebra A = (A4, -,0), we define a binary relation < on A [5] as follows:
Ve,ye A)z <y x-y=0).

Example 1.1. [18] Let X be a universal set and let 2 € P(X) where P(X) means the power set of X. Let
Po(X) ={A € P(X)|QC A}. Define a binary operation - on Po(X) by putting A- B = BN(ACUQ) for all
A, B € Po(X) where A® means the complement of a subset A. Then (Po(X),-,Q) is a UP-algebra and we
shall call it the generalized power UP-algebra of type 1 with respect to Q. Let P*(X) = {A € P(X) | A C Q}.
Define a binary operation * on PY(X) by putting Ax B = BU (A° N Q) for all A,B € PX). Then
(PYX),*,Q) is a UP-algebra and we shall call it the generalized power UP-algebra of type 2 with respect
to Q. In particular, (P(X),-,0) is a UP-algebra and we shall call it the power UP-algebra of type 1, and
(P(X),*,X) is a UP-algebra and we shall call it the power UP-algebra of type 2.
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Example 1.2. [3] Let IN be the set of all natural numbers with two binary operations o and e defined by

if x <y,
(Vz,y eN) |zoy = voyrsy
0 otherwise

and

ifx >y orx=0,
(Vz,y € N) (xoy: v o Y )

0 otherwise

Then (IN,0,0) and (IN,,0) are UP-algebras.

For more examples of UP-algebras, see [2,6,17,18].
In a UP-algebra A = (A, -,0), the following assertions are valid (see [5,6]).

(Vo € A)(z -2 = 0),

(Va,y,z € A)(z-y=0,y-2=0=x -2 =0),
(Va,y,z€ A)(z-y=0=(z2-2)-(z-y) =0),
(Vo,y,z€ A)(z-y=0=(y-2) (z-2)=0),

(Va,y € A)(z - (y- ) =0),

(Vo,y € A)((y-z) v =0&z=y 1)

(Ve,y € A)(z - (y-y) = 0),

(Va,z,y,z € A)((z- (y-2)) - (z- ((a-y) - (a-2))) =0),
(Va,z,y,z € A)((((a-z) - (a-y))-2)- ((x-y)-2) =0),
(Va,y,2 € A)(((z-y)-2) - (y-2) =0),

(Ve,y,z€ A)(x-y=0=2a-(z-y) =0),

(Va,y,z € A)(((z-y) - 2) - (z- (y-2)) = 0), and

(Va, 2,9,z € A)(((z-y) - 2) - (y - (a-2)) = 0).

(1.1)
(1.2)
(1.3)
(1.4)
(1.5)
(1.6)
(1.7)
(1.8)
(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

Definition 1.2. [6] Let A be a nonempty set, - and * are binary operations on A, and 0 is a fixed element

of A (i.e., a nullary operation). An algebra A = (A,-,*,0) of type (2,2,0) in which (A,-,0) is a UP-algebra

and (A, *) is a semigroup is called a fully UP-semigroup (in short, an f-UP-semigroup) if the operation “

@ »

is distributive (on both sides) over the operation

Wy
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Definition 1.3. [20] A fuzzy set F in a nonempty set U (or a fuzzy subset of U) is described by its
membership function fp. To every point x € U, this function associates a real number fr(x) in the interval

[0,1]. The number fr(x) is interpreted for the point as a degree of belonging x to the fuzzy set F, that is,
F:={(z,fr(x)) |z € U}.
We say that a fuzzy set F in U is constant if its membership function fg is constant.
Rosenfeld [14] introduced the notion of fuzzy subsemigroups (resp., fuzzy ideals) of semigroups as follows:

Definition 1.4. A fuzzy set F in a semigroup A = (A, x) is called
(1) a fuzzy subsemigroup of A if (Vx,y € A)(fr(x * y) > min{fr(z), fr(y)}).
(2) a fuzzy ideal of A if (Vx,y € A)(fp(z *y) > max{fr(x),{fr(y)}).

Clearly, a fuzzy ideal is a fuzzy subsemigroup.

Definition 1.5. [9] Let {F;}icr be a nonempty family of fuzzy sets in a nonempty set U where I is an

arbitrary index set. The intersection of ¥y, denoted by (,.; Fi, is described by its membership function

i€l

fﬂieIFi which defined as follows:

(Ve e U)(fn,, v, (2) = inf{fr;(2) }ier)-

The union of F;, denoted by | J..; Fi, is described by its membership function fU'iEI r, which defined as follows:

el
(Ve € U)(fy,,, v, (z) = sup{fr;(2)}icr)-

Theorem 1.1. Let F; and F be fuzzy sets in a nonempty set X where I is a nonempty set. Then the

following properties hold:

(1) F (Uzel i) =
(2) Uier Fa) N

(3) FU(Mier Fi)
4) (NierF)UF =

1

7

i€l
)

)
nF)
), and
UF).

el

U,e;(FNF;
= Ujer(F;
ﬂzeI(FuF
Nier(Fi

i€l

Proof. Let x € X. (1) First, we investigate left hand side of the equality. Assume that J
FN(U;e Fi) =FNFY. Also,

;er Fi =FY. Then
meFu (l‘) = mln{fp($), fFu (Z‘)}
= min{fp ), fy,_, v (2)}

= min{fF(x), sup{fr;(z)}ier}
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Consider the right hand side of the equality. Assume that FNF; = F% for all i € I. Then

f,_, 0 (2) = sup{fin (2)}ier
= sup{frnr, () }ier
= sup{min{fp (.’13), fFi (l‘)}}iej.
It is clear that min{fp(,), sup{fr;(z)}icr} = sup{min{fp(z), fr, (z)} }ics. Therefore, FN(J,;c; Fi) = U (FN
F;).
(2) By using techniques as in (1), then (2) can be derived.

(3) First, we investigate left hand side of the equality. Assume that ()
FUF". Also,

serFi=F". Then FU (N, Fs) =
fFUpm (3;‘) = max{fp(x), an (m)}
= maX{fF(QJ)’ fniel Fy (1‘)}
= maX{fF(m)a inf{fr;(z)}icr}-
Consider the right hand side of the equality. Assume that FUF; = FY for all i € I. Then
fn,., Fo(z) = inf{fro (2) }icr
= inf{frur, (z) }ier
= inf{max{fr (), fr, (x)} }icr1-

It is clear that max{fp(,), inf{fr,;(z)}icr} = inf{max{fp(x),fr, (z)} }ics. Therefore, FU(N,;c; Fi) =N
F;).

ier(FU

(4) By using techniques as in (3), then (4) can be derived. O

Somjanta et al. [19], Guntasow et al. [4], and Satirad and Iampan [16] introduced the notion of fuzzy
UP-subalgebras (resp., fuzzy near UP-filters, fuzzy UP-filters, fuzzy UP-ideals, fuzzy strongly UP-ideals) of
UP-algebras as follows:

Definition 1.6. A fuzzy set F in a UP-algebra A = (A,-,0) is called
(1) a fuzzy UP-subalgebra of A if (Vx,y € A)(fp(z - y) > min{fp(2),fr(y)}).
(2) a fuzzy near UP-filter of A if
(i) (Vo€ A)(fr(0) > fr(z)), and
(i) (Vz,y € A)tr(z-y) > fr(y)).
(3) a fuzzy UP-filter of A if
(i) (Vo € A)(fp(0) > fp(z)), and
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(i) (Vo,y € A)(Ee(y) > min{fe(z - v). fo(2)}).
(4) a fuzzy UP-ideal of A if

(i) (Vo € A)(f(0) > f(x)), and

(i) (V5,2 € A)(fp(z - 2) > min{fe(e - (4 2)), fe () ):
(5) a fuzzy strongly UP-ideal of A if

(i) (Ve A)fp(0) > fr(x), and

(i) (V2,9,7 € A)(fe(z) > min{fe((z ) - (2~ 2), Fe (1)} ).

We know that the notion of fuzzy UP-subalgebras is a generalization of fuzzy near UP-filters, the notion of
fuzzy near UP-filters is a generalization of fuzzy UP-filters, the notion of fuzzy UP-filters is a generalization of
fuzzy UP-ideals, and the notion of fuzzy UP-ideals is a generalization of fuzzy strongly UP-ideals. Moreover,

fuzzy strongly UP-ideals and constant fuzzy sets coincide in UP-algebras.

Satirad and Tampan [15,16] introduced the notion of fuzzy UPs-subalgebras (resp., fuzzy UP;-subalgebras,
fuzzy near UPg-filters, fuzzy near UP;-filters, fuzzy UP,-filters, fuzzy UP;-filters, fuzzy UPs-ideals, fuzzy UP;-

ideals, fuzzy strongly UPs-ideals, fuzzy strongly UP;-ideals) of f-UP-semigroups as follows:

Definition 1.7. A fuzzy set F in an f-UP-semigroup A = (A, -, *,0) is called

(1) a fuzzy UPs-subalgebra of A if F is a fuzzy UP-subalgebra of (A,-,0) and a fuzzy subsemigroup of
(A, *).

(2) a fuzzy UP;-subalgebra of A if F is a fuzzy UP-subalgebra of (A,-,0) and a fuzzy ideal of (A, x).

(3) a fuzzy near UPs-filter of A if F is a fuzzy near UP-filter of (A,-,0) and a fuzzy subsemigroup of
(A, *).

(4) a fuzzy near UP;-filter of A if F is a fuzzy near UP-filter of (A,-,0) and a fuzzy ideal of (A, x).

(5) a fuzzy UPs-filter of A if F is a fuzzy UP-filter of (A,-,0) and a fuzzy subsemigroup of (A, x).

(6) a fuzzy UP;-filter of A if F is a fuzzy UP-filter of (A,-,0) and a fuzzy ideal of (A, *).

(7) a fuzzy UPs-ideal of A if F is a fuzzy UP-ideal of (A,-,0) and a fuzzy subsemigroup of (A, x*).

(8) a fuzzy UP;-ideal of A if F is a fuzzy UP-ideal of (A,-,0) and a fuzzy ideal of (A, *).

(9) a fuzzy strongly UPs-ideal of A if F is a fuzzy strongly UP-ideal of (A,-,0) and a fuzzy subsemigroup

of (A, %).

(10) a fuzzy strongly UP;-ideal of A if F is a fuzzy strongly UP-ideal of (A,-,0) and a fuzzy ideal of (A, ).

Theorem 1.2. [15, 16] The intersection of any nonempty family of fuzzy UPs-subalgebras (resp., fuzzy
UP;-subalgebras, fuzzy near UPs-filters, fuzzy near UP;-filters, fuzzy UPs-filters, fuzzy UP;-filters, fuzzy UP;s-

ideals, fuzzy UP;-ideals, fuzzy strongly UPs-ideals, fuzzy strongly UP;-ideals) of an f-UP-semigroup is also
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a fuzzy UPs-subalgebra (resp., fuzzy UP;-subalgebra, fuzzy near UPs-filter, fuzzy near UP;-filter, fuzzy UP;-
filter, fuzzy UP;-filter, fuzzy UPs-ideal, fuzzy UP;-ideal, fuzzy strongly UPs-ideal, fuzzy strongly UP;-ideal).

Theorem 1.3. [15, 16] The union of any nonempty family of fuzzy near UP;-filters (resp., fuzzy strongly
UPs-ideals, fuzzy strongly UPi-ideals) of an f-UP-semigroup is also a fuzzy nmear UP;-filter (resp., fuzzy
strongly UPs-ideal, fuzzy strongly UP;-ideal).

2. Fuzzy SorT SETS OVER FuLLy UP-SEMIGROUPS

From now on, we shall let A be an f-UP-semigroup A = (4,-,%,0) and P be a set of parameters. Let
F(A) denotes the set of all fuzzy sets in A. A subset E of P is called a set of statistics.

Definition 2.1. Let E C P. A pair (l?‘,E) is called a fuzzy soft set over A zf}: is a mapping given by
F: E — F(A), that is, a fuzzy soft set is a statistic family of fuzzy sets in A. In general, for every e € E,

Fle] := {(, fr el (x)) | x € A} is a fuzzy set in A and it is called a fuzzy value set of statistic e.

Definition 2.2. Let (F, Ey) and (G, Ey) be two fuzzy soft sets over a common universe U. The union [10]
of (ﬁ,El) and (G,EQ) is defined to be the fuzzy soft set (f‘,El) U (G’EQ) = (ﬁ,E) satisfying the following
conditions:
(i) E=E,UE; and
(ii) for alle € E,
Fle] ife€ Ey\ Ey
Hle] = { Gle] ife€ Ey\ Ey
FleJUGle] ife € By N Es.
The restricted union [13] of (F, Ey) and (G, Ey) is defined to be the fuzzy soft set (F, Ey) U (G, Ey) = (H, E)
satisfying the following conditions:
(i) E=E1NEy#0 and
(ii) Hle] = Fle] U Gle] for all e € E.

Definition 2.3. [10] Let (F, Ey) and (G, Ey) be two fuzzy soft sets over a common universe U. The OR
of (ﬁ,El) and (CN},Eg) is defined to be the fuzzy soft set (ﬁEl) v (G,Eg) = (ﬁ,E) satisfying the following
conditions:

(1) E = E1 X E2 and

(ii) Hley,es] = f‘[el] U é[eg] for all (e1,e2) € E.

Definition 2.4. Let (lE,El) and (G,Eg) be two fuzzy soft sets over a common universe U. The extended
intersection [13] of (f‘, Ey) and (é, Es) is defined to be the fuzzy soft set (ﬁ, El)ﬁ(é7 E,) = (ﬁ, E) satisfying

the following conditions:
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(i) E=FE,UE; and
(ii) for alle € E,
Fle] ife € By \ By
Hle] = { Gle] ife € By \ By
Fle]NGle] ifee By N Es.

The intersection [1] of (F, Ey) and (G, Es) is defined to be the fuzzy soft set (F,Ey) m (G, Ey) = (H, E)

satisfying the following conditions:

(1) E:ElﬂEQ;ﬁ@ and

(i) H[e] = Fle] N Gle] for all e € E.
Definition 2.5. [10] Let (F, Ey) and (G, E,) be two fuzzy soft sets over a common universe U. The AND
of (ﬁ,El) and (G,Ez) is defined to be the fuzzy soft set (f‘,El) A ((~},E2) = (ﬁ,E) satisfying the following

conditions:

(i) E=FEy x By and

(i) Hley, es] = Fles] N Glea] for all (e1,e2) € E.
Definition 2.6. A fuzzy soft set (f,E) over A is called a fuzzy soft UPs-subalgebra based on e € E (we
shortly call an e-fuzzy soft UPs-subalgebra) of A if a fuzzy set ﬁ[e} in A is a fuzzy UPs-subalgebra of A. If
(ﬁ,E) is an e-fuzzy soft UPs-subalgebra of A for all e € E, we say that (F, E) is a fuzzy soft UPs-subalgebra
of A.

We can call fuzzy soft sets that fuzzy soft UP;-subalgebras (fuzzy soft near UPs-filters, fuzzy soft near
UP;-filters, fuzzy soft UPs-filters, fuzzy soft UP;-filters, fuzzy soft UPs-ideals, fuzzy soft UP;-ideals, fuzzy soft
strongly UPs-ideals, and fuzzy soft strongly UP;-ideals) based on a statistic or fuzzy soft UP;-subalgebras
(fuzzy soft near UPs-filters, fuzzy soft near UP;-filters, fuzzy soft UPs-filters, fuzzy soft UP;i-filters, fuzzy soft
UPs-ideals, fuzzy soft UP;-ideals, fuzzy soft strongly UPs-ideals, and fuzzy soft strongly UP;-ideals) of A if
fuzzy soft sets satisfy statement in Definition 2.6.

We will introduce the notions of the restricted union, the union, the intersection, the extended intersection,

the AND, and the OR of any fuzzy soft sets and apply to f-UP-semigroups.

Definition 2.7. Let {(E,Ez) | i € I} be a nonempty family of fuzzy soft sets over a common universe
U where I is an arbitrary index set. The restricted union of (f‘l,El) is defined to be the fuzzy soft set
LUJieI(f‘i,Ei) = (F, E) satisfying the following conditions:

(i) E= e Ei #0 and

(i) Fle] = U;; File] for all e € B.
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Theorem 2.1. The restricted union of family of fuzzy soft near UP;-filters of A is also a fuzzy soft near
UP;-filter.

Proof. Let (1?‘“EZ) be a fuzzy soft near UP;j-filters of A for all © € I. Assume that @ig(ﬁi,Ei) = (ﬁE)

be the restricted union of (F;, E;) for all i € I. Then E = (.., E; # 0. Let e € E. By Theorem 1.3, we

iel
have Fle] = Uier F,[e] is a fuzzy near UPi-filter of A. Therefore, (F, E) is an e-fuzzy soft near UPj-filter of

A. But since e is an arbitrary statistic of E, we have (ﬁ, E) is a fuzzy soft near UP;-filter of A. ]

In the same way as Theorem 2.1, we can use Theorem 1.3 to prove that the restricted union of family
of fuzzy soft strongly UPs-ideals (resp., fuzzy soft strongly UP;-ideals) of A is also a fuzzy soft strongly
UPs-ideal (resp., fuzzy soft strongly UP;-ideal).

Definition 2.8. Let {(ﬁ‘z,Ez) | i € I} be a nonempty family of fuzzy soft sets over a common universe U
where I is an arbitrary index set. The union of (Fy, B;) is defined to be the fuzzy soft set Uiel(ﬁ-, E;) = (F,E)

satisfying the following conditions:

(i) E=U;cr Bi and

(ii) Fle] = Ujejﬁj[e] foralle € E with e € ;e ; Ej — Upes_y Ex where 0 % J C I
Theorem 2.2. The union of family of fuzzy soft near UP;-filters of A is also a fuzzy soft near UP;-filter.

Proof. Let (Fy, E;) be a fuzzy soft near UPj-filters of A for all i € I. Assume that ﬂieI(E, E;) = (F,E) be
the union of (F;, B;) for all i € I. Then E = Uier Bi- Let e € E.

Case 1: |J| = |I|. By Theorem 2.1, we have F[e] = Nicr Fi[e] is a fuzzy near UPj-filter of A.

Case 2: |J| = 1, that is, J is a singleton set. Then F[e] = Njegir Fle] = F,le] is a fuzzy near UP;-filter
of A.

Case 3: 1 < |J| < [I|. Then Fle] = Njes F;le]. Since e € E; for all j € J and e ¢ Ej, for some k € [ —J
and by same Case 1, we have F[e] is a fuzzy near UP;-filter of A.

Therefore, (F, E) is an e-fuzzy soft near UP;-filter of A. But since e is an arbitrary statistic of E, we have

(F, E) is a fuzzy soft near UPj-filter of A. O

In the same way as Theorem 2.2, we can prove that the union of family of fuzzy soft strongly UPg-ideals
(resp., fuzzy soft strongly UP;-ideals) of A is also a fuzzy soft strongly UPg-ideal (resp., fuzzy soft strongly
UP;-ideal).

In [16], we show that the union of two fuzzy soft UPs-subalgebras (resp., fuzzy soft UP;-subalgebras, fuzzy
soft near UP-filters, fuzzy soft UPs-filters, fuzzy soft UP;-filters, fuzzy soft UPs-ideals, fuzzy soft UP;-ideals)
of A is not fuzzy soft UPg-subalgebra (resp., fuzzy soft UP;-subalgebra, fuzzy soft near UPs-filter, fuzzy soft
UPg-filter, fuzzy soft UP;-filter, fuzzy soft UPs-ideal, fuzzy soft UP;-ideal).
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Definition 2.9. Let {(f‘,,Ez) | i € I} be a nonempty family of fuzzy soft sets over a common universe U
where I is an arbitrary index set. The intersection of (]_?‘Z, E;) is defined to be the fuzzy soft set ﬁﬂie,(ﬁi, E;) =
(ﬁE) satisfying the following conditions:

(i) E=Ner Es #0 and

(ii) Fle] = Nicr Fi[e] for all e € E.

Theorem 2.3. The intersection of family of fuzzy soft UPs-subalgebras of A is also a fuzzy soft UPs-

subalgebra.

Proof. Let (E, E;) be a fuzzy soft UP4-subalgebras of A for all ¢ € I. Assume that @iel(i‘i,Ei) = (i‘,E)

is the intersection of (E,EZ) forall i € I. Then E = (),.; E; # 0. Let e € E. By Theorem 1.2, we have

iel
Fle] = Nicr Fi[e] is a fuzzy UP,-subalgebra of A. Therefore, (F, E) is an e-fuzzy soft UPg-subalgebra of A.

But since e is an arbitrary statistic of E, we have (F, E) is a fuzzy soft UP,-subalgebra of A. O

In the same way as Theorem 2.3, we can use Theorem 1.2 to prove that the intersection of family of fuzzy
soft UPj-subalgebras (resp., fuzzy soft near UPg-filters, fuzzy soft near UP;-filters, fuzzy soft UPg-filters,
fuzzy soft UP;i-filters, fuzzy soft UPg-ideals, fuzzy soft UP;-ideals, fuzzy soft strongly UPs-ideals, fuzzy soft
strongly UP;-ideals) of A is also a fuzzy soft UP;-subalgebra (resp., fuzzy soft near UP-filter, fuzzy soft near
UP;-filter, fuzzy soft UPg-filter, fuzzy soft UP;-filter, fuzzy soft UPgs-ideal, fuzzy soft UP;-ideal, fuzzy soft

strongly UPg-ideal, fuzzy soft strongly UP;-ideal).

Definition 2.10. Let {(ﬁ‘“El) | i € I} be a nonempty family of fuzzy soft sets over a common universe
U where I is an arbitrary index set. The extended intersection of (E, E,) is defined to be the fuzzy soft set
ﬂigl(ﬁ-, E) = (ﬁ, E) satisfying the following conditions:

() B=U,e, Bi and

(i) Fle] = ﬂjle‘j[e] foralle € E with e € ;e ; Ej — Upes_y Ex where 0 # J C 1.
Theorem 2.4. The extended intersection of family of fuzzy soft UPs-subalgebras of A is also a fuzzy soft
UP;s-subalgebra.

Proof. Let (F;, E;) be a fuzzy soft UPg-subalgebras of A for all i € I. Assume that ﬂiel(ﬁi, E;) = (F,E) is

the extended intersection of (Fy, E;) for all i € I. Then E = |J,., E;. Let e € E.

i€l
Case 1: |J| = |I|. By Theorem 2.3, we have Fle] = Nicr Fy[e] is a fuzzy UP,-subalgebra of A.
Case 2: |J| = 1, that is, J is a singleton set. Then Fle] = Njegiy ﬁj [e] = ﬁj [e] is a fuzzy UPs-subalgebra
of A.
Case 3: 1 < |J| < |I|. Then F[e] = Nies ﬁj[e]. Since e € Ej for all j € J and e ¢ Ej, for some k€ I — J

and by same Case 1, we have F[e] is a fuzzy UPs-subalgebra of A.
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Therefore, (f‘, E) is an e-fuzzy soft UPs-subalgebra of A. But since e is an arbitrary statistic of E, we
have (ﬁ, E) is a fuzzy soft UPg-subalgebra of A. O

In the same way as Theorem 2.4, we can prove that the extended intersection of family of fuzzy soft UP;-
subalgebras (resp., fuzzy soft near UPg-filters, fuzzy soft near UP;-filters, fuzzy soft UP-filters, fuzzy soft
UP;-filters, fuzzy soft UPg-ideals, fuzzy soft UP;-ideals, fuzzy soft strongly UPg-ideals, fuzzy soft strongly
UP;-ideals) of A is also a fuzzy soft UPj-subalgebra (resp., fuzzy soft near UPg-filter, fuzzy soft near UP;-
filter, fuzzy soft UPg-filter, fuzzy soft UP;-filter, fuzzy soft UPg-ideal, fuzzy soft UP;-ideal, fuzzy soft strongly
UPs-ideal, fuzzy soft strongly UP;-ideal).

Definition 2.11. Let {(ﬁl, E;) | i € I} be a nonempty family of fuzzy soft sets over a common universe U
where I is an arbitrary index set. The AND of (E, E;) is defined to be the fuzzy soft set /\iel(ﬁi’ E;) = (ﬁ‘, E)
satisfying the following conditions:

(i) E=[Lies Ei and

(i) Fl(es)icr] = Njes Filed] for all (e:)ier € E.

Theorem 2.5. The AND of family of fuzzy soft UPs-subalgebras of A is also a fuzzy soft UPs-subalgebra.

Proof. Let (E,Ei) be a fuzzy soft UPg-subalgebras of A for all ¢ € I. By means of Definition 2.11, we
assume that A\, ;(Fi, B;) = (F, ) such that E = [[,.; E; and F[(e;)ier] = Ny Files] for all (e;)ier € E.

Assume that e = (¢;);er € F and let 2,y € A. Then

frg (@ v) = Fiea (@ 9)

iel
= inf{fﬁi[ei] ('r : y)}iel

> inf{min{fg .\ (2), 55 ()W)} ier

= min{inf{fﬁi [e] (@) }ier, inf{fﬁi[ei] (y) bier}

= min{fﬂ,g ﬁi[et] (1‘)7 fﬂiel ﬁl[t%] (y)}

= min{fg, (), f, (¥)}, and
fﬁ[e} (rxy) = fﬂiez ﬁi[ei](x *y)
= inf{fg . (z *y) bies
> inf{min{fy ., (2). 15, ., ()} ier
= min{inf{fﬁi[ei] () }ier, inf{ffi[ei] (y)}ier}
=min{f @) F e @)}

i€l i€l

= min{fﬁ[e] (2), fﬁ[e] ()}
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Therefore, ﬁ[e] is a fuzzy UPg-subalgebra of A, that is, (f‘, E) is an e-fuzzy soft UPg-subalgebra of A. But

since e is an arbitrary statistic of F, we have (ﬁ, E) is a fuzzy soft UPg-subalgebra of A. ]

In the same way as Theorem 2.5, we can use Theorem 1.2 to prove that the AND of family of fuzzy
soft UPj-subalgebras (resp., fuzzy soft near UPg-filters, fuzzy soft near UP;-filters, fuzzy soft UPg-filters,
fuzzy soft UP;i-filters, fuzzy soft UPg-ideals, fuzzy soft UP;-ideals, fuzzy soft strongly UPg-ideals, fuzzy soft
strongly UP;-ideals) of A is also a fuzzy soft UP;-subalgebra (resp., fuzzy soft near UP-filter, fuzzy soft near
UP;-filter, fuzzy soft UPg-filter, fuzzy soft UP;i-filter, fuzzy soft UPy-ideal, fuzzy soft UP;-ideal, fuzzy soft

strongly UPg-ideal, fuzzy soft strongly UP;-ideal).

Definition 2.12. Let {(ﬁl, E;) | i € I} be a nonempty family of fuzzy soft sets over a common universe U
where I is an arbitrary index set. The OR of (Fy, E;) is defined to be the fuzzy soft set \/iel(ﬁ“ E;) = (F,E)

satisfying the following conditions:
() E =L, B and

(it) Fl(ei)ier] = Ue; Files] for all (e;)ier € E.
Theorem 2.6. The OR of family of fuzzy soft near UP;-filters of A is also a fuzzy soft near UP;-filter.

Proof. Let (ﬁ, E;) be a fuzzy soft near UP;-filters of A for all ¢ € I. By means of Definition 2.12, we assume

that \/iel(ﬁi,Ei) = (F, E) such that E = [I;c; Ei and Fl(e:)ier] = Uier File:] for all (e;)ier € E. Assume

that e = (e;)ie; € E and let x,y € A. Then

1) (0) = £, Fifeny (0)
= SUP{fﬁi[ei](O)}iel

> SUP{fﬁi[ei](x)}ieI

= fii[e] (f)v
g (@ ¥) =y, Fofen (@ )

= sup{fﬁi[ei](z “Y) Yier
> SUp{fﬁi[ei](y)}iel
= fUieI ﬁ,;[e,-](y)

= fﬁ[e] (y), and
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fpe (% y) = fU,-e, Fifed (% Y)
= sup{fgi[ei] (@ *y)tier
= sup{max{fy .\ (z) {5, ., ()} ier
= max{sup{fi . (=) }icr, sup{fy, ., (¥) }ier }
= max{fnigl 7 fes) (£)s fﬂie] Fofe W)}
= max{fﬁ[e] (), fﬁ[e] ()}

Therefore, Fle] is a fuzzy near UPi-filter of A, that is, (F, E) is an e-fuzzy soft near UP;-filter of A. But

since e is an arbitrary statistic of E, we have (f, E) is a fuzzy soft near UP;-filter of A. O

In the same way as Theorem 2.6, we can use Theorem 1.3 to prove that the OR of family of fuzzy soft
strongly UPg-ideals (resp., fuzzy soft strongly UP;-ideals) of A is also a fuzzy soft strongly UPg-ideal (resp.,
fuzzy soft strongly UP;-ideal).

The following example shows that the OR of two fuzzy soft UPg-subalgebras of A is not fuzzy soft UPg-

subalgebra.
Example 2.1. Let A be the set of four series of the iPhone, that is,
A=1{5,6,7, X}.

Define two binary operations - and x on A as the following Cayley tables:

X 7 6 5 x| X 7 6 5
X|X 7 6 5 XX X X X
TIX X 6 5 TIX X X X
6| X 7 X b 6] X X X 7
51X 7 6 X o1 X X 7T X

Then A = (A,-,*, X) is an f-UP-semigroup. Let (F1, E1) and (Fa, Ey) be two fuzzy soft sets over A where
Ey = {price, beauty, specifications} and Fy := {price, stability}

with f‘l[price], f‘l[beauty], ﬁl[speciﬁcations},f‘g[price], and ﬁQ[stability] are fuzzy sets in A defined as follows:

Fy X 7 6 ) ~

Fq X 7 6 5
price 09 0.7 09 02

price 0.9 0.3 0.2 0.8
beauty 1 08 03 02

stability 0.7 0.2 0.5 0.2

specifications 0.6 0.5 0.3 04
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Then (ﬁl,El) and (ﬁQ,EQ) are two fuzzy soft UPs-subalgebras of A. Since (price, price) € E1 X Es, we have

f

(fﬁ‘l[price]uﬁz[price])(5 * 6) = ( f‘l[pm'ce]uﬁz[price])(’?)

=0.7

#0.8

= min{0.8,0.9}

= mln{( Fl[przce]UFz[przce])(5)7 (ff‘l[price]uﬁg[price])(6)}'

Thus Fy [price]uﬁg[price] is not a fuzzy UPs-subalgebra of A, that is, (ﬁl, Ey) U(ﬁ% Es) is not a (price, price)-
fuzzy soft UPs-subalgebra of A. Hence, (fl, Ep) U(fg, Es) is not a fuzzy soft UPs-subalgebra of A. Moreover,
(F1, E1) V (Fa, By) is not a fuzzy soft UPs-subalgebra of A.

We can apply those examples in [16] to check that the OR of two fuzzy soft UP;-subalgebras (resp.,
fuzzy soft near UP-filters, fuzzy soft UPg-filters, fuzzy soft UP;-filters, fuzzy soft UPg-ideals, fuzzy soft
UP;-ideals) of A is not fuzzy soft UP;-subalgebra (resp., fuzzy soft near UPg-filter, fuzzy soft UPg-filter,
fuzzy soft UP;-filter, fuzzy soft UPs-ideal, fuzzy soft UP;-ideal).

We prove that certain distributive laws hold in fuzzy soft set theory with respect to the restricted union,

the union, the intersection, and the extended intersection on any fuzzy soft sets.

Theorem 2.7. Let (fi, E;) and (ﬁ, E) be fuzzy soft sets over a common universe U where I is a nonempty

set. Then the following properties hold:

(1) (F, B) A (e, (Fi, Ei) = Ui, (F, B) @ (Fy, E7)),
2) (UsesFi, E) @ (F, B) = Ui, (Fi Ei) 01 (F, ),
(3) (F,B)U (N, (Fi, Ei)) = Ny (F,B) 0 (Fy, Ey)),
(4) (Nies(Fi E) U (F,E) = (Fi, E) U, (F, E),
) (F,B)n (Wi, (Fi, E) = Ui, ((F, B) n (Fi, E2)),
6) Wie,F:, By (F, B) = Ui, ((Fi, B) 0 (F, B)),
(7) (F,B) U (Mic(Fi, E)) = Mies (F, B) U (F, Ey)),
(8) (Mics(Fs, E)) U (F, B) = M ((Fi, B:) U (F, B)),
©) B0 (Uicr(F:, E)) = Uit (F, B) a (Fi, E2)),
(10) (Wi, F, E)ym (F,B) = Ui, ((Fi, E) m (F, E)),
(11) (F, B) W (Mies (F, E:) = Mies (F, B) © (F;, Ey)), and
(12) (Mies(Fr, E) © (F, E) = M, (F;, i) v (F, E)).

Proof. (1) First, we investigate left hand side of the equality. Suppose that Ulel(an E;) = (G EY) is
the union of (F;, E;) for all i € I. Then EV = User Ei and for any e € EY, Gle] = UjeJﬁj[e] with
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e € M;es Ej—Uies—y B where 0 £ J C I. Thus (F, E)a(U;¢; (Fi, ) = (F, E)a(G, EY) = (H, EVT). For
any e € BV = ENEV # (), Hle] = Fle]NG[e] where ENEV = EN(U,er Ei) = U;e (ENE;). By considering
G as piecewise defined function, we have Hle] = F[e]N (Ujes ﬁj le]) with e € (e, (ENE;) —Uper_ s (ENEL)
where () # J C I.

Consider the right hand side of the equality. Suppose that (ﬁ, E)m (1?‘1, E) = (i, E!) is the intersection
of (F,E) and (Fy,E;) for all i € I. Then El = ENE; # () and for any e € E!, L;le] = Fle] N Fy[e].
Now, Uie[((ﬁvE) m (K, E;)) = Uiel(fiinI) = (J,E'Y), where E'V = Uier B = Uje;(E N E;). For any
e € BV, Jle] = UjEJTj[e] with e € ;¢ El —Uper—y Ef where § # J C 1. Considering 1, as piecewise
functions for all i € I, we have J[e] = UjEJ(f[e] N fj[e]) with e € (N, (BN Ej) — Uper_s(E N Ey)
where ) # J C I. By Theorem 1.1 (1), it is clear that H and J are same set-valued mapping. Hence,
(F, B) A (U (Fi, Bi) = U, ((F, B) A (5, Ey)).

(2) By using techniques as in (1) and by Theorem 1.1 (2), then (2) can be derived.

(3) By using techniques as in (1) and by Theorem 1.1 (3), then (3) can be derived.

(4) By using techniques as in (1) and by Theorem 1.1 (4), then (4) can be derived.

(5) First, we investigate left hand side of the equality. Suppose that U;Ul-el(l?‘i,Ei) = (G,ERU) is the
restricted union of (Fy, ;) for all i € I. Then ERV = Nicr Bi # 0 and for any e € BV, Gle] = Uier Fy[e].
Thus (F, B) N (U,c;(F:, B)) = (F, B) N (G, ERY) = (1, ERVET). For any e € ERFUVET = EU ERU . we have

Fle] ifee B\ ERY
Hle] = ¢ GJe] ifec ERU\ E
Fle)nGle] ifee EnERY,

By taking into account the definition of G along with ﬁ, we can write

Fle] ifec B\ (Nies Ei)
Hle] = User ﬁi[e] ife€ (N Bi)\ E
Fle] N (Ue; File]) ife € EN(Nyes Ei).-

Consider the right hand side of the equality. Suppose that (F, E) N (F;, E;) = (I;, EFT) is the extended
intersection of (F, E) and (F;, E;) for all i € I. Then for any e € EF! = E U E;, we have

Fle] ifec B\ E;
Lie] = { Fyle] ifec B;\ F

Fle|NFile] ifec ENE;.
Now, Ui (F, B) 0 (F;, B))) = Uie, (T, EET) = (3, EFIRV) where EFIRU = (,_, EI = N

ier(BEUE;) =

EU(N;er Ei) # 0. For any e € EFIRY, Jle] = Uieli [e]. By taking into account the properties of operations
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in set theory and considering L as piecewise defined functions for all ¢ € I, we have

Uier I?[e} ifee B\ (Ner £i)
Jel =9 Uier F[e] ifee (e, B\ E
Uier(FlelNFile]) if e € EN(Nig; Ba)-
And so
Fle] ifec E\ (N;e; )
Je] =1 Uses File] if e € (N;e; i)\ E
Uie](ﬁ[e]mf‘i[e]) if e € EN(Nies Ei)-
By Theorem 1.1 (1), it is clear that H and J are same set-valued mapping. Hence, (F,E)N (wiel(ﬁi, E)) =
U.c/(F, B)n (F;, E)).

(6) By using techniques as in (5) and by Theorem 1.1 (2), then (6) can be derived.

(7) By using techniques as in (5) and by Theorem 1.1 (3), then (7) can be derived.

(8) By using techniques as in (5) and by Theorem 1.1 (4), then (8) can be derived.

(9) First, we investigate left hand side of the equality. Suppose that @ieI(E,Ei) = (G,ERY) is the
restricted union of (F;, E;) for all i € I. Then ERV = Nicr Ei # 0 and for any e € EXY, Gle] = Uier File].
Thus (F, B) @ (Uie; (Fi, E)) = (F,E) @ (G, ERY) = (H, ERUT). For any e € EFVI = EnERV = EN
(Nies B) # 0, we have Hife] = Fle] N Gle) = Fle] 1 (Use File]).

Consider the right hand side of the equality. Suppose that (ﬁ, E)m (E, E;) = (TZ-, E!) is the intersection
of (F,E) and (Fy, E;) for all i € I. Then El = ENE; # () and for any e € EI, T;le] = Fle] N Fy[e].
Now, U,/ (F, B)m (F, E)) = Ui, (T, B = (3, BBV, where E'RU = (., E! = N,.,(EN E;) # 0.
For any e € E'RU, Jle] = U, Lle] = Ujes(Fle] N Fife]). Since ;e (BN E;) = EN (Nie; Ei), we

EIRU _ ERUI

have By Theorem 1.1 (1), it is clear that H and J are same set-valued mapping. Hence,

.80 (Uier(Fi. 5) = Uici(F. B) 0 (7. 2).
(10) By using techniques as in (9) and by Theorem 1.1 (2), then (10) can be derived.
(11) By using techniques as in (9) and by Theorem 1.1 (3), then (11) can be derived.
(12) By using techniques as in (9) and by Theorem 1.1 (4), then (12) can be derived. O
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