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ABSTRACT. Let K be a nonexpansive retract of a uniformly convex Banach space X with retraction P and
Ti1...,m + K — X a finite family of uniformly continuous generalised asymptotically nonerpansive maps
with a nonempty common fixed point set F. We provided and proved sufficient conditions for the strong

convergence of a sequence of successive approximations generated by an m-step algorithm to a point of F'.

1. INTRODUCTION

Let K be a nonempty subset of a normed linear space E. K is said to be (sequentially) compact if every
closed bounded sequence in K has a subsequence that converges in K. K is said to be boundedly compact
if every bounded subset of K is compact. Finite dimensional spaces are boundedly compact. Given a subset
S of K, we shall denote by co(S) and ccl(S) the convex hull and the closed convex hull of S respectively. If
K is boundedly compact convex and S is bounded, then co(S) and hence ccl(S) are compact convex subsets

of K.

A map T : K — E is said to be semi-compact if for any bounded sequence {x,} C K such that
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| — Txn|| — 0 as n — oo there exists a subsequence {x,,} of {x,} such that x,, converges strongly to
some z* € K as j — oco. The map T is said to be demi-compact at z € E if for any bounded sequence
{zn} C K such that ||z, — Tx,|| — 2 as n — oo there exist a subsequence {z,,} of{z,} and a point
p € K such that z,,, converges strongly to p as j — oo. (Observe that if T" is additionally continuous, then
p—Tp = z). A nonlinear map T : K — E is said to be completely continuous if it maps bounded sets into
relatively compact sets. A mapping T : K — E is called nonexpansive if and only if for all z,y € K, we

have that
[Tz — Tyl < flz —yll. (1.1)

K is called a nonexpansive retract of E' if there exists a nonexpansive map P : E — K which is onto and
such that P? = I. The map P is called the nonexpansive retraction of E onto K. Let K be a nonempty
subset of a real normed space E. Let P : E — K be a nonexpansive retraction of £ onto K. A nonself
map T : K — FE is called asymptotically nonexpansive mapping if and only if there exists a sequence

{tn}n>1 C [0,400), with lim p, = 0 such that for all z,y € K,

n— oo

IT(PT)" e = T(PT)" 'yl < 1+ pa)llz =y VneN (1.2)

where P : X — K is nonexpansive retraction of F onto K. T is called generalised asymptotically
nonezpansive mapping if and only if there exist a sequences {iin trn>1, {Wn}n>1 C [0, 400), with lim pu, =1
- - n—oo

and lim 7, = 0 such that for all z,y € D(T),
n—roo
IT(PeT)™ ' = T(PRT)" Yy < palle — gl + 10 0> 1. (13)

Goebel and Kirk [3] introduced the class of asymptotically nonexpansive mappings as a generalisation
of nonexpansive mappings, Zegeye and Shahzad [13] introduced the class of generalised asymptotically
nonexpansive mappings as a generalization of asymptotically nonexpansive maps. As further generali-
sation, Alber, Chidume and Zegeye [1] introduced the class of total asymptotically nonexpansive map-
pings, where T : K — H is called total asymptotically nonexpansive if and only if there exist two se-
quences {fin tn>1, {Mn}tn>1 C [0, +00), with nl;ngo tn =0 = nl;ngo 7, and nondecreasing continuous function

¢ : [0, +00) — [0,4+00) with ¢(0) = 0 such that for all z,y € K,
IT(PT)" e = T(PxT)" 'yl < | = yll + pnd(lz = yl)) + 10 n> 1 (1.4)

Ofoedu and Nnubia [8] gave an example to show that the class of asymptotically nonexpansive mappings is a
proper subset of the class of total asymptotically nonexpansive mappings. The class of total asymptotically
nonexpansive type mappings includes the class of mappings which are asymptotically nonexpansive in the

intermediate sense. These classes of mappings had been studied by several authors (see e.g., [3], [5], [11], [14]).
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2. PRELIMINARIES

We shall make use of the following result:
A Banach space F is said to satisfy Opial’s condition if for each sequence {z,},>1 € E which converges
weakly to a point z € E, we have that linlgioléf lzn — 2| < hnHi}OI(lDfon —y|, Yy € E, such that y # z. It is
well known that every Hilbert space satisfies Opial’s condition(see e.g., [9]).
A map T is said to satisfy condition B if there exists f : [0,00) — [0,00) strictly increasing, continuous,
£(0) = 0 such that for all x € D(T), ||x — Tz| > f(d(x, F)) where F = F(T) = {z € D(T) : = Tz} and
d(z,F) = inf{||lz — y|| : y € F}.

Lemma 2.1. [2] Let H be a real Hilbert space. Then for all x,y € H the following inequality holds.

lz +ylI* < ll2l* + 2(y, @ + y).

Lemma 2.2. [2] For any x,y, z in a real Hilbert space H and a real number \ € [0,1],

A2+ (1= Ny =2l = Az — 217 + (1 = Mlly — 2 = A1 = Nz = y]|*.

Lemma 2.3. [12] Let {x,} be sequence of nonegative real numbers satisfying the following relation:
Tn+1 S Tpn — Qpdnp + 6n7 n Z no,

where {ap }n>1 C (0,1) and {6, }n>1 C R satisfying the following conditions:

oo
Zan =00, lim «a, =0 and limsupd, <0, then lim z, = 0.
= n—00 n—o00 n—00

Lemma 2.4. Let {pn},{vn} and{n,} be nonnegative sequences such that

Z v, < 00 ,Znn < o0 and pipn+1 < (L+ vp)pin + nn. Then lim p, exists.
n>0 n>0 nree

The nearest point projection Pg : H — K defined from H onto K is the function which assign to
each x € H its nearest point denoted by Pxx € K. Thus Pxx is the unique point in K such that

e — Pxz|| < ||z — y|| for all y € K and we have the following Lemmas.

Lemma 2.5. [12]. Let K be a closed convex nonempty subset of a real Hilbert space H. Let x € H, then
z = Pgx if and only if
(r—zy—2 <0VyeK.

Lemma 2.6. Let K be a closed conver monempty subset of a Banach space E and let Tiey : K —
K where i € I = {1,2,...,m}. be finite family of continous nonlinear maps in K such that F = (i, F(T;) #
0 and let {zy,}n>1 be a sequence of successive approzimation satisfying

(1) lim ||z, — Tiz,|| =0 Viel
n—oo
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(2) lzntr — 2| < (1 +70)[|wn — %[ + v

where Z vy, < 00 and Z Tn < 00. Then, {x,} converges strongly to a common fized point of T;’s if and
n>0 n>0
only if liminf, . d(x,, F) = 0.

Proof Now,
d(xn+1, F) < (A +7m)d(x,, F)+ vy, (2.1)

hence lim inf, o d(p, F) = 0 = lim, o0 d(xp, F). Also,Vk >0

k
|Zniner =2l < TE_o(1+ Tngg)llzn — 2+ D vnir—g 5 (1 + Tir—r)
7=0
k
< (14 Tag ) ([on — 2+ D vnrny)
7=0

IN

k
Qllen — 2+ vns))
=0

So that given any € > 0 there exists an integer ng > 0, such that for all n > ng, d(x,, F) < m and

Vntj < Tmorny ¥ J = L,2,...,m. So 32" € F such that d(zp,,z") < that is, ||zn, — 2*| <

___£€ ___£€
4(Q+1) 4(Q+1)

Now,

|znr = 2ol < Jnsr — 2"l 4 ln — 2% < 2Q@ng =27+ D Vig+s)

13 13
= 2Q(4(Q+ "m0+ 1))
= 2Q(m <e.

So, {z,} is a Cauchy sequence in F and so it converges to some u* € K. But, z,, — T;x,, - 0 asn — oo Vi
and T; is continuous V i. Hence, 0 = lim (z, — T3x,) = lim x, — T;( lim x,) = v* — Tyux. So that u* € F.
n—oo n—oo n—o0

i.e u* = z* € F. Hence, z,, - x* as n — oo. This completes the proof since the other part is obvious.

Lemma 2.7. Let K be a closed convex nonempty subset of a Banach space E and let T; : K — K where i €
I={1,2,...,m}. be finite family of continuous nonlinear maps in K such that F = (-, F(T;) # 0 and let
{Zn}n>1 be a sequence of successive approximation satisfying
(1) lim ||z, —Tiz,|| =0 Vie I
n—oo
(2) [lzntr — 2" < (X4 70)[[2n — 27| + vm
where Z Vp < 00 and Z Tn < 00 Then, {x,} converges strongly to a common fized point of T;’s if one of

n>0 n>0
the T;’s satisfy condition B.
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Proof Let T;, satisfy condition B. Then 3f : [0, 00) — [0,00) with f(0) = 0 and
f(d(@n, F)) < |lzn = Tigznl,

hence

lim f( (mNa )) < nh—>ngo Hl‘n - T’mxn” =0.

n— oo

Therefore,

lim d(z,, F)=0.

n—oo

Thus by Lemma 2.6, {x,,} converges strongly to a common fixed point of 7T}’s, this concludes the proof.

Lemma 2.8. Let K be a closed convex nonempty subset of a Banach space E and let T; : K — Kwhere i €
I={1,2,...,m}. be finite family of continuous nonlinear maps in K such that F' = ﬂf;l F(T;) # 0. Suppose

the sequence {x,}n>1 of successive approzimation satisfies the following conditions

(1) lm ||z, —x*| exists withe* € F,
n—oo
(2) lim ||z, —Tiz,|| =0 Vie I,
n—oo
(3) {Zn}n>1 has a convergent subsequence {xy; fn>1.

Then, {x,} converges strongly to a point of F.

Proof Suppose that {z, } has a convergent subsequence {x,, } and let x,;, — p as j — oo, since x,, =Tz, — 0
asn — oo foralli e {1,2,..., N}. It implies that x,;, —T;x,; — 0as j — oo foralli € I. Also, by continuity
of Ty Tixn, — Tip as j — oo foralli € I . So, [|p— Tip|| = nl;ngo lzn, — Tizn, || = 0,Vi which implies that
p € F. Now, 'n,h—>Holo |zn, — p|| exists from our hypothesis and nh_)rrgo lzn, —pll =0, SO,}i_,H;O |2n, — p|l = 0. Thus,

{z} converges strongly to a point of F.

Remark 2.1. The conditions for which {x,} has a convergent subsequence includes

1) T; is completely continuous Vi € {1,..., N}.
2) T; is demicompact ¥i € {1,..., N}.

4

(1)
(2)
(3) T; is semicompact for some i € {1,..., N}.
(4) K is compact.

(5)

5) K is boundedly compact.

Proposition 2.1. Let K be a nonezxpansive retract of a uniformly convex Banach space X with nonerpansive
retraction P. Let T : K — X wuniformly continuous genemhsed asymptotzcally nonexpansive map with
associated sequences {fintn>1,{Mn}n>1 C [0,+00) with Z (bn — 1) < o0 Znn < 0o , suppose that
F(T) # 0. Then F(T) is closed and convez (where F(T) z's the fized point set gf:%).
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Proof. Let {z,} be a sequence in F(T) converging to z* € K, then z,, = Tz,¥ n > 0. By continuity
of T,z* = lim z, = lim T, = T( lim z,) = Tz*. Thus, 2* € F(T) and F(T) is closed. Next, we show
n—oo

n— oo n— oo

that F(T) is convex. For t € (0,1) and =,y € F(T), put z = (1 — t)x + ty, we show that z = T'z.
lz = T(PxT)" 2l = |l2]* = 2(2, T(PT)" " 2) + | T(PxT)" |
= |l2l* = 2(1 — &)z, T(PxT)"~"2) — 2t{y, T(PKT)"'2)
HIT(PT)" 2|2
= |z* + @ = t)llw = T(PT)" " 2l|* + tlly — T(PT)" 2]

=1 =)]* — tlyl?

< 2P+ (=l = 20+ 00)? + tunlly = 2] + 70)?
—(L=t)]]” - ¢lly[®
=zl + (=) (ualle = 20> + Cuallz = 2l + na)7m)
+t(pnlly = 21 + Cunlly = 2l + 10)mm) = (1= 8)]|2]* = ¢ly]|?
= |zl + @ =ty (i) = (|21 = 2(=, 2))
+tun (lyll? = 1217 = 2(y, 2))
21 (1 = )| — 2l + tlly — 2Il) + 795 — (1 =) [|=]1> — t]lyl®
= (L)l + (e = (= O)ll]? + tllyl*) = 2pn (1 = t){z, 2)
(Y, 2)) + 20 (1= )|z = 2| + tlly = 2|) + 73
< (= D@ =)z + eyl + 120%) + 2022112

—2u2 (1 — t)(z, ) + t{y, 2))
2000 (1 = )l — 2| + tlly — 2I) + 07
= (un = (@ =Ollzl® +tllyl? + [12]1*) — 25 (1 — ), 2)
+t{y, 2) — (L= t)]|2]* — tl|=]1?)
2410 (1= 0|z — 2| +tlly — 2[1) + 5
= (= D@ =l + tllyl* + 11201) =205 (1 = )z — 2, 2)
+t(y = 2,2)) + 2pnnn (1= )]l — 2l + tlly — 2I) + 07
= (o = D(@ =l +tlyll® + [12?) = 20((1 = )z — 2) + t(y — 2), 2)

20 (1= )l = 2] + tly = z[) + 07
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= (un = D(A =l +tlly) + 12l*) = 205t (1 = ) ((z —y +y — ,2)
0 + 24t (1 = t)llz — 2]l + tlly — 2I])

= (un = DA = Ozl + tlly 1 + [1201*) + 461 = )]l = yllpnra + 7

Thus, lim |z — T(PxT)" 2| = 0, which implies that lim T(PxT)" 'z = 2z and hence z =
n—oo n— oo

lim T(PxT)" 'z = TPg( lim T(PgT)" 2z) = TPxz = Tz. Thus, z € F(T). This completes the proof.
n— 00 n—oo

Proposition 2.2. Let K be a nonexpansive retract of a uniformly convex Banach space X with nonex-
pansive retraction P. Let T, : K — X (i = 1,...,m) be a finite family of uniformly continuous gen-
eralised asymptotically nonexpansive map with associated sequences {in}n>1,{Nintn>1 C [0,+00) with

oo

Z(Mm -1) < o0, Z Nin < 00. Suppose that F =\, F(T;) # 0. Then F is closed and conve.

n=0 n=0
Proof. By Lemma 2.1, we have that F(T;) is closed for each i. Now, F = (., F(T;) is a finite
intersection of closed sets, hence closed. Also, by Lemma 2.1, we have that F'(T;) is convex for each 4. Since

F =, F(T;) is a finite intersection of convex set, we have that F' is convex.

Proposition 2.3. Suppose that there exist ¢ > 0,k > 0 constants such that ¢(t) < ct for all >k, then T

is total asymptotically nonexpansive if and only if T is generalised asymptotically nonexpansive.

Proof It is known that every generalised asymptotically nonexpansive map is total asymptotically non-
expansive, so it suffices to show that that every total asymptotically nonexpansive with the condition of our

hypothesis is generalised asymptotically nonexpansive. Now, let T" be such that
[Tz = T"y[| < [l — yll + pno(llz —yll) + 1m0 n =1 (2.2)

Since ¢ is continuous, it follows that ¢ reaches its maximum (say cp) on the interval [0, k]; moreover, ¢(t) < ct

whenever ¢ > k. Thus,

o(t) <co+ct Vie[0,+00). (2.3)

So, we have,

[T =Ty < o=yl +palco+clz=yl)+n. n=>1

= (1 + :Unc)Hx - yH + nCo + Mn

= (4w)llz =yl +n

where v, = pnc and 7y, = pnco + 1,. This completes the proof.
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Corollary 2.1. Let K be a nonexpansive retract of a uniformly convex Banach space X with nonexpansive

retraction P. Let T : K — X be a uniformly continuous total asymptotically nonexpansive map with
o0 o0

associated sequences {in}n>1,{Nn}n>1 C [0, +00) with Z(un -1) < o0 Znn < 00 . Suppose that there

n=0 n=0
exist ¢ > 0,k > 0 constants such that ¢(t) < ctVt >k, and that F(T) # 0 then F(T) is closed and conver.

Corollary 2.2. Let K be a nonexpansive retract of a uniformly convex Banach space X with nonexrpansive
retraction P. Let T; : K — X (i = 1,...,m) be a finite family of uniformly continuous total asymptotically

oo

oo
nonexpansive maps with associated sequences {ftin }n>1, {Nintn>1 C [0, +00) with Z(Hin*l) < 00 Z Nin <
n=0 n=0

oo . Suppose that there exist ¢ > 0,k > 0 constants such that ¢(t) < ¢t for all t > k, and that F =
Niv, F(T;) # 0 then F is closed and convex.

3. MAIN RESULTS

Proposition 3.1. Let H be a normed linear space, let K be a closed convex nonempty subset of H and let
T,K — H (i €I={1,....m}) be a finite family of continuous generalised asymptotically nonexpansive map

with sequences {fhin tn>1, {Ninfn>1 C [0, +00) such that lim p;, =1 and lim n, =0 with
= = n— o0 n—oo

Z(um -1) < an < 00
n=0 n=0

. Suppose that F(T) # 0 and let {x,}n>1 be a sequence generated iteratively by starting with an arbitrary
xg € K, define by

Yn,i = PK[(]- - an)xn + Oénzji(PTi)nilyn,i—l]a
Yn,0 = TniYnm = Tn+1 =Ynt+1 N >0,

(3.1)

where {ay, n>1, 15 a sequence in (0,1) such that0 < { < B, <e<1Vmn>1. Letz* € F, then lim |x,—z"|
- n—oQ

extst
Proof. Let «* € F, j € I then from (3.1) we have that

lyns =2l = IPx[( = an)on + anTi(PT})" yn j-1] = Pa”| (3.2)

< (L= an)llzn — 2% + 0| T (PT)"  yn j—1 — 2|

IA

(1 —ap)llen — x*H + an(ﬂn,j)||yn,j—1 - x*H + Nin)-

(1 = an)llzn =" + anpn,j([ynj—1 = 27 + anin ;)
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||yn,1 —2' < (1—oap)llen — 2% + an.un,l(Hyn,O —z*| + O‘nnn,l)

< (1 + an(/‘n,lfl)) |2n — 2| + Anln,1

||yn,2 - x*H < (1 - O‘n)Hxn - x*H + O‘n,un,2((1 + O‘(H”a 1- 1))||33n - m*|| + O‘nnn,l) + anin,2-

< (1 + an(pin2 — 1) + ai,u(m 2)(pn,1 — 1)) lzn — 2| + aiﬂn,Znn,l + anip 2.

lyns — 2 < (14 anpns — 1) + appn, 3) (a2 — 1) + o pn, 3)pn 2 (ptn,1 — 1)) |z, — 27|

Fntns + Q2 3002 + O3 iy 3ftn 200 1

Hence,
j
lyns =2l < (LY ol T o sr1 (o1 — 1) [lon — 27
t=1

J
tort—1
+§ o I 2 i i — s 41T — 41 -
=1

m
[ — 2| < (1 + Zafwnz;llﬂn,m—ﬁ-l(ﬂn,m—t-i-l - 1)) (e
t=1
m
+ at Htfl
Z nils=1Mnm—s+1Tn,m—t+1
t=1

< (1+a™0D (g — D)z — 2+ ¢ 0y
j=1 j=1

(since there exists ng such that u,; < ¢ for all n > ng,V j € I) So, lim ||z, — x| exist; and hence
n—oo

{zn},{yn,;} are bounded.

Theorem 3.1. Let K be a nonexpansive retract of a uniformly convex Banach space X with nonexpan-
sive retraction P. Let T; : K — E be a finite family of uniformly continuous generalised asymptotically
nonexpansive maps with sequences {ftin }n>1, {Nintn>1 C [0, +00) such that

00 00

n=0 n=0
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Suppose that F' = ﬂi\il F(T;) is not empty and let {z,}n>1 be a sequence generated iteratively by (3.1 )

where {ay, tn>1 15 a sequence in (0,1) satisfying the following conditions:

Zan<oo,0<c<an<e<1Vn21

n=1

, thenVj € {1,2,...,m}, lim |z, — Tjz,| =0 and {z,}n,>1 converges weakly to a point of F.
n—00 -

Proof. Let z* € F

lyng — 17 < (1= an)on — 2" + anl|T3(PT))" g j1 — 2| (3.6)
—an (1= an)g(an = Tj(PT))" yn i)
< (1= ap)llzn — 2|7 + an(pn jllyn -1 — 2| + 105)?
—an(1 = an)g(|zn = T (PT)" ynj-1)
< (U= ap)llzg — 2| + anpd: jllyn,g—1 — 2|

JrO‘ﬂ@ﬂﬂ,j||yn,j—1 —z*|| + nn,j)nn,j —an(1—an)g(||zn — Tj(PTj)nilyn,j—ln)

So
[Yn1 — .I‘*H2 < (1 + an(ﬂi,l - 1)) |2n — x*HQ + oy (2ptn, 1 |Tn — || + Mnj1) 01
—an(1 —an)g(l|zn — Tl(PTl)nilan)
lyno =2 < (14 an(pg o = 1) +app o5y = 1) on — 27|

JFCVn(Qﬂn,QHyn,l —z*| + 77n,2)77n,2 + O‘iﬂig@ﬂn,l |lzn — 2™ + 77n-,1)77n71
—an (1 = an)g(|len — To(PTy)" ! )
—apn o (1= an)g(|lzn — Ty (PTL)"  anl))

So,

J
lyms — 2> < (L4 ebIZiud 5 (12 iy — D)l — 2|2
+Z a0 it Chn =i 1Yng—e—1 = 2|+ gm0 e Lo H0

J
—(1—an) Z 9(lzn = Tj—er (PTj—e0)™ e D1 110, 41
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Hence,
”anrl - J7*”2 < 1 + Z anns 1:“% m— s+1(p‘n m—t+1 — 1)) ”x" - x*HQ
+Za Hs 1,U4n m— s+1(2ﬂn,m—t+1”yn,m—t - 33*” + 7]n,m—t+1)7]n,m—t+l
1 — Qn Zanng 1Nnm s+19(‘|$n - m7t+1(PTmftJrl)n_lyn,mftH)
< (@I~ D)llen — 27+ 270D @ty g1 — 2|
Jj=1 j=1
A0, )l = @™ (1= ) > g(l2n = T 1 (P 1)" " Ynm—s1)
j=1
m
< (IR — 1) e — 27|
j=1
2wlnb§:nn;— (1= an) Y g(len = Tm—jsr (PTm—s1)" " Ynm—s )
j=1
So,
m
2 2
[Znt1 — 2| < (1+d0 Z(Nn,j - 1))Hxn -z
j=1

+d1 Y nng—da Y g(llan — T;(PT
j=1 j=1

So, lim g(||lzn — T;(PTj)" 'yn j-1]) =0, thus lim |z, — T;(PT;)""

)" yng-all)

Yo o1l =0V j =1,..,m. Now,

@n = T;(PT)" an|l < llon — T(PT)™ ynj—1ll + 1 T5(PT)"  ynjo1 — TH(PT5)" |

IN

IN

Hence, lim ||z, — Tj(PT;)" 'z, =0Vj=1,...,m
n—0o0
Further, [lzn, — Tzl < llon — T5(PT)" yn -1l + [ T5(PT5)" i

20 = T3 (PT) ™ g1l + pm,janlzn —

[#n — T (PT;)" el + tinjllyn,j—1 — Tnll + 7y

Tj71(PTj—1)n71yn7j72“ + Mg

— Tjan|

T (PT)™ *yn—1,j-1 — Tn-1ll + [|2n-1 — 2|l

[(PT)"  ynj1 — aall < N (PTH)" Y1 — Tl
< T (PTH)™ 2yn 1 — T (PTy)" *yn—1,j-1ll
<

Pn—1,51Ynj—1 = Yn—1j—1ll + M1,

H|Tn—1 — Tj(PTj)n72yn—Lj—1H + |20 — Tn—1l|
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yn; = yn—-15l < Nyng = @all + 2 = 2pall + ln—1 = yn-1,
< anllzn = T3(PTH)"  ynjall + an1llen1 = Tn(PTn)" *yn—1m1]l
+an1llzn1 = T (PT))" yn 11|l
SO, lim ”yn,j - yn—l,jH =0. AISO, lim ||:17n - l’n—1|| =0
n—o0 n—0o0

so that lim ||(PT})" 'ynj—1 — znll = 0. Hence lim ||z, — Tjz,| =0V j = 1,...,m. By reflexivity 3 2 € K
n— oo n—oo
and {x,,;} C {z,} such that, {z,,;} =" zas j — oco. Since, z,,; —T;x,; — 0as j — oo Vi then z € F'(T;) Vi
and so z € F = (| F(T;). Let wy(zy) be subsequential limit set of the sequence {z,}. Let ¢ € wy(zy)
i=1

arbitrary. Then 3 {z,,} C {x,} > {z,,} converges weakly q and z,, — Tjz,, — 0 as r — oo Vi. Thus,

ww () C F. Thus {z,}n>1 converges weakly to a point of F.

Theorem 3.2. Let K, X, P, T/s,F,{x,} be as in Theorem 3.1 Then, {x,} converges strongly to a fixed
point of T if and only if liminf, . d(z,, F) =0 (where F= F(T)).

The Proof follows from Lemma 2.6, since from Theorem 3.1 and it’s proof, the conditions of the lemma are

satisfied.

Theorem 3.3. Let K, X, P, T/s,F,{x,} be as in Theorem 3.1 Then, {x,} converges strongly to a common
fixed point of T;’s if one of the T;’s satify condition B.

The Proof follows from Lemma 2.7, since from the proof of Theorem 3.1, the conditions of the lemma are

satisfied.

Theorem 3.4. Let K, X, P, T!s, F,{x,} be as in Theorem 3.1 Then, {x,} converges strongly to a common

fized point of T;’s if {&n}n>1 has a convergent subsequence {Ty; }n>1

The Proof follows from Lemma 2.8, since from the proof of Theorem 3.1, the conditions of the lemma are
satisfied.

As a result of the proposition 2.3 we have the following results.

Theorem 3.5. Let K be a nonexpansive retract of a uniformly convexr Banach space X with nonerpansive
retraction P. Let T; : K — E be a finite family of uniformly continuous total asymptotically nonexpansive

maps with sequences {in tn>1, {Min}tn>1 C [0,4+00) such that

o0 o0
lim prgp =0 = lm 7, 2)(% —1) < Z%nm < o0
n= n=

and with function ¢ : [0,400) — [0,400) satisfying ¢(t) < Mot for all t > My, for some constants

My, My > 0. Suppose that F = (.-, F(T;) is not empty and let {xy,}n>1 be a sequence generated iteratively
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by (8.1 ) where {ow}n>1 is a sequence in (0,1) satisfying the following conditions:

o0
Zan<oo,0<C<an<e<1Vn21,

n=1

then for all j € {1,2,...,m}, lim |z, — T;z,|| =0 and {z, }n>1 converges weakly to a point of F.
n—oo -

Theorem 3.6. Let K, X, P,T!s, F,{x,} be as in Theorem 3.5 Then, {x,} converges strongly to a fized point

of T if and only if liminf,,_, . d(z,, F) = 0.

Theorem 3.7. Let K, X, P, T!s, F,{x,} be as in Theorem 3.5. Then, {x,} converges strongly to a common

fixed point of T;’s if one of the T;’s satify condition B.

Theorem 3.8. Let K, X, P, T!s, F,{x,} be as in Theorem 3.5 Then, {x,} converges strongly to a common

fized point of T;’s if {xn}n>1 has a convergent subsequence {Zn, }rn>1.

Our iterative process generalise some of the existing ones, our theorems improves, generalise and extend

several known results and our method of proof is of independent interest.
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of this paper.
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