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ABSTRACT. The focus of this paper is to investigate the subclasses S*C(v, u, &, A\;b), T'S*C(y, 1, o, A\;b) =
T NS*C(y, p, a0, A\;b) and obtain the coefficient bounds as well as establishing its relationship with certain

existing results in the literature.

1. INTRODUCTION

Let A be the class of normalized analytic functions f in the open unit disc U = {z € C' : |2| < 1} with
f(0) = f/(0) = 0 and of the form

fz)=2+> anz", an€C, (1.1)
n=2

and S the class of all functions in A that are univalent in U. Also, the subclass of functions in A that are

of the form
fz)=2z2- Z anz", an, >0, (1.2)
n=2

is denoted by T and the subclasses S*(a), C(7) are given respectively by

/

z z

S*(a)z{f&S:Re(f()>>'yz€U} (1.3)
f(2)
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2f"(z)
f'(z)

Moreover, the class T'S*() denoted by T N S*(y) which is the subclass of function f € T such that f is

C(a){feS:Re<1+ )>72€U,2’y<1}. (1.4)

starlike of order « and respectively, TC(v) is the class of function f € T such that f is convex of order 7.

An interesting unification of the classes S*(a) and C(v) denoted by S*C(v, §) which satisfies the condition

Re{ LI

T 77 02 1<heey (15)

has been extensively studied by different researchers, for example, see [6] and [1,2,3]. The special cases for

B =0,1 are given by S*(v) and C((v)) respectively.

Furthermore, the class TS*C(y, 8) which is the subclass of function f € T such that f belongs the class
C(v, B), was studied by Altintas et al. and other researchers. For details see [ 3, 5, 6 ].

Using the unification in (5), Nizami Mustafa [6] introduced and investigated the class S*C(~, 8;7) and

TS*C(,5;7), 0 <a<1;8€[0,1];7 € C which he defined as follows

A function f € S given by (1.1) is said to belong to the class S*C(v, 8;7) if the following condition is satisfied

L[ 27+ 821(2)
Re{” [BZf’(ZH(lﬂ)f(

Meanwhile, the author in [4] defined a linear transformation D'\ f by

Z)—l}}>'y 0>y<1;8€el0,1;7€ C—{0},z€U. (1.6)

o0

1+ An+a—2) n . '
D f _z—i—z < T\ 1) ) anz", 0<A<l;a>1;meNU0 (1.7)

Motivated by the work of Mustafa in [6], we study the effect of the application of the linear operator Dy f
on the unification of the classes of the functions S*C(v, 8; 7).

Now, we define the class S*C(~, a, \;b) to be class of functions f € S which satisfies the condition

1 (D™ ) (2) + uz?(D™, )" (2
Re{1+ [ ( Af>() pe )\f)())l >7,0>2v<1l,zelU;0< \,pu<L;a>1;me NUO

b | (D) () + (L= (D)=
(1.8)
Also, we denote by Dy the subclass of the class of functions in (7) which is of the form
= L+ An+a—-2)\"
D f(z) =2z — Za( TF A=) ) apz”, 0<Apu<lLia>1l;meNU0 (1.9

n=2
and denote by T'S*C(y, u, a, A;b) = TN S*C(v, p, , A\; b) which is the class of functions f in (1.9) such that
f belong to the class S*C(v, p, o, A\;b) =T N S*C(y, p, @, A; b).

In this paper, we investigate the subclasses S*C(v, u, a, A; b) and

TS*C (7, o, A;0) =T N S*C(ry, p, a0, \; b)
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2. COEFFIECIENT BOUNDS FOR THE CLASSES S*C2 (7, u1;b) AND T'S*C2 (v, u; b)
Theorem 2.1. Let f be as defined in (1.1). Then the function D' f belongs to the class S*C (v, i, c, A;b),
0>v<1lzelU;0< \,u<L,a>1;meNUO
if

S L+ An+a—-2)\"
EM ) e = Dl 0 =) = 1]l < )

The result is sharp for the function

[b](1 =) (1 + Aa=1)™ n

Dasf(z) ==+ al+ =D+ Pl A=At A ta_2ym> "=2

Proof. By (1.8), f belong to the class S*C(v, u, a, A; b) if
pDm / + 2 pDm "
e {1 i1 [ DBV DI 1} } .

b [ e(DZ\ )+ (1= (D f)

It suffices to show that:

b | p2(DEAf) (2) + (1 =)D, (2 <l-v (2.1)

b
Simple computation in (2.1), using (1.7), we have:

L[ DR E) A OR)E)
b | =D 1))+ (L= ) (Dpa N)(2)

1{ 2(Dgaf) (2) + p2? (DA f)" (2) 1]
)

| =

[e'S) 1+ (n+a—2)\" n e 1+A(n+a—2)\" n
{ 2+ g na (FEGEETR ) ans” +u ot nin — Da (52 ane 1]

A(n+a— m A(n+a— m
pz+ >0, pna (%) anz™ + (1 — p) (z +Y 0, a (%) anz")

oo An+a— m n
1 {Z+Zn_2na[1+u(n—1)] (%) anz 1]

b 24y 0 s a(l+ p(n—1)) (%) An 2™

<

S =

{Z?_zam ~ D+ an - 1) (S5 anq

1= Y all+ p(n — 1) (M2 2) " o,

which is bounded by 1 — v if

S aln =D+ = 1] (S25E52) fanl < b1 = )1 = 02, a1+ a(n - 1) (SR5E2T2) " fal
which is equivalent to

S [atn = DI+ pln = 1] (MRGET2) " + albl(l = )1+ pn = 1) (52552 faal < l(1-7)

Which implies that

= 14+ An+a—2)\"
Z[Of( T+ M\a-1) ) [1+u<n—1)][n+|bl(1—v)—1]} lan| < [B|(1—7) (2.2)

n=2
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Thus, (2.1) is satisfied if (2.2) is satisfied. O

Corollary 2.1. Let f be as defined in (1) and the function D}, f belongs to the class S*C(v, u, a, A; b),
0>v<1l,zelU;0< ,u<;a>1;me NUO. Then

[6](1 = 7)1 + Ao —1))"
1+ p(n—D)n+[b[(1—7) — 10+ An+a—2)m

|an| <
«

Corollary 2.2. Let f be as defined in (1.1). Then the function D'\ f belongs to the class S*C(v, j1, 1, A\, m; b),
0>v<1,2zelU;0< A\, u<1l;meNUO if

oo

ST+ A — 1) [1+ (= D]+ bl(1 =) = 1] a| < [5l(1 = 7) (2.3)

n=2

The result is sharp for the function

m =z |b‘(1 — ’y) Zn K
DI &) =t T m = omapla =) g0+ am =y =2

Corollary 2.3. Let f be as defined in (1.1). Then the function Dy}, f belongs to the class S*C(v, u, 1, A, 1;b),
0>v<1,zelU;0< \,u<1l;meNUO if

o0

SO+ A( = 1) 1+ p(n = Dl + [BI(1 —7) = 1] fan| < [Bl(1 ~ ) (2.4)

n=2
The result is sharp for the function

bl(1 1) o
[+ uCn = D+ BT =) = 0+ A= 1)

D\ f(z) =2+ n>2

Corollary 2.4. Let f be as defined in (1.1). Then the function D}, f belongs to the class S*C (v, j1,1,1,1;b),
0>v<1l,zelU;0< \,u<1;meNUO if

oo

D [l + p(n = D)[n + b1 =) = 1] |an| < [bl(1 =) (2.5)

n=2
The result is sharp for the function

bl(1 =) .
Tt an— Dt pli—v) =1 "=?

Dr =
oz,kf(z) z+ n

Corollary 2.5. Let f be as defined in (1.1). Then the function D}, f belongs to the class S*C (v, i1,1,0,1;b),
0>v<1,zelU;0< \,u<1;meNUO &f

oo

DL+ pln = D)+ [bl(1 =) = 1] an| < [BI(L ) (2.6)

n=2
The result is sharp for the function

bl(1 =) »
[ G = D)+ I = )]

DZ‘»\f(Z) =z+

This result agrees with the Theorem 2.1 in [6].
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Corollary 2.6. Let f be as defined in (1.1). Then the function D[}, f belongs to the class S*C(v,0,1,A,0; 1),
0>v<1l,zeU;0< \,u<1;meNUO if

oo

Do+ p(n =Dl =]l fan| <1-~ (2.7)

n=2

The result is sharp for the function

1—
i "on>2

R () I

This result agrees with the Corollary 2.1 in [6].

Corollary 2.7. Let f be as defined in (1.1). Then the function D!\ f belongs to the class S*C (v, j1,1, A, 0; 1),
0>v<1,zelU;0< \,u<1;meNUO &f

oo

> (= lan| <1-7 (2.8)

n=2

The result is sharp for the function
D flz) = b Do p> o
Z2)=z+4+—
[N n v ’
This result agrees with the Corollary 2.2 in [6].

Theorem 2.2. Let f € Dr. Then the function Dy}, f belongs to the class DrS*C(ry, p, o, \; b),
0>v<1l,zelU;0< \,u<;a>1;me NUO if and only if

> afn= Dl un = D]+ o1 =] (£) el < -

Proof. We shall prove only the necessity part of the Theorem as the sufficiency proof is similar to the proof
of Theorem 1.

Let f be as defined in (1.1) and Dy, f belongs to the class T'S*C(v,pu,a,A;b), 0>y < 1,2 € U;0 <
AMu<lia>1;meNUO0;beR— {0}, we have

1 Z(D:l"/\f)’(z) +M22(Dgf>\f)”(z) B
e {1 3 [uzwwwz) P ANIIE 1} } 0 29

Using (1.7) in (2.9) and by algebraic simplification, we have
0o A(n+a— m n
~npan = DI+ ptn - D] (SR5ER) 0
b {z =3 sa(l+ p(n—1)) (%) anz”}
Choosing z to be real and z — 1, we have
oo A — m
- aln— D+ ptn - 1) (542 ) a,

b{1- o0+ utn— 1) (2%E=2) T} T

Re

2y—1

~1 (2.10)
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b € R — {0} implies that b could be greater or less than zero.
Let b > 0 in (19), we have

=S atn- 1+ utn -0} (£) a2 (- 1>b{1 3 all +utn 1) (“””)m} (211)

= n=2 Yy

where z =14+ A(n+a—2) and y =1+ A(a — 1) From (20), we have

Z (n— D)1+ p(n —1)]n+b(1 — 7)) (”yc) lan| < b(1—7) (2.12)

Now suppose b < 0, which implies that b = —|b| and substituting b = —|b| in (19), we have
m
Ssan =D+ un-1)](2) a,
oo >
{1 = a(+an—1) (£) an}

Sotpatn =11+ pn -] (2) anl > (= Db {1 = 2, a1+ pun = 1)) (2) " an} which implies

(2.13)

> I+ An+a—-2)\"
_ _ _ > _ .
E_ (n—1)[1+ pu(n—D]n+b1—7)] ( T+ Mo —1) ) lan,| > —b(1 —~) (2.14)
From (21) and (23), the proof of the necessity is completed. O
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