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ABSTRACT. In this paper, we define the concept of direct product of finite fuzzy normal subrings over non-
associative and non-commutative rings (LA-ring) and investigate the some fundamental properties of direct

product of fuzzy normal subrings.

1. INTRODUCTION

In 1972, a generalization of commutative semigroups has been established by Kazim et al [12]. In ternary
commutative law: abc = cba, they introduced the braces on the left side of this law and explored a new
pseudo associative law, that is (ab)c = (¢b)a. This law (ab)c = (cb)a is called the left invertive law. A groupoid
S is said to be a left almost semigroup (abbreviated as LA-semigroup) if it satisfies the left invertive law:
(ab)e = (cb)a. This structure is also known as Abel-Grassmann’s groupoid (abbreviated as AG-groupoid)
in [22]. An AG-groupoid is a midway structure between an abelian semigroup and a groupoid. Mushtaq et
al [21], investigated the concept of ideals of AG-groupoids.

In [4] (resp. [1]), a groupoid S is said to be medial (resp. paramedial) if (ab)(cd) = (ac)(bd) (resp.
(ab)(cd) = (db)(ca)). In [12], an AG-groupoid is medial, but in general an AG-groupoid needs not to be
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paramedial. Every AG-groupoid with left identity is paramedial by Protic et al [22] and also satisfies
a(bc) = blac), (ab)(cd) = (dc)(ba).

In [13], if (S, -, <) is an ordered semigroup and ) # A C S, we define a subset of S as follows: (4] = {s €
S :s < a for some a € A}. A non-empty subset A of S is called a subsemigroup of S if A2 C A. A is called
a left (resp. right) ideal of S if following hold (1) SA C A (resp. AS C A). (2) If a € A and b € S such that
b < a implies b € A. Equivalent definition: A is called a left (resp. right) ideal of S if (A] C A and SAC A
(resp. AS C A).

In [13,15], an ordered semigroup S is said to be a regular if for every a € S, there exists an element 2 € S
such that a < aza. In [14,15], an ordered semigroup S is said to be an intra-regular if for every a € S there
exist elements x,y € S such that a < za?y.

We will define the concept of fuzzy left (resp. right, interior, quasi-, bi-, generalized bi-) ideals of an
ordered AG-groupoid S. We will establish a study by discussing the different properties of such ideals. We
will also characterize regular (resp. intra-regular, both regular and intra-regular) ordered AG-groupoids by

the properties of fuzzy left (right, quasi-, bi-, generalized bi-) ideals.

2. Fuzzy IDEALS ON ORDERED AG-GROUPOIDS

In [25] An ordered AG-groupoid S, is a partially ordered set, at the same time an AG-groupoid such that
a < b, implies ac < bc and ca < ¢b for all a,b,c € S. Two conditions are equivalent to the one condition
(ca)d < (cb)d for all a,b,c,d € S.

Let S be an ordered AG-groupoid and @ # A C S, we define a subset (A] = {s € S : s < a for some
a € A} of S, obviously A C (A]. If A = {a}, then we write (a] instead of ({a}]. For § # A, B C S, then
AB = {ab | a € A)b € B}, ((4]] = (A], (A|(B] € (AB], ((A|(B]] = (AB], if A C B then (4] C
(B], (AN B] # (AN (B] in general.

For ) # A C S. A is called an AG-subgroupoid of S if A2 C A. A is called a left (resp. right) ideal of S
if the following hold (1) SA C A (resp. AS C A). (2) if a € A and b € S such that b < a implies b € A.
Equivalent definition: A is called a left (resp. right) ideal of S if (4] C A and SA C A (resp. AS C A). A
is called an ideal of S if A is both a left ideal and a right ideal of S. In particular, if A and B are any types
of ideals of S, then (AN B] = (A] N (B].

We denote by L(a),S(a),I(a) the left ideal, the right ideal and the ideal of S, respectively generated
by a. We have L(a) = {s € S : s < a or s < za for some z € S} = (aU Sa], S(a) = (a U a$],
I(a) = (aUSaUaSU(Sa)s].

First time, Zadeh introduced the concept of fuzzy set in his classical paper [27] of 1965. This concept has
provided a useful mathematical tool for describing the behavior of systems that are too complex to admit

precise mathematical analysis by classical methods and tools. Extensive applications of fuzzy set theory
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have been found in various fields such as artificial intelligence, computer science, management science, expert
systems, finite state machines, languages, robotics, coding theory and others.

Rosenfeld [23], was the first, who introduced the concept of fuzzy set in a group. The study of fuzzy set in
semigroups was established by Kuroki [18,19]. He studied fuzzy ideals and fuzzy interior (resp. quasi-, bi-,
generalized bi-, semiprime, semiprime quasi-) ideals of semigroups. A systematic exposition of fuzzy semi-
groups appeared by Mordeson et al [20], where one can find the theoretical results on fuzzy semigroups and
their use in fuzzy finite state machines and languages. Fuzzy sets in ordered semigroups/ordered groupoids
were first explored by Kehayopulu et al [16,17]. They also studied fuzzy ideals and fuzzy interior (resp.
quasi-, bi-, generalized bi-) ideals in ordered semigroups.

By a fuzzy subset p of an ordered AG-groupoid S, we mean a function p : S — [0, 1], the complement of
u is denoted by p/, is a fuzzy subset of S given by p/(z) =1 — p(z) for all x € S.

A fuzzy subset p of S is called a fuzzy AG-subgroupoid of S if u(zy) > wp(x) A u(y) for all z,y € S. u
is called a fuzzy left (resp. right) ideal of S if (1) u(xy) > p(y) (vesp. p(zy) > wp(x)). (2) z <y, implies
w(x) > p(y) for all z,y € S. p is a fuzzy ideal of S if p is both a fuzzy left ideal and a fuzzy right ideal of
S. Every fuzzy ideal (whether left, right, two-sided) is a fuzzy AG-subgroupoid of S but the converse is not
true in general.

A fuzzy subset p of S is called a fuzzy interior ideal of S'if (1) p ((xy)z) > u(y). (2) <y, implies u(x) >
wu(y) for all z,y, z € S. A fuzzy subset p of S is called a fuzzy quasi-ideal of S if (1) (no S)N(Sopu) C p. (2)
x <y, implies u(x) > u(y) for all ,y € S. A fuzzy AG-subgroupoid p of S is called a fuzzy bi-ideal of S if
(1) p((za)y) = min{u(x), u(y)}. (2) <y, implies p(z) > u(y) for all x,a,y € S. A fuzzy subset p of S is
called a fuzzy generalized bi-ideal of S if (1) u((za)y) > min{u(z), u(y)}. (2) z <y, implies p(z) > p(y) for
all z,a,y € S. Every fuzzy bi-ideal of S is a fuzzy generalized bi-ideal of S. A fuzzy ideal p of S is called a
fuzzy idempotent of S if po u = p.

We denote by F(S), the set of all fuzzy subsets of S. We define an order relation ”C” on F(S) such that
p C v if and only if p(z) < y(x) for all x € S. Then (F(S),0,C) is an ordered AG-groupoid.

By the symbols p A« and p V -y, we mean the following fuzzy subsets:

(1A y)(@) = min{p(z),~(2)} and (p Vv 7)(x) = maz{p(z),v(2)}.
For ) # A C S, the characteristic function of A is denoted by x4 and defined by

lifae A
Oifag A

Xala) =

An ordered AG-groupoid S can be considered a fuzzy subset of itself and we write S = xg, i.e., S(z) =
Xg(z) =1 for all # € S. This implies that S(z) =1 for all z € S.
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Let x € S, we define a set A, = {(y,2) € S x S| x < yz}. Let p and ~ be two fuzzy subsets of S, then

product of p and + is denoted by p o« and defined by:

Viy,myea,min{p(y), v(z)} if Ag #0
0 if A, =

(moy)(z) =

Now we give the imperative properties of such ideals of an odered AG-groupoid S, which will be very

helpful in later sections.

Lemma 2.1. Let S be an ordered AG-groupoid. Then the following properties hold.
(1) (poy)ef=(Bov)op,
(2) (o) o(Bob) = (o B)o(yod) for al fuszy subsets 1,7, and § of 5.

Proof. Let p,~ and f be fuzzy subsets of an ordered AG-groupoid S. We have to show that (zo~v) o =
(B07) o p. Now
(Loy)oB)(@) = Viyzmea,min{(uoy)(y),B(2)}

= V(ygzyea,min{Visnea,min{u(s),v()}, B(z)}

= V(su),ea,min{min{u(s),(t)}, 5(z)}

= V(sb.meamin{(u(s), (1)), 8(z)}

= V(@an.9ea,min{(B(z), (1)), u(s)}

= V(e min{min{B(z),v(t)}, u(s)}

= V,sea,min{Vipea, min{B(z),v(t)}, u(s)}

= Vwsea,min{(Boy)(w), u(s)} = ((Bov)ou)(x)

Similarly, we can prove (2). |

Proposition 2.1. Let S be an ordered AG-groupoid with left identity e. Then the following assertions hold.
(1) po(yoB)=vyo(nop),
(2) (mon)o(Bod)=(5o7)o(Bop),
(3) (100 (Bo8) = (508) o (yopu) for all fuzzy subsets 7,3 and & of S.

Proof. Same as Lemma 2.1. O

Theorem 2.1. Let A and B be two non-empty subsets of an ordered AG-groupoid S. Then the following
assertions hold.
(1) If AC B then x4 € x5-

(2) Xa°XB = X(aB]-
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(3) xaUXp = Xaun-
(4) X4 NXB = XanB-

Proof. Straight forward. O

Theorem 2.2. Let A be a non-empty subset of an ordered AG-groupoid S. Then the following properties
hold.

(1) A is an AG-subgroupoid of S if and only if x 4 is a fuzzy AG-subgroupoid of S.

(2) A is a left (resp. right, two-sided) ideal of S if and only if x 4 is a fuzzy left (resp. right, two-sided)
ideal of S.

Proof. (1) Let A be an AG-subgroupoid of S and a,b € S. If a,b € A, then by definition x4(a) = 1

X4 (b). Since ab € A, A being an AG-subgroupoid of S, this implies that x 4(ab) = 1. Thus y 4(ab) >
Xa(a) A x4 (b). Similarly, we have x4(ab) > x4(a) A x4(b), when a,b ¢ A. Hence x4 is a fuzzy AG-
subgroupoid of S.

Conversely, suppose that x4 is a fuzzy AG-subgroupoid of S and let a,b € A. Since x 4(ab) > x4(a) A
X4 (b) = 1, x4 being a fuzzy AG-subgroupoid of S. Thus x4(ab) = 1, i.e., ab € A. Hence A is an AG-
subgroupoid of S.

(2) Let A be a left ideal of S and a,b € S. If a,b € A, then by definition x 4(b) = 1. Since ab € A, A being
a left ideal of S, this means that x 4(ab) = 1. Thus x4(ab) > x4 (b) . Similarly, we have x 4(ab) > x4(b),
when a,b ¢ A. Therefore y 4 is a fuzzy left ideal of S.

Conversely, assume that x4 is a fuzzy left ideal of S. Let a,b € A and z € S. Since x 4(2b) > x4 (b) =1,
X 4 being a fuzzy left ideal of S. Thus x 4(zb) = 1, i.e., zb € A. Therefore A is a left ideal of S. |

Theorem 2.3. Let p be a fuzzy subset of an ordered AG-groupoid S. Then the following assertions hold.
(1) p is a fuzzy AG-subgroupoid of S if and only if o u C p.
(2) pis a fuzzy left (resp. right) ideal of S if and only if Sou C p (resp. poS C ).

Proof. (1) Suppose that p is a fuzzy AG-groupoid of S and z € S. For po u C p.
If (wop)(x) =0, then popu C p, otherwise we have

(mop)(x) = Viyzyea,min{u(y),n(z)}
< v(y,z)EAmmin{N(yz)} = ,U,(:E)

= popcp.
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Conversely, assume that pou C p. Let y, 2z € S such that x < yz. Now

wlyz) = p(x) = (pop)(z)
= Visnea,min{p(s), p(t)}
= py) Ap(z).

= uyz) > p(y) A p(z).

Hence p is a fuzzy AG-subgroupoid of S.
(2) Suppose that p is a fuzzy left ideal of S and z € S. If (S o pu)(z) = 0, then S oy C p, otherwise we

have

(Sop)(@) = Viyzea,min{S(y),u(z)}
= Vnea,min{l, p(z)}
= V(y)ea, Hz)
< Vigzea, myz) = p(x).

= SouCu.

Conversely, assume that Sopu C . Let y,z € S such that x < yz. Now

plyz) > p(x) = (Sop)(z)
= V(spea,min{S(s), u(t)}
> Sy Auz) =11 p(z) = p2).

= p(yz) = p(z).

Therefore u is a fuzzy left ideal of S. Similarly, we can prove (3). O

Lemma 2.2. If yu and v are two fuzzy AG-subgroupoids (resp. (left, right, two-sided) ideals) of an ordered

AG-groupoid S, then N~ is also a fuzzy AG-subgroupoid (resp. (left, right, two-sided) ideal) of S.
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Proof. Let p and v be two fuzzy AG-subgroupoids of S. We have to show that p N~ is also a fuzzy AG-
subgroupoid of S. Now
(wny)(xy) = pley) Ay(zy)
= Ap@) A ) Ay(@) Av(y)}
= @) AMply) Av(x)} Ay(y)
= plx) AMy(@) Ap(y)} Av(y)
= A{wlz) Av(@)} Aply) Av(y)}
= () @) A (0 (y).
Hence p N+ is a fuzzy AG-subgroupoids of S. Similarly, for ideals. ]

Lemma 2.3. If p and v are two fuzzy AG-subgroupoids of an ordered AG-groupoid S, then p oy is also a

fuzzy AG-subgroupoid of S.

Proof. Let u and v be two fuzzy AG-subgroupoids of S. We have to show that p oy is also a fuzzy AG-
subgroupoid of S. Now (o v)2 = (uo~v)o(uovy) = (mopu)o(yoy) C wor. Hence o~ is a fuzzy
AG-subgroupoid of S. ]

Remark 2.1. If p is a fuzzy AG-subgroupoid of an ordered AG-groupoid S, then p o u is also a fuzzy
AG-subgroupoid of S.

Lemma 2.4. Let S be an ordered AG-groupoid with left identity e. Then SS =S and eS =S = Se.

Proof. Since SS C S and z = ex € S, i.e.,, S§ = S. Since e is a left identity of 5, i.e., eS = 5. Now
Se=(5S)e=(eS)S=855=5. |

Lemma 2.5. Let S be an ordered AG-groupoid with left identity e. Then every fuzzy right ideal of S is a
fuzzy ideal of S.

Proof. Let p be a fuzzy right ideal of S and z,y € S. Now p (zy) = p((ex)y) = p((yx)e) > pu(yz) > p(y).

Thus p is a fuzzy ideal of S. ]

Lemma 2.6. If u and v are two fuzzy left (resp. right) ideals of an ordered AG-groupoid S with left identity

e, then po~ is also a fuzzy left (resp. right) ideal of S.

Proof. Let p and v be two fuzzy left ideals of S. We have to show that p o~y is also a fuzzy left ideal of S.
Now So(uovy)=(SoS)o(poy)=(Sou)o(Sovy) C po~y. Hence po~y is a fuzzy left ideal of S. Similarly,
for right ideals. O



Int. J. Anal. Appl. 18 (2) (2020) 284

Remark 2.2. If p is a fuzzy left (resp. right) ideal of an ordered AG-groupoid S with left identity e. Then

pop is a fuzzy ideal of S.
Lemma 2.7. If p and v are two fuzzy ideals of an ordered AG-groupoid S, then po~y C pnN-y.

Proof. Let p and « be two fuzzy ideals of S and 2 € S. If (o )(z) = 0, then o~y C p Ny, otherwise we

have

(o) (x) = Vyzeamin{u(y),(2)}
= Vea,minfp(yz),v(yz)}
= Vea {nyz) Ay(y2)}
= Voea, (BN)(yz) = (pNy)(@).

= poy S puny.

Remark 2.3. If u is a fuzzy ideal of an ordered AG-groupoid S, then po u C p.

Lemma 2.8. Let S be an ordered AG-groupoid. Then poy C N~y for every fuzzy right ideal p and every
fuzzy left ideal v of S.

Proof. Same as Lemma 2.7. |

Theorem 2.4. Let A be a non-empty subset of an ordered AG-groupoid S. Then the following conditions
are true.
(1) A is an interior ideal of S if and only if x 4 is a fuzzy interior ideal of S.
(2) A is a quasi-ideal of S if and only if x 4 is a fuzzy quasi-ideal of S.
(3) A is a bi-ideal of S if and only if x4 is a fuzzy bi-ideal of S.
(4)

4) A is a generalized bi-ideal of S if and only if x 4 is a fuzzy generalized bi-ideal of S.

Proof. (1) Let A be an interior ideal of S and z,y,a € S. If a € A, then by definition x 4(a) = 1. Since
(xa)y € A, A being an interior ideal of S, this means that x4 ((za)y) = 1. Thus x4((za)y) > xa(a).
Similarly, we have x 4((za)y) > x4(a), when a ¢ A. Hence x 4 is a fuzzy interior ideal of S.

Conversely, suppose that x 4 is a fuzzy interior ideal of S. Let z,y € S and a € A, so x4(a) = 1. Since
Xa((za)y) > xa(a) =1, x4 being a fuzzy interior ideal of S. Thus x 4((za)y) =1, i.e., (za)y € A. Hence A

is an interior ideal of S.
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(2) Let A be a quasi-ideal of S. Now

(xao8)N(Soxa) = (xaoxs)N(xsoxa)
= Xas N Xsa = Xasnsa S Xa, by the Theorem 2.1

Therefore x 4 is a fuzzy quasi-ideal of S.

Conversely, assume that x 4 is a fuzzy quasi-ideal of S. Let x be an element of AS N SA. Now

xa() 2 ((xaoS)N(Soxa))(@)=min{(xaoS)(@), (Soxa)z)}
= min{(xa°xs)(2), (x5 ©xa)(@)} = min{xas(®), xs54(x)}
= (Xas NXs54)(®@) = Xasnsa(@) = 1.
This implies that € A4, i.e., AS N SA C A. Therefore A is a quasi-ideal of S.

(3) Let A be a bi-ideal of S, this implies that x 4 is a fuzzy AG-subgroupoid of S by the Theorem 2.2. Let
z,y,a € S. If z,y € A, then by definition x 4(z) =1 = x4(y). Since (za)y € A, A being a bi-ideal of S, this

means that x 4 ((za)y) = 1. Thus x 4 ((za)y) = xa(x) Ax(y). Similarly, we have x 4 ((za)y) = xa(x) Axa(¥),
when z,y ¢ A. Hence x4 is a fuzzy bi-ideal of S.

Conversely, suppose that x 4 is a fuzzy bi-ideal of S, this means that A is an AG-subgroupoid of S by the
Theorem 2.2. Let @ € S and z,y € A, so x4(x) =1 = x4(y). Since x4((za)y) > xa(x) Axaly) =1, xa
being a fuzzy interior ideal of S. Thus x 4((za)y) = 1, i.e., (xa)y € A. Hence A is a bi-ideal of S. Similarly,

we can prove (4) . O

Theorem 2.5. Let p be a fuzzy subset of an ordered AG-groupoid S. Then p is a fuzzy interior ideal of S
if and only if (Sop)o S C p.

Proof. Suppose that p is a fuzzy interior ideal of S and x € S. If ((S o u) o S)(z) =0, then (Sopu)oS C pu,
otherwise there exist a,b,c,d € S such that x < ab and a < c¢d. Since p is a fuzzy interior ideal of S, this
implies that p((cd)b) > u(d). Now
((Sop)oS)(x)

= V@apea,min{(Sopn)(a), S(b)}

= V(ap)ed,Min{Vcaea,min{S(c),u(d)},S(b)}

= V(apea,Min{Vicaea, min{l, u(d)}, 1}

= Ve, {Vicaea, m(d)}

= V(e head) < V() pea, t((cd)b) = p(z).

= (Sou)oSCpu.
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Conversely, assume that (S o u) oS C pand let y, z € S such that a < (zy)z. Now

w((zy)z) = pla) = ((Sop)oS)(a)
= Vspea,min{(Sop)(s), S(t)}
> (Sop)(zy) AS(2)
= Vimm)ea,,min{S(m),u(n)} A S(z)
= {S@) Aply)r AS(2)
= 1Apy) AL =p(y).
= pl(zy)z) = py).
Therefore yu is a fuzzy interior ideal of S. O

Theorem 2.6. Let u be a fuzzy AG-subgroupoid of an ordered AG-groupoid S. Then  is a fuzzy bi-ideal of
S if and only if (woS)ou C p.

Proof. Same as Theorem 2.5. ]

Theorem 2.7. Let u be a fuzzy subset of an ordered AG-groupoid S. Then i is a fuzzy generalized bi-ideal
of S if and only if (Lo S)ou C u.

Proof. Same as Theorem 2.5. ]

Lemma 2.9. If u and 7y are two fuzzy bi- (resp. generalized bi-, quasi-, interior) ideals of an ordered AG-

groupoid S, then u N~ is also a fuzzy bi- (resp. generalized bi-, quasi-, interior) ideal of S.

Proof. Let i and 7y be two fuzzy bi-ideals of S. This implies that  and y be two fuzzy AG-subgroupoids of S,
then pN7 is also a fuzzy AG-subgroupoid of . We have to show that (uN7)((za)y) > (uN)(2) A (L07)(y).
Now
(wN((@a)y) = wl(za)y) Ay((za)y)

> Aule) A )} M) Av(y)}

= (@) AMply) Av(z)} Av(y)

= @) AMy(@) Ap(y)} Ayv(y)

= Aulx) Ay(@)} Aply) Av(y)}

= (wn)@) A (E0Y)(Y).

= (pny)((za)y) = (LN¥y)(@) A (LOY)(Y)-
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Hence p N+ is a fuzzy bi-ideal of S. ]

Lemma 2.10. If u and v are two fuzzy bi- (resp. generalized bi-, interior) ideals of an ordered AG-groupoid

S with left identity e, then p o~ is also a fuzzy bi- (resp. generalized bi-, interior) ideal of S.

Proof. Let p and v be two fuzzy bi-ideals of S. We have to show that p o~y is also a fuzzy bi-ideal of S. Since
w and «y are fuzzy AG-subgroupoids of S, then p oy is also a fuzzy AG-subgroupoid of S by the Lemma 2.3.

Now
(Ley)oS)o(noy) = ((ney)o(SeS))o(non)
= ((ueS)e(yoS))o(uoy)
= ((uoS)op)o((yosS)oy)
S (non)
Therefore 10 is a fuzzy bi-ideal of S. O

Lemma 2.11. Every fuzzy ideal of an ordered AG-groupoid S is a fuzzy interior ideal of S. The converse is

not true in general.
Proof. Straight forward. O

Proposition 2.2. Let p be a fuzzy subset of an ordered AG-groupoid S with left identity e. Then p is a
fuzzy ideal of S if and only if p is a fuzzy interior ideal of S.

Proof. Let u be a fuzzy interior ideal of S and z,y € S. Now u(zy) = p((ex)y) > p(x), thus p is a fuzzy
right ideal of S. Hence p is a fuzzy ideal of S by the Lemma 2.5. Converse is true by the Lemma 2.11. O

Lemma 2.12. Every fuzzy left (right, two-sided) ideal of an ordered AG-groupoid S is a fuzzy bi-ideal of S.

The converse is not true in general.

Proof. Suppose that p is a fuzzy right ideal of S and z,y,z € S. Now u((zy)z) = p(zy) > p(x)
and p((zy)z) = u((zy)x) > u(zy) > p(z), this implies that p((zxy)z) > p(x) A p(z). Hence p is a fuzzy
bi-ideal of S. d

Lemma 2.13. Every fuzzy bi-ideal of an ordered AG-groupoid S is a fuzzy generalized bi-ideal of S. The

converse is not true in general.
Proof. Obvious. O

Lemma 2.14. Every fuzzy left (right, two-sided) ideal of an ordered AG-groupoid S is a fuzzy quasi-ideal of

S. The converse is not true in general.
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Proof. Straight forward. |
Proposition 2.3. Fvery fuzzy quasi-ideal of an ordered AG-groupoid S is a fuzzy AG-subgroupoid of S.

Proof. Let u be a fuzzy quasi-ideal of .S. Since pou C po S and popu C Sopu, ie., pou CpuoSNSou C pu.
So p is a fuzzy AG-subgroupoid of S. O

Proposition 2.4. Let p be a fuzzy right ideal and v be a fuzzy left ideal of an ordered AG-groupoid S,
respectively. Then p N~y is a fuzzy quasi-ideal of S.

Proof. Since ((uNvy)oS)N(So(rNn~y)) C (poS)N(Sovy) C pNry. Therefore p Ny is a fuzzy quasi-ideal
of S. O

Lemma 2.15. Let S be an ordered AG-groupoid with left identity e, such that (xe)S = xS for allz € S. Then
every fuzzy quasi-ideal of S is a fuzzy bi-ideal of S.

Proof. Let pu be a fuzzy quasi-ideal of S. Since p o p C p by the Proposition 2.3. Now
(noS)op C (SoS)opCSop
and (poS)ou C (roS)oS=(uoS)o(eoS)
= (poe)o(SoS)=(uoe)oS=pos.
= (uoS)ouCpuoSNSoucCupu.
Hence p is a fuzzy bi-ideal of S. O

Proposition 2.5. If u and v are two fuzzy quasi-ideals of an ordered AG-groupoid S with left identity e,
such that (ze)S = xS for all x € S. Then po~ is a fuzzy bi-ideal of S.

Proof. Let u and v be two fuzzy quasi-ideals of .S, this implies that u and v be two fuzzy bi-ideals of S, by
the Lemma 2.15. Then p o+ is also a fuzzy bi-ideal of S by the Lemma 2.10. ]

3. REGULAR ORDERED AG-GROUPOIDS

An ordered AG-groupoid S will be called a regular if for every x € S, there exists an element a € S such
that < (za)z. Equivalent definitions are as follows:

(1) AC ((AS)A] for every AC S.

(2) x € ((xS)x] for every x € S.

In this section, we characterize regular ordered AG-groupoids by the properties of fuzzy (left, right, quasi-,

bi-, generalized bi-) ideals.

Lemma 3.1. Every fuzzy right ideal of a reqular ordered AG-groupoid S is a fuzzy ideal of S.
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Proof. Suppsoe that p is a fuzzy right ideal of S. Let xz,y € S, this implies that there exists an element
a € S, such that z < (za)z. Thus p(zy) > p(((za)z)y) = p((yz)(xa)) > ulyr) > p(y). Hence p is a fuzzy
ideal of S. O

Lemma 3.2. FEvery fuzzy ideal of a reqular ordered AG-groupoid S is a fuzzy idempotent.

Proof. Assume that p is a fuzzy ideal of S and o p C p. We have to show that p C o u. Let x € S, this

means that there exists an element a € S such that z < (xa)z. Thus
(mom)(x) = Viyzea,min{p(y), p(z)}
> p(za) A p(z) = p(@) A p(z) = p(z).
= pCpopn.
Therefore p = p o p. ]

Remark 3.1. Fvery fuzzy right ideal of a reqular ordered AG-groupoid S is a fuzzy idempotent.

Lemma 3.3. Let u be a fuzzy subset of a reqular ordered AG-groupoid S. Then u is a fuzzy ideal of S if and
only if i is a fuzzy interior ideal of S.

Proof. Suppose that p is a fuzzy interior ideal of S. Let =,y € S, then there exists an element a € S, such
that z < (za)x. Thus p(zy) > p(((za)r)y) = p((yx)(za)) > pu(z), ie., pis a fuzzy right ideal of S. So p is a
fuzzy ideal of S by the Lemma 3.1. Converse is true by the Lemma 2.11. |

Remark 3.2. The concept of fuzzy (two-sided, interior) ideals coincides in reqular ordered AG-groupoids.

Proposition 3.1. Let S be a reqular ordered AG-groupoid. Then (po S)N(Sou) = p for every fuzzy right
ideal 1 of S.

Proof. Assume that p is a fuzzy right ideal of S. Then (0 .S) N (S o u) C u, because every fuzzy right ideal
of S is a fuzzy quasi-ideal of S by the Lemma 2.14. Let z € S, this implies that there exists an element

a € S, such that z < (za)x. Thus
(o S)(@) = V(yzeamin{u(y),S(z)}
> plwa) AS() > p(e) A1 = p(a).
= uCpos.
Similarly, we have u C Sop, ie, u C (poS)N(Sou). Therefore (o S)N(Sopu) = pu. O

Lemma 3.4. Let S be a reqular ordered AG-groupoid. Then po~vy = puN~ for every fuzzy right ideal p and
every fuzzy left ideal v of S.
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Proof. Since p oy C pN~y for every fuzzy right ideal p and every fuzzy left ideal v of S by the Lemma 2.8.

Let x € S, this means that there exists an element a € S such that z < (za)z. Thus

(moy)(x) = Viynea,min{u(y),v(z)}
> p(za) ANy(z) = p(z) Ay(z) = (pNv)(@).

= pNy<Spon.
Hence ppoy=pn-s. (]

Lemma 3.5. Let S be an ordered AG-groupoid with left identity e and a € S. Then Sa is a smallest left

ideal of S containing a.
Proof. Let x € Sa and s € S, this implies that z = sja, s; € S. Thus
st = s(s1a) = (es)(s1a) = ((s1a)s)e = ((s1a)(es))e
= ((s1€)(as))e = (e(as))(s1e) = (as)(s1e) = ((s1€)8)a € Sa.

Hence sz € Sa and (Sa] C Sa. Now a = ea € Sa, so Sa is a left ideal of S containing a. Let I be another
left ideal of S’ containing a. Since sa € I, because [ is a left ideal of S. But sa € Sa, this means that Sa C I.

Therefore Sa is a smallest left ideal of S containing a. O
Lemma 3.6. Let S be an ordered AG-groupoid with left identity e. Then aS is a left ideal of S.
Proof. Straight forward. O

Proposition 3.2. Let S be an ordered AG-groupoid with left identity e and a € S. Then aSUSa is a smallest

right ideal of S containing a.
Proof. We have to show that aS U Sa is a smallest right ideal of .S containing a. Now

(aSUSa)S = (aS)SU(Sa)S = (SS)aU (Sa)(eS)
C SaU(Se)(aS) = Sau S(as)
= SaUa(SS)C SaUaS =aSUSa.
Thus (aS U Sa)S C aS U Sa and also (aS U Sa] C aS U Sa. Therefore aS U Sa is a right ideal of S.
Since a € Sa, ie., a € aS U Sa. Let I be another right ideal of S containing a. Now aS € IS C I and

Sa = (88)a = (aS)S € (IS)S C IS C I, ie., aSUSa C I. Hence aS U Sa is a smallest right ideal of S

containing a. O
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Theorem 3.1. Let S be an ordered AG-groupoid with left identity e, such that (xe)S = xS for all x € S.
Then the following conditions are equivalent.

(1) S is a regular.

(2) uNy = pox for every fuzzy right ideal p and every fuzzy left ideal v of S.

(3) B=(BoS)of for every fuzzy quasi-ideal 8 of S.

Proof. Suppose that (1) holds and 8 be a fuzzy quasi-ideal of S. Then (80 .5) o 5 C 3, because every fuzzy
quasi-ideal of S is a fuzzy bi-ideal of S by the Lemma 2.15. Let = € S, this implies that there exists an

element a of S such that x < (za)z. Thus

((BoS)oB)(z) = V(yzeamin{(BoS5)(y),B()}
> (BoS)(za) AB()
= V(spea,min{B(s), S(t)} A B(x)
> Bz)AS(a) ABx) = B(x).
= PBC(BoS)op.

Therefore B = (S0 5) o f, i.e., (1) implies (3). Assume that (3) holds. Let u be a fuzzy right ideal and ~y
be a fuzzy left ideal of S. This means that p and 7 be fuzzy quasi-ideals of S by the Lemma 2.14, so N~y
be also a fuzzy quasi-ideal of S. Then by our assumption, pNy = ((uN~vy)o0S)o (uN~y) C (o S)oy C po~,
ie, pN~y C po~y. Since poy C puN~y. Hence poy = pNy, e, (3) = (2). Suppose that (2) is true
and a € S. Then Sa is a left ideal of S containing a by the Lemma 3.5 and a5 U Sa is a right ideal of S
containing a by the Proposition 3.2. So xg, is a fuzzy left ideal and x,q g, is @ fuzzy right ideal of .S, by

the Theorem 2.2. Then by our supposition X,su5¢ N Xse = XaSuSa © XSa> 1-€- X(aSUSa)nSa = X((aSUSa)Sa]

by the Theorem 2.1. Thus (aSUSa)NSa = ((aSUSa)Sa]. Since a € (aSUSa)N Sa, i.e., a € ((aSUSa)Sal,
so a € ((aS)(Sa) U (Sa)(Sa)]. Now (Sa)(Sa) = ((Se)a)(Sa) = ((ae)S)(Sa) = (aS)(Sa). This implies that

((aS)(Sa) U (Sa)(Sa)] = ((aS)(Sa) U (aS)(Sa)] = ((aS)(Sa)].
Thus a € ((aS)(Sa)]. Then
a < (az)(ya) = ((ya)z)a = (((ey)a)z)a = (((ay)e)r)a
= ((ze)(ay))a = (a((ze)y))a € (aS)a, for any z,y € S.
This means that a € ((aS)a, i.c., a is regular. Hence S is a regular, i.c., (2) = (1). O
Theorem 3.2. Let S be an ordered AG-groupoid with left identity e, such that (ze)S = xS for all x € S.

Then the following conditions are equivalent.

(1) S is a regular.
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(2) p=(oS)owu for every fuzzy quasi-ideal u of S.
(3) B=(BoS)op for every fuzzy bi-ideal B of S.
(4) 6 =(608) 06 for every fuzzy generalized bi-ideal 6 of S.

Proof. (1) = (4), is obvious. Since (4) = (3), every fuzzy bi-ideal of S is a fuzzy generalized bi-ideal of S
by the Lemma 2.13. Since (3) = (2), every fuzzy quasi-ideal of S is a fuzzy bi-ideal of S by the Lemma
2.15. (2) = (1), by the Theorem 3.1. O

Theorem 3.3. Let S be an ordered AG-groupoid with left identity e, such that (xe)S = xS for all x € S.
Then the following conditions are equivalent.
1) S is a regular.

(
(2) pNy = (o) ou for every fuzzy quasi-ideal p and every fuzzy ideal v of S.

(3) BNy = (Bo~y)op for every fuzzy bi-ideal B and every fuzzy ideal v of S.

(4) 0N~y = (do7)od for every fuzzy generalized bi-ideal 6 and every fuzzy ideal v of S.

Proof. Suppose that (1) holds. Let d be a fuzzy generalized bi-ideal and v be a fuzzy ideal of S. Now
(boy)0d C(Soy)oSCryoSCryand (Joy)od C(60S)od Cd,ie, (doy)od CdN~. Let z € 5, this
means that there exists an element a € S such that z < (za)z. Now za < ((za)z)a = (ax)(ra) = z((az)a).

Thus
(Go7)00)(@) = Viumea,min{(507)(y),6(:)}
> (§07)(za) A d(x)
= Vienean, min{s(s),7(0)} A d(x)
5(x) A~ ((az)a) A b(x)
5(x) Ay(x) = (517)(@).

= dNyC(doy)od.

Y

Y

Hence 6 Ny = (d o) o4, ie., (1) = (4). It is clear that (4) = (3) and (3) = (2). Assume that (2) is
true. Then pNS = (o S) o p, where S itself is a fuzzy two-sided ideal, so u = (10 S) o u. Therefore S is a
regular by the Theorem 3.1, i.e., (2) = (1). O

Theorem 3.4. Let S be an ordered AG-groupoid with left identity e, such that (xe)S = xS for all x € S.
Then the following conditions are equivalent.

(1) S is a regular.
(2) puNy Cyou for every fuzzy quasi-ideal p and every fuzzy right ideal v of S.
(3) BNy C o B for every fuzzy bi-ideal B and every fuzzy right ideal v of S.
(4)

4) dNy Cyod for every fuzzy generalized bi-ideal § and every fuzzy right ideal v of S.
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Proof. (1) = (4), is obvious. Since (4) = (3) and (3) = (2). Suppose that (2) is true, this implies that
YN p=puNy Cyopu, where p is a fuzzy left ideal of S. Since you CyNu, so yNu =~y o u. Hence S is a
regular by the Theorem 3.1, i.e., (2) = (1). O

Theorem 3.5. Let S be an ordered AG-groupoid with left identity e, such that (xe)S = xS for all x € S.
Then the following conditions are equivalent.

(1) S is a regular.

(2) puNYNAC (woy) o for every fuzzy quasi-ideal p, every fuzzy right ideal v and every fuzzy left ideal
A of S.

(3) BNyNAC (Box) o for every fuzzy bi-ideal B, every fuzzy right ideal v and every fuzzy left ideal
A of S.

(4) dNyNAXC (d07) oA for every fuzzy generalized bi-ideal §, every fuzzy right ideal v and every fuzzy
left ideal X of S.

Proof. Suppose that (1) holds. Let 6 be a fuzzy generalized bi-ideal, v be a fuzzy right ideal and X\ be a

fuzzy left ideal of S. Let = € S, this implies that there exists an element a € S such that z < (za)z. Now

v < (za)z.
((za)z)a = (az)(za) = z((az)a).
(ar)a < (a((za)r))a = ((za)(az))a = (a(az))(za)
= 2((a(az))a) = z(((ea) (ax))a) = =(((za) (ae))a)
= 2(((ae)a)z)a) = z((nz)a) = z((n)(ca)) = x((ac)(zn))

8
IS
IN

= z(z((ae)n)) = z(zm).

= za < z((ax)a) < z(x(zm)) = (ex)(x(xm)) = ((xm)z)(xe).
Thus

((Goy)od)(x) = Vyzea,min{(607)(y) Mz)}
> (6o7)(xa) AA(z)

= Visnea,,min{d(s), (1)} A Az)

v

d((xm)x) Avy(ze) A A(z)

v

() Ay(z) AXNx) = (NyNA)(x).

= dNyNAC(doy)oA
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Hence (1) = (4). It is clear that (4) = (3) and (3) = (2). Assume that (2) holds. Then pNSNA C
(o S) o\ where p is a right ideal of S, i.e., uNAC o A Since po A C uN A, so po X = pN A Therefore
S is a regular by the Theorem 3.1, i.e., (2) = (1). O

4. INTRA-REGULAR ORDERED AG-GROUPOIDS

An ordered AG-groupoid S will be called an intra-regular ordered AG-groupoid if for every x € S there
exist elements a,b € S such that 2 < (ax?)b. Equivalent definitions are as follows:

(1) AC ((SA?)S] for every A C S.

(2) z € ((Sz*)S] for every = € S.

In this section, we characterize intra-regular ordered AG-groupoids by the properties of fuzzy (left, right,

quasi-, bi-, generalized bi-) ideals.
Lemma 4.1. Every fuzzy left (right) ideal of an intra-reqular ordered AG-groupoid S is a fuzzy ideal of S.

Proof. Suppose that p is a fuzzy right ideal of S. Let z,y € S, this implies that there exist elements a,b € S,

such that z < (az?)b. Thus
p(zy) > u(((az®)b)y) = p((yb)(az®)) > p(yd) > u(y).
Hence pu is a fuzzy ideal of S. ]

Lemma 4.2. Let S be an intra-reqular ordered AG-groupoid with left identity e. Then every fuzzy ideal of

S is a fuzzy idempotent.

Proof. Assume that p is a fuzzy ideal of S and po p C p. Let « € S, this means that there exist elements

a,b € S, such that x < (az?)b. Now

r < (az®)b= (a(zx))b = (z(ax))b

Thus
(Hop)(z) = Viyzea,min{u(y),u(z)}
> plaz) A p((xe)b) > p(x) A p(e) = p(@).
= uCpopu
Therefore p1 = p1 0 p. 0

Proposition 4.1. Let p be a fuzzy subset of an intra-reqular ordered AG-groupoid S with left identity e.
Then w is a fuzzy ideal of S if and only if u is a fuzzy interior ideal of S.
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Proof. Suppose that p is a fuzzy interior ideal of S. Let xz,y € S, then there exist elements a,b € .S, such
that 2 < (ax?)b. Thus

pay) = u(((az?)b)y) = p((yb)(az?))
= ul(yb)(a(zz))) = u((yb)(z(ax)))
= ul(yz)(b(ax))) = p(x).
So u is a fuzzy right ideal of S, hence y is a fuzzy ideal of S by the Lemma 4.1. Converse is true by the

Lemma 2.11. O

Remark 4.1. The concept of fuzzy (two-sided, interior) ideals coincides in intra-regular ordered AG-

groupoids with left identity.

Lemma 4.3. Let S be an intra-regular ordered AG-groupoid with left identity e. Then yNp C po~y for

every fuzzy left ideal p and every fuzzy right ideal v of S.

Proof. Let u be a fuzzy left ideal and v be a fuzzy right ideal of S. Let x € S| this implies that there exist

elements a,b € S such that z < (az?)b. Now
r < (az®)b = (a(zx))b = (x(ax))b
— (o(a2))(eh) = (ve)(a2)h) = (ar)((ze)b).

Thus

(mo)(@) = Vyzeaminfu(y),v(z)}
= plaz) Ay((we)b) = p(x) Ay(z)
= (@) Ap@) = (yNp) ().
= YNpSpony.

O

Theorem 4.1. Let S be an ordered AG-groupoid with left identity e, such that (xe)S = xS for all x € S.
Then the following conditions are equivalent.
(1) S is an intra-regular.

(2) y N C por for every fuzzy left ideal p and every fuzzy right ideal v of S.

Proof. (1) = (2) is obvious by the Lemma 4.3. Suppose that (2) holds and a € S. Then Sa is a left ideal
of S containing a by the Lemma 3.5 and aS U Sa is a right ideal of S containing a by the Proposition

3.2. So xg, is a fuzzy left ideal and x,q.q, is @ fuzzy right ideal of S, by the Theorem 2.2. By our
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supposition Xasusa N Xsa & Xsa © XaSuSa> Le. » X(aSUSa)NSa - X((Sa)(aSUSa)] by the Theorem 2.1. Thus
(aSUSa)NSa C (Sa(aSU Sa)]. Since a € (aSUSa)NSa, ie., a € (Sa(aSUSa)] = ((Sa)(aS)U (Sa)(Sa)].

Now

(Sa)(aS) = (Sa)((ea)(SS)) = (Sa)(($5)(ae))
= (5a)(((ae)5)5) = (Sa)((a5)S)

(Sa)((SS)a) = (Sa)(Sa).

This implies that

((Sa)(aS) U (Sa)(Sa)] ((Sa)(Sa) U (Sa)(Sa)]
= ((Sa)(Sa)] = ((Sa)a)S]
= (((Sa)(ea))S] = (((Se)(aa))S]

= ((Sa?)s).
Thus a € (Sa?)S, i.e., a is an intra-regular. Hence S is an intra-regular, i.e., (2) = (1). O

Theorem 4.2. Let S be an ordered AG-groupoid with left identity e, such that (ze)S = xS for all x € S.
Then the following conditions are equivalent.

(1) S is an intra-regular.

(2) uNvy = (o) op for every fuzzy quasi-ideal 1 and every fuzzy ideal vy of S.

(3) BNy = (B o) o B for every fuzzy bi-ideal B and every fuzzy ideal v of S.

(4) dNy=(d0y)0d for every fuzzy generalized bi-ideal 6 and every fuzzy ideal v of S.

Proof. Suppose that (1) holds. Let 6 be a fuzzy generalized bi-ideal and v be a fuzzy ideal of S. Now
(0o07)0d C(Soy)oSCyoSCvyand (oy)od C(doS)od C 4, thus (oy)od CdN~. Let x € S, this

implies that there exist elements a,b € S such that z < (az?)b. Now

r < (az?)b = (a(zz))b = (2(ax))b = (b(az))a.
blaz) < bla((az?)b)) = b((azx?)(ab)) = b((az?)c)
= (a2?)(bc) = (az?)d = (az?)(ed) = (de)(z2a)
= m(a%a) = 2%(ma) = (zz)l = (Iz)z = (Iz)(cx)

= (ze)(xl) = z((xze)l).
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Thus
((om)od)(z) = V(yzyea,min{(do7)(y),d(2)}
= (6o7)(blax)) Ad(z)

= v(s,t)EAb(az)min{é(s)a’Y(t)} A 5(1’)

v

0(x) Ay((ze)l) Ao(x)

5(a) M) = (517) ().

= 0Ny C(dovy)od.

Y

Hence 6 Ny = (6 o) o4, ie., (1) = (4). It is clear that (4) = (3) and (3) = (2). Assume that (2)
is true. Let p be a fuzzy right ideal and « be a fuzzy two-sided ideal of S. Since every fuzzy right ideal
of S is a fuzzy quasi-ideal of S by the Lemma 2.14, so u is a fuzzy quasi-ideal of S. By our assumption
uNy=(poy)ouC(Sovy)ouCvyopu,ie, uNy C~yopu. Therefore S is an intra-regular by the Theorem
4.1, ie., (2) = (1). O

Theorem 4.3. Let S be an ordered AG-groupoid with left identity e, such that (xe)S = xS for all x € S.
Then the following conditions are equivalent.

(1) S is an intra-regular.
(2) uNy Cyou for every fuzzy quasi-ideal p and every fuzzy left ideal y of S.
(3) BNy Cyopf for every fuzzy bi-ideal B and every fuzzy left ideal v of S.
(4)

4) 6N~y C ol for every fuzzy generalized bi-ideal § and every fuzzy left ideal v of S.

Proof. Assume that (1) holds. Let § be a fuzzy generalized bi-ideal and ~ be a fuzzy left ideal of S. Let
x € S, this means that there exist elements a,b € S such that x < (az?)b. Now z < (a(zx))b = (x(az))b =

(b(ax))x. Thus

(ved)(@) = Vizea,min{y(y),6(2)}
> (b(ax)) Ad(x) = ~(x) Ad(x)
= 0(z) Av(z) = (6 N7y)(x).

= JNyC~yol.

Hence (1) implies (4) . It is clear that (4) = (3) and (3) = (2). Suppose that (2) holds. Let u be a fuzzy
right ideal and « be a fuzzy left ideal of S. Since every fuzzy right ideal of S is a fuzzy quasi-ideal of S, this
implies that p is a fuzzy quasi-ideal of S. By our supposition, 4N~y C o u. Thus S is an intra-regular by
the Theorem 4.1, i.e., (2) = (1). O
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Theorem 4.4. Let S be an ordered AG-groupoid with left identity e, such that (xe)S = xS for all x € S.
Then the following conditions are equivalent.

(1) S is an intra-regular.

(2) uNYNAC (you)o for every fuzzy quasi-ideal p, every fuzzy left ideal v and every fuzzy right ideal
A of S.

(3) BNyYNAC (yopB) o for every fuzzy bi-ideal B, every fuzzy left ideal v and every fuzzy right ideal
A of S.

(4) oNyNAXC (yod) oA for every fuzzy generalized bi-ideal 0, every fuzzy left ideal v and every fuzzy
right ideal A of S.

Proof. Suppose that (1) holds. Let ¢ be a fuzzy generalized bi-ideal, v be a fuzzy left ideal and X be a fuzzy

right ideal of S. Let = € S, then there exist elements a,b € S such that x < (az?)b. Now
z < (a(zx))b = (x(azx))b = (blax))z.
blaz) < bla((az®)b)) = b((az?)(ab))
= b((az®)c) = (ax?)(bc) = (ax?)d
= (a(zx))d = (z(ax))d = (d(ax))x.
Thus
(7o 8)oN)(@) = Viyoeamind(yod)(y), A=)}
> (vod)(blax)) A A(x)
= V(sh)eyn Mn{7(s),6(0)} A A()
> (d(az)) A§(x) A @) = () AS(x) A ()
= (yNndénA)(x).
= YNSNAC (yod)oA
Thus (1) implies (4) . Since (4) = (3) and (3) = (2). Assume that (2) holds. Then pNSNAC (Sopu)o A,
where p is a fuzzy left ideal of S, i.e., uN A C po A Thus S is an intra-regular, i.e., (2) = (1). O
5. REGULAR AND INTRA-REGULAR ORDERED AG-GROUPOIDS
In this section, we characterize both regular and intra-regular ordered AG-groupoid by the properties of

fuzzy (left, right, quasi-, bi-, generalized bi-) ideals.

Theorem 5.1. Let S be an odered AG-groupoid with left identity e, such that (xze)S = xS for all x € S.

Then the following conditions are equivalent.
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(1) S is both a regular and an intra-regular.
(2) pop=p for every fuzzy bi-ideal u of S.

(3) py M g = (g © pig) N (g © py) for all fuzzy bi-ideals i, and py of S.

Proof. Suppose that (1) holds. Let u be a fuzzy bi-ideal of S and po p C pu. Let © € S, this implies that

there exists an element a € S such that < (za)z, also there exist elements a,b € S such that z < (az?)b.

Now
r < (va)w

za < ((az?)b)a = (ab)(az?) = c(a(zx))
= c(z(az)) = z(c(ax)) = z((ec)(ax))
= z((za)(ce)) = z((zva)d) = z((da)x)
= 2(lz) = l(zz) = (el)(zz) = (xz)(le)
= (zz)m = (ma)a.

mz < m((az?)b) = (az?)(mb) = (a(zz))n
= (#(ax))n = (z(ax))(en) = (ze)((az)n)
= (ze)((ax)(en)) = (ze)((ae)(xn))
= (ze)(z((ae)n)) = (ze)(zu) = ((ve)u) = zw.
= za < (ma)z = (zw)z.

Thus

(Hop)(z) = Viyzea,min{u(y), u(2)}
> p((aw)z) A p(x)
= @) A pl) A p(z) = p).
= uCpopu

Hence p = pop, i.e., (1) implies (2). Assume that (2) is true. Let p; and u, be two fuzzy bi-ideals of S,
then pqy Ny and pq oy be also fuzzy bi-ideals of S. By our assumption gy Ny = (pg Nptg) 0 (g Nptg) C fhg 0 fhg

and pq Nty = (g N pg) © (g M pig) S pg © pry, this implies that oy N pg C (113 0 pg) N (kg © p11). Again by our
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supposition

(g 0 po) N (g opy) = ((pg 0 p2) N (g 0 1)) o (k1 0 pa) N (kg © piq))

N

(k1 0 pg) 0 (g 0 1) € (11 0 8) 0 (S0 py)

= ((Som)oS)ou =(((See)opu)oS)opu
= (((moe)oS)oS)opu =((uo8)oS)opu
= ((SoS)opu)op =(Sop)om

= ((See)opu)op =((noe)oS)om

= (moS)opu S

= (g0 pg) N (pg0py) C py.

Similarly, we have (1 © pip) N (g © p11) S pig, thus (pg © pg) N (g © py) S py N pg. Hence py Nopy =
(19 © f19) N (g © py), 1.y (2) = (3). Suppose that (3) holds. Let p be a fuzzy right ideal and v be a fuzzy

ideal of S, then p and v be also fuzzy bi-ideals of .S, because every fuzzy right ideal and fuzzy ideal of S is a
fuzzy bi-ideal of S. By our supposition uN~vy = (po~y)N(yop), this implies that pNy C (novy)N(you), i.e.,
unNy Cpovyand pNvy C ~you, where v is also a fuzzy left ideal of S. Since o~y C Ny, thus uN~y = po~y

and g N~y C o pu. Hence S is both a regular and an intra-regular, i.e., (3) = (1). |

Theorem 5.2. Let S be an ordered AG-groupoid with left identity e, such that (xe)S = xS for all x € S.
Then the following conditions are equivalent.
(1) S is both a regular and an intra-regular.

(2) Every fuzzy quasi-ideal of S is a fuzzy idempotent.

Proof. Suppose that S is both a regular and an intra-regular. Let u be a fuzzy quasi-ideal of S. Then u be
a fuzzy bi-ideal of S and pop C u. Let x € S, this means that there exists an element a € S such that
x < (za)x, and also there exist elements a,b € S such that x < (az?)b. Since = < (za)z = ((zw)z)x by the

Theorem 5.1. Thus

(mop)(x) = Viyzea,min{u(y),n(z)}

Y

u((@w)) A ple)

Y

(@) A p(@) A p() = p(w).
= pCpop

Hence p = p o p. Conversely, assume that every fuzzy quasi-ideal of S is a fuzzy idempotent. Let a € S,

then Sa is a left ideal of S containing a by the Lemma 3.5.This implies that Sa is a quasi-ideal of S, so
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Xsq 18 a fuzzy quasi-ideal of S by the Theorem 2.4. By our assumption Xg, = X4 © Xsa = X((Sa)(Sa)]s 1-€-
Sa = ((Sa)(Sa)]. Since a € Sa, i.e., a € ((Sa)(Sa)]. Thus a is both a regular and an intra-regular by the

Theorems 3.1 and 4.1, respectively. Hence S is both a regular and an intra-regular. ([l

Theorem 5.3. Let S be an ordered AG-groupoid with left identity e, such that (xe)S = xS for all x € S.
Then the following conditions are equivalent.

(1) S is both a regular and an intra-regular.
(2) puNy C o for all fuzzy quasi-ideals p and v of S.
(3) uN~y C por for every fuzzy quasi-ideal p and every fuzzy bi-ideal 7y of S.
(4) pNy C pory for every fuzzy bi-ideal p and every fuzzy quasi-ideal v of S.
(5) N~y C por for all fuzzy bi-ideals p and v of S.
(6) pN~ C pory for every fuzzy bi-ideal p and every fuzzy generalized bi-ideal v of S.
(7) pN~y C pory for every fuzzy generalized bi-ideal p and every fuzzy quasi-ideal y of S.
(8) uN~ C por for every fuzzy generalized bi-ideal p and every fuzzy bi-ideal v of S.
(

9) wN~vy Cpox for all fuzzy generalized bi-ideals p and v of S.

)
)
)
)
)
)
)
)

Proof. Suppose that (1) holds. Assume that p and 7 be two fuzzy generalized bi-ideals of S. Let = € S, this
implies that there exists an element a € S such that x < (xza)x, and also there exist elements a,b € S such

that = < (ax?)b. Since z < (za)z = ((zw)x)r by the Theorem 5.1. Thus

(o) (x) = Viyzyea,min{u(y),v(z)}

Y

p((zw)z) Ary(z)

v

(@) A p(x) Ay(z) = (pNy) ().
= pNyCSpony.

Hence (1) = (9) . It is clear that (9) = (8) = (7) = (4) = (2) and (9) = (6) = (5) = (3) . Assume that
(2) holds. Let u be a fuzzy right ideal and v be a fuzzy left ideal of S. Since every fuzzy right ideal and every
fuzzy left ideal of S is a fuzzy quasi-ideal of S by the Lemma 2.14. By our assumption, g N~ C po~. Since
poyCuNy,souNy=por,ie., Sisaregular. Again by our assumption, u Ny =vNu C yopu, ie., S
is an intra-regular. Hence S is both a regular and an intra-regular, i.e., (2) = (1). In similar way, we can

prove that (3) = (1). O

Theorem 5.4. Let S be an ordered AG-groupoid with left identity e, such that (ze)S = xS for all x € S.
Then the following conditions are equivalent.
(1) S is both a regular and an intra-regular.

(2) pNy C (poy)N(yop) for every fuzzy right ideal p and every fuzzy left ideal vy of S.
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(3) uNy C (poy)N(yopu) for every fuzzy right ideal p and every fuzzy quasi-ideal v of S.

(4) Ny C (poy)N(yopu) for every fuzzy right ideal p and every fuzzy bi-ideal v of S.

(5) pNy C (poy) N (yopu) for every fuzzy right ideal p and every fuzzy generalized bi-ideal v of S.
(6) uN~y C (povy)N(yopu) for every fuzzy left ideal p and every fuzzy quasi-ideal v of S.

(7) pNy C (poy)N(yopu) for every fuzzy left ideal p and every fuzzy bi-ideal v of S.

(8) pNy C (poy)N(yopu) for every fuzzy left ideal p and every fuzzy generalized bi-ideal y of S.
(9) uN~y C (poy)N(yopu) for all fuzzy quasi-ideals p and v of S.

(10) pNy C (poy) N (yop) for every fuzzy quasi-ideal p and every fuzzy bi-ideal v of S.

(11) uny C (poy)N(you) for every fuzzy quasi-ideal 1 and every fuzzy generalized bi-ideal y of S.
(12) pnNy C (poy)N(yop) for all fuzzy bi-ideals p and v of S.

(13) uNy C (oy) N (yopu) for every fuzzy bi-ideal p and every fuzzy generalized bi-ideal v of S.
(14) uny C (poy)N(you) for all fuzzy generalized bi-ideals p and v of S.

Proof. Since pN~ C po~and pNy C yopu for all fuzzy generalized bi-ideals p and v of S by the Theorem
5.3. Hence uNvy C (noy)N(you),ie., (1) = (14). It is clear that (14) = (13) = (12) = (9) = (6) = (2),
(14) = (11) = (10) = (9), (14) = (8) = (7) = (6) and (14) = (5) = (4) = (3) = (2). Assume that (2) is
true. Let p be a fuzzy right ideal and + be a fuzzy left ideal of S. By our assumption uN~vy C (poy)N(you) C
you, ie. Sisan intra-regular. Again pN~y C (noy)N(you) C po~y. Since poy C uN-y, so uNy = po~, i.e.,
S is a regular. Hence (2) = (1). O
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