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ABSTRACT. This work is concerned with the class of analytic functions that maps open unit disk onto conic
domains. Necessary condition, arc length, growth rate of coefficients, radius problems and property of some

integral transformation under the class are examined.

1. INTRODUCTION

Let A be the class of functions f(z) whose series representation is given by
fR) =2+ anz", (1.1)
n=2

and regular in an open unit disk A = {z: |z| < 1}. Let S denotes the class of univalent functions in A
and C(p),S*(p) and K(p), 0 < p < 1 be the well known subclasses of S which consist of convex, starlike
and close-to-convex functions of order p respectively. C'(0) = C,8*(0) = §* and K(0) = K are the classes
of convex, starlike and close-to-convex functions in A respectively. A function f € A is subordinate to
g € A (written as f(z) < g(z)) if there exists a function w(z) with |w(z)] < 1 and w(0) = 0 such that
f(z) = g(w(2)). In addition, if g(z) is univalent in A, then f(0) = ¢g(0) and f(A) C g(A) [4].
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Let H be the class of functions p(z) = 1+ E cpz™ that are regular in A with p(0) = 1. Then p €
=1

P[A,B], -1 < B< A<1ifand only if p(2) < iigﬁ or equivalently

(A+Dh(z) —(A—-1)
(B+1)h(z) — (B—1)’

p(2) =

where h € P[1,—1] = P, the class of functions with positive real part. This class of functions was first
considered and study extensively by Janowski [6].

Kanas and Wisniowska [7,8] introduced the class of k-uniformly convex functions and k-uniformly starlike
function denoted by k — UCV and k — UST respectively, which were defined subject to the conic domain

Qr, k > 0, given by
Qp={ut+iviu>ky/(u—1)2+0%} (1.2)

This domain represents the right half plane for k¥ = 0, the right branch of hyperbola for 0 < k£ < 1 and an

ellipse when k > 1. The function pi(z) plays an extremal role for all functions that maps A onto € and it

is given by
1+2
1':2, k=0,
1+ % (log 1+f)
Pi(2) = 1+ 2 sinh? [(2 arccos k) arctan v/z] , 0 < k < 1, (1.3)
1 ™ 7 1 1
1+ =z sin {QR(Q of \/@\/1—@@2(1‘% + =, k> 1,
where u(z) = 1'2__\/‘%, t € (0,1),z € A and ¢ is chosen such that k = cosh( Zg((tt))) R(t) is Legendre’s complete

elliptic integral of the first kind and R'(¢) is the complementary integral of R(t) [7].
We denote by P(py), the class of functions that are subordinate to pi(z). Ronning [20] proved that for
p € P(pk), there exists a function h € P such that p(z) = h7(z) and ~ is given as:
2 1
v = — arctan (> (1.4)
™ k
It was also shown in [9] that for pr(z) =1+ dpz+ -+ € P(px),
8(arccos k)2
S o< j <1,
3 k=1, (1.5)

2

eEonviaee © > L

Ok

Very recently, K.I. Noor [18] extended the domain €, to that of Janowski type, Qx[A4, B],
— 1< B < A <1 and defined it as

o= {w re( GGt ) > Mg ) (16)
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or alternatively,
Qu[A, Bl ={u+iv: [(B* = 1)(u® + v*) —2(AB — 1)u + (4* — 1)]*
> K [(=2(B + 1)(u” + %) + 2(A + B + 2)u — 2(A +1))* + 4(A - B)*v’]}. (1.7)

Geometrically, the effect of ;[A, B] on Q) was described in [18].
We denote by k—P[A, B], —1 < B < A < 1, the class of functions that map A onto Q[A, B]. Equivalently,
we say p € k — P[A, B] if and only if

(A+Dpi(z) = (A-1)
(B+ Lpi(z) — (B—1)

where pj, is given by (1.3). Also, it is worthy to note that p € k — P[A, B] C P($31) which implies that

p(2) <

,k>0,-1<B<A<]I, (1.8)

p(2) = (1 — B1)h1(2) + B1, (see [18]) where h; € P and B is given by

C2%+1-A

ﬁ1_2k+1—B

(1.9)

We extend the class k — P[A, B] as follows:

Definition 1.1. Let p(z) € H. Then p € k — P,[A, B] if and only if for p > 2,k >0,-1 < B< A<1, we

have

p(z) = 1 p1(z) — ol 2p2(z), p1,p2 € k— P[A, B]. (1.10)

Definition 1.2. Let p(z) € H. Then p € k — P,[A, B, a| if and only if for p > 2,k >0,
—1<B<A<1,a€l0,1), we have

p(z) = (1 —a)h(z) + a, h(z) € k—P,[A, B]. (1.11)

For k = 0,A = 1,B = —1,a = 0, we have the class P, introduced and studied in [22]. Also, when
w = 2,a =0, we get the class k — P[A, B|, which was first considered by K.I. Noor in [18]. The class
k— P,[1 —2v* —1,0], v* € [0,1) is the same as the class k — P,(y*) studied in [17].

We now define the following classes of functions.

Definition 1.3. Let f € A. Then f € k—UR,[A,B,a], k>0, 1>2, € [0,1),-1<B<ALL, if and

only if
zf'(z)
€ k—P,A,B,q].
Definition 1.4. Let f € A. Then f € k—UV,[A,B,a], k>0,u>2,a€[0,1),-1<B<ALL, if and
only if
(2f'(2))
———ck-P,A, B, al.
i o Tuld Bl

It is obvious to note that f € k —UV,[A, B,a] & zf'(z) € k —URL[A, B, . Also,
0 —UV,[1,—1,0] = V,, is the class of functions of bounded boundary rotation(see [1], [22])
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Definition 1.5. Let f € A. Then f € k—T,[A,B,C,D,a], k>0, p>2,a€[0,1),-1<B<A<1,-1<
D < C <1 if and only if there exists g € k — UR,[C, D, o] such that

')
) € k— P[A, B]

or equivalently as

f'z)
7 € k— P[A, B|

where g € k—UV,[C, D, o].

We note the following special cases.
i 0—"T[A,B,C,D,0] = K[A, B,C, D], is the class of functions studied by Silvia [23].
ii 0—T3[1,—-1,1,—1,0] = K, is the class of close to convex functions examined by Kaplan [10].
iii k—Ts[A,B,C,D,0] =k —UK[A, B,C, D], the class considered in [12]
iv 1-T3[1,-1,1,—1,0] = UCC, is the class of uniformly close to convex functions explored by Kumar
and Ramesha [11].
v 1-T3[1-2p,—1,1,—1,0] = UCC(p) is the class of uniformly close to convex of order p, -1 < p <1
that was taken into account in [24].
vi 0—T,[1—2p,—1,1—-2p,—1,0] = T,(p),p € [0,1), is the class of functions that was studied by K.I.
Noor in [16]
vii 0 — T,[1,—1,1,-1,0] = 7,, is the class of generalized close-to-convex functions introduced and
studied in [15].
Let

. 1
G(a,b,c;2z) = I‘(CL)FF((C)—LL)/O w1 —u) (1 - 2u) "bdu, (1.12)

where Rea > 0, Re(c — a) > 0,T denotes the Gamma function and G(a, b, ¢; 2) is hypergeometric function.
Unless if otherwise stated, we lay down once and for all that & > 0, p > 2, « € [0,1),-1 < B < A <

1,-1<D<C<1.

2. SOME PRELIMINARY LEMMAS

We need the following lemmas.
Lemma 2.1. [1] Every function f €V, is a close to convex function of order § — 1.

Lemma 2.2. [13] Let p € P[A, B]. Then

1 (A= B)r

<sinT T ——.
|arg p(z)| < sin T AB2
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Lemma 2.3. [5] Let p(z) € H with Rep(z) > 0,2z = e (0 < r < 1). Then

27
/ \p(rei9)|)‘d9 < C’(A)ﬁ7 (2.2)

0

where C(X) is a constant and A > 1.

Lemma 2.4. [1] Let g € V,,. Then for > 3 there exists s; € S*(0) and p € P such that

s

—1

zg'(z) = s1(2)(p(2))

Lemma 2.5. [19] Let q(z) be analytic in A with q(0) = 1. If o> 1, Rec>0,0 < 0; < 0y <27, z = re',

then
f )
0zq' (2
Re Z+}d9>—a7r, 0<o<1),

implies

02

/Req(z)d9 > —oT.

01

3. MAIN RESULT

In this section, we present our main work.

Theorem 3.1. Let f € k — UV,[C,D,a]. Then f'(z) = (¢/(2))' =7, where ¢ € V,,, B=a+ (1 —a)p; and
B1 is given by (1.9).

Proof. Let f € k—UV,[C,D,a]. Then

P - 0) 122000 - 2| + s pupa € - PICDI € PlBo)
where 8y = S,’jjj:g Therefore,
LD 22 2) = 2o, st € P9,
where
(o) g 21— Cra(C D) )

2k+1-D

Thus, there exist f1, fo € C(8) such that

(f'(2) _ p+2AE)  p=2Ef0)
f'(z) 4 fi(2) 4 fiz)
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Integrating and using the result due to Brannan [1], we have
() (42)
fI(Z) :(fl(z)) s
(f5(z))
=¢'(2), ¢ € Vu(B)
=(¢' (=)', ¢ €V
O
Theorem 3.2. Let f € k—T,[A,B,C,D,a]. Then for p>2,0<6; <y <2m,z= re,
02
(2f'(2)) ¢-D p
/Re ) df > —m [(1—a) 1D (2 1)+~
01
where v is given by (1.4).
Proof. Let
f'(z) = g'(2)h(2), (3-2)
where g € k —UV,[C,D, o], h € k — P[A, B]. From Theorem 3.1, we write
2g'(2) = 27(2¢/ ()"~
By logarithmic differentiation and using Lemma 2.1, it follows that
[ o) 7o)
29 (z 29 (z
I a9 = _ 1 — AR
91 91
>—n(1-8)(5 1. (3.3)

Since h € k — P[A, B], there exists hy € P[A, B] such that h(z) = (h1(z))?, where ~ is given by (1.4).

Therefore,
f(z) =g (2)(hi(2))"

and thus,

02 . ) 02

(Tesz/(Teze))/ _/ ( 0 / / Tewh/ 7‘6 )
/ Res—paay 0= | Res— 0> ( Vo [ Re ey &
91 01

But

0p i0 ) .
/Rerehl(;i::) ) df = arg hy(re'®) — arg hy(re'™),
01

which implies

max
hi EP[A,B]

i ren) (re'?)
/ per<reT)

hi(ret?) h1E€P[A,B] h1€P[A,B

01

9] < max |arg hi(re’®)|+ max |arg hy(re®)]|.

(3.4)

(3.5)
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Using Lemma 2.2 in (3.5), we get

02
ret? b} (rei?) (A= B)r
Re— 1~ 740l < m—2cos P -2
hlenlé’?ﬁ,B} / © hy(ret?) =7 S I ABre
01
This means that
re'h) (re'?)
Re——————=df > —. 3.6
/ hi(ret?) =" (36)
Using (3.3) and (3.6) in (3.4), we have the result and this completes the proof. O

Corollary 3.1. [14] Let f € k—T,[1,—1,1,—1,0]. Then for p >2,0<60; < by < 2w,z = ret?,

(2) w—2
/Re B d9> W<2(k+1)+’y>.

Corollary 3.2. Let f € 1 —T,[1,—1,1,—1,0]. Then for u > 2,0 <6; < 6 <2,z =re?,

02
CIGY o
G/Re 702 do > 1

Corollary 3.3. [15] Let f € 0 — T,[1,—1,1,—1,0]. Then for 0 < 6; < < 2m,z = re',

/Re (2) d9> 77%

(2)
Using Goodman result in [3], we have the following.

Corollary 3.4. The function f € k —T,[A, B,C, D, a] is univalent in A for

M<2<1 'y) (2kc-!-1 D)+2

Remark 3.1. Let f € k—T,[A,B,C, D, a]. Then setting Z;:;S) = p(z) in Theorem 3.2 and applying Lemma

2.5, we have
0

Jacttoms o[- (z525) & -]

Theorem 3.3. Let f € k—T,[A,B,C,D,a]. Then

1 (A=B)r

Jarg f(2)] < (1= B)pusin™ v ysin ™t 2

where v is given by (1.4).

Proof. Let

F'(2) = (¢ (2))"P(n(2))", ¢ € Vi, h € P[A, B],
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where (3 is given by (3.1). Therefore,

larg f(2)] < (1 — B)|arg(¢(2))|| arg(h(2))"]-

Since it is well known in [21], that for ¢ € V,, |arg(¢'(2))| < psin~' 7. Using this results and Lemma 2.2,

the proof is complete. O

Theorem 3.4. Let p(z) =1+ Y ¢,2" € k— P,[A, B,al. Then forn > 1,
n=1
(1 — @)(A = B)|3|

|CTL| S 4 Y

where §y, is given by (1.5).

Proof. Since p € k — P,[A, B, o], then we write

ft2
1

I

p(z) = 210 = )i (2) + ] = L2 00 ~ @)ha(e) + ), A, b €k~ PIA, B (3.7)

Let hi(z) =14 > anz™ and ha(z) =1+ > byz™. Then from (3.7), we have

n=1 n=1

1+ch 1+Z[M+2 u42bn}zn.

n=1

Comparing the coefficient of 2™, we obtain

el < (1 - >[“”

[ Ib]

It has been established in [18] that for h(z) =14 Y d,2" € k — P[A, B],

n=1
(A=Bol |

|dn| < 5

and Jj, is given by (1.5). Using this result, it follows that

p(l = a)(A = B)|d|
4

len| <
and this completes the proof. O

Corollary 3.5. Letp(z) =1+ > ¢p2z™ € 1 — P2[1,—1,0]. Then forn > 1,

n=1

8
‘Cn‘ S ﬁ

Corollary 3.6. [13] Let p(z) =1+ > cp2" € 0 — P2JA, B,0]. Then forn > 1,

n=1

len| <A—B

Corollary 3.7. [j] Letp(z) =1+ Y cp2™ € 0 — Py[1,—1,0]. Then forn > 1,
n=1

len] < 2.
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Theorem 3.5. Let p(z) =1+ Y. ¢,2" € k — P,[A, B,a]. Then for z=re(0 <r < 1),
n=1

2
o H{(u(laxfw) 1},,2
2
— <
= [P < —

0

Proof. Using Perseval’s identity, we have

1 2m 0o
2 _ 2,.2n
o [ o) W9 =1+3 fef'r
0 n=

Applying Theorem 3.4, we get

;7|p<z>|2de §1+[ pl = A = B"”ﬂ Z 20
0

- [(ml—axf—mm)z _ 1} 2

1—r2
(Il
Corollary 3.8. Forp € 0— Py[A, B,0] = P[A, B],
7 14 [(A— B)? — 1]
2 + - — 1|r
— df < .
o [ Ivte)de < A2

0

Corollary 3.9. [16] Forp € 0— Py[1 —2v,—1,0] = P(y),

7/|p 2d9< [ (1_ ) _1}7'2

1—7r2

Theorem 3.6. [Arc Length Problem] Let f € k —T,[A,B,C,D,a]. Then for p > + 2,

1\ @=A(g+D)+r-1
) (r—1),

where C(v, 8, A, B) (ﬁ) s a constant that only depends on vy, 3, A, B, where v and B are respectively given
by (1.4) and (3.1).

Proof. For f € k—T,[A, B,C, D, o], and application of the result due to Brannan [1], we have

212 =2 (@) E) ), (3.8)

where 51 € 8*,p; € P and hy € P[A, B]. Therefore, for z = re? (r < 1),

27
- / 2 f(2)]do
0
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Using (3.8), distortion theorem for starlike function s;(z), Holder’s inequality, Corollary 3.8 and Lemma 2.3,

it follows that

2—y ol
27 1 [ A=p)(n=2) =1 9 B
60 < (52 [ @I ) T (G [ mepa)

2—y

2m 1+ [(A — B)2 - 1]7“2 H 1 /27T (1=8)(n—2) 2
< = 0=0)-3)
=1 —1r)20-8) ( 1,2 or /. p1(2)] g

(1-B)(5+1)+7-1
SC(’Y,B7A,B,OC) (1> (7’—> 1)7
-
where
ol 2=
C(v.8,4,B,0) = [2r(A = B)*|* (C(N))
and
1-— -2
L 0-A-2)
2—y
O
Theorem 3.7. Let f € k—T,[A,B,C,D,a]. Then for u > % + 2,
an = O()nI=AEFDH=2 () 5 &),
where O(1) is a constant depending on 7,3, A and B, and vy, B are respectively given by (1.4) and (3.1).
Proof. By Cauchy Theorem, we have for z = re?
27
n|an| §2ﬂ'r" /0 |2f'(2)|dO
1
_Wﬁr(f).
Now, by applying Theorem 3.6 and setting r = 1 — % as n — 0o, we have the result. O

Theorem 3.8. Let f € k—T,[A,B,C,D,a]. Then for u > % +2,

||an+1| - |an| ’ S D(’%ﬂ,;},,A,B)nnil,

where n = 2(7_[5_1);—“(1_[3)_2 and D(v, B, u, A, B) is a constant that depends only on ~, 8, u, A, B, and v, B

are given by (1.4) and (3.1) respectively.
Proof. For f e k—T,[A,B,C,D,a], we write

22 =2 (@) ) ),

where s1 € §*,p; € P and hy € P[A, B]. Let 21 be complex number with |z1| = r. Then by Cauchy Theorem,

1 2
An+ Dol =slan]| < g [ 12—

2 (5@ mE)E) T )|
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Since s; € S*, then by a result due to Golusin [2],

272
[(21 — 2)s1] < 1-,2

we have

21 (n+ Dlanst| — nlan] (31(z))_ﬁ(pl(z))(%_l)(l—ﬁ)(hl(z))’y

2rP+2 am
< -
= 2mrn (1 —r2) /0

Now, using Distortion Theorem for starlike function s;(z), Holder’s inequality, Corollary 3.8 and Lemma

2.3, we have

2—y

2 1 [ (=) (u=2) 2
< — -+ df
= (1 —r)1-28 (27r /0 Ip1(2)] )

1 2T ) %
« 41/ I (2) ]2 d6
271— 0

2 (1+KA—BF—UH>

<
“pntl(1 —p)1-28 1—1r2

z1(n + 1)|an41] — nlax|

R

2 A=) (p=2) =
( s da)
0

2“/*2B+Lf(1*ﬁ>*2
<D1(’Y7B7N7AvB) 1 2
- rntl 1—r

where D; is a constant. Setting r =1 — % and z; = the proof is completed. O

n
n+1?
Corollary 3.10. For f € k — T3[A, B,C, D, 0],

|an+1| - |(ln| < Dl(y,ﬂ,A’B)n(’Y*Qﬂ)fl7

where Dy (v, 8, A, B) is a constant that depends on v, 3, A, B.
Corollary 3.11. [15] For f € 0—T,[1,-1,1,—1,0],

< Dl(:u)ngila

lant1| — lan]
where D1(v, B, A, B) is a constant that depends only on .

Theorem 3.9. f € k —T,[A,B,C,D,a]. maps the disk |z| < r, onto a convex domain, where r, is the

smallest positive real number of the equation

1—XM\r+ )\27‘2 + )\37‘3 + )\47“4 =0 (39)
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where

M =A+B+(1-B)u+y(A-B),
Xy =1+ AB+ (1 — B)u(A+ B),
X =(28 ~ 1)(A+ B) — (1 - HuAB +5(A - B),

Ay =AB(1—-28),
and 7y, B are respectively given by (1.4) and (3.1).

Proof. We set
2f'(2) = 2 (2¢/(2)) " (h(2))7,
where ¢ € V,, and h € P[A, B]. By logarithmic differentiation, we have

(=f'(2)) ((2) . ()
Re5 o) TG

For h € P[A,B] and ¢ € V,, , it is known in [6] and [22] respectively that

=f+(1—pB)Re

2l (z) (A—B)r
Rty = = ana - By

and
(4(2)) _ r?—prt1

Re o(z) — 1—1r2

Using these results, we have that

Eio)]

B >|18(1 —7r*)(1—Ar)(1 = Br) + (1 = B)(r? — pr +1)(1 — Ar)(1 — Br)

—v(A—-B)r(l — rz)} /(1 - 7'2)(1 — Ar)(1 — Br).
If we let

T(r)=p(1 —7r3)(1 - Ar)1 = Br)+ (1 = B)(r* — pr + 1)(1 — Ar)(1 — Br) —y(A — B)r(1 —r?).

Then
T(1) = (1- A2 - u)(1— A)1—B) <0, sincep> 2
and
T(0)=1>0.
Thus, r € (0,1). Hence, the theorem is proved. ([l

Corollary 3.12. Let f € 0— T3[1,—1,1,—1,0]. Then f € C for

|z| <2 —+/3.
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Corollary 3.13. Let f € 0—7,[1,—1,1,—1,0]. Then f(z) maps the disc

1
|2l < Slp+2=Vp2+4u]

onto a convex domain
Using the well-known distortion theorems for ¢ € V,, and h; € P, we prove the following.

Theorem 3.10. Let f € k—T,[1,—1,C,D,a]. Then

A2(G,b,c77’1) < ‘f(z) | < Al(aabvc7r1)7

where
b—1
Ai(a,b,e,r) = [r{'G(a,b,c,—r1) — G(a,b,c,—1)]
and
2()—1
AQ(a7 ba c, Tl) = I:G(aa ba c, _1) - r;aG(a7 ba c, _,',.1*1)] ’
a
where
s
a=(5 -~ -pp+1,
b =283,
s
c —(5 -1 -8y +2,

and, v and B are given by (1.4) and (3.1) respectively.

Proof. Let
F1(2) = @) P (h(2), ¢ € Vi, In € P

Then

dt

J
/Zl (1+t 5-1)(1-8) (141t)"
0 1—t)7

21 /14 g\ (BHDA-) )
:/ 1+t % dt
. = (1= 0)20-57

~

Let £ = }—f’z, then 1 —t = %g,dt = ﬁdf, (1+1t)= % Therefore,

1+ 2|

1 £(2)] S22[371/11—\z| E(%71)(175)+7(1 +§)72Bd§

=2""1(I;, — I), (3.10)
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where

_ ! a—1/1 _ ¢yc—a—1/1 —b
I = / €971(1 — €)1 (1 — (16))de
1

:;G(a,b, ¢, —1). (3.11)

To calculate I, let £ = ryu and r = if: Then

1
I :/ (rlu)(%fl)(lfﬁpm(l+r1u)72ﬁr1du
0
1
:'rf/ w1+ ru) "du
0
a
:T—lG(a,b,c7 —r1). (3.12)
a

Using (3.10), (3.11) and (3.12), the upper bound is obvious.

Now, we proceed to calculate the lower bound. Let d, denotes the radius of the largest schlicht disk
centered at the origin contained in the image of | z | < r under the function f(z). Then there exists a point
zo with |zo| = r, such that | f(z)| = d,. The ray from 0 to f(z) lies entirely in the image of A and the

inverse image of this ray is a curve I' in | z | < r. Thus,
4. =1 5o) | = [ 117Gl

|z |
= [ 1@

121 71—\ (51D(-5) Y
> / (ﬂ) B el O SR
o \l+p (1+ p)2t=P)ty

Let v = ;—Z. Then dp = ﬁdu and 1 —p = 124%1/ Going through the same process as it has been done

for the upper bound, we easily obtain the lower bound and this completes the proof. O

Theorem 3.11. Let f,g € k—T,[A, B,C, D, ], n1,c1,0 and v be positively real, n1 < 1, ¢; > m1, m = v+94.
Then for the function F(z) defined by

[F()]" = ez /Ozt(“““’”‘l(f(t>>5<g<t>>”dt7 (3.13)

/:2 R, [u (55725 (5 1)

where 0 < 01 < 05 < 27.

)
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Proof. Tt has been shown in [17] that the integral transformation (3.13) is a well defined analytic function

in A. Let H(z) = ZII::;S) Then, differentiating (3.13), we obtain

F(2)"[(cr —m) + mH(2)] = c1f(2)°g(2)".

Differentiating logarithmically and with some simple computations, we have

%ZH’(z) _ izf/(z) +£Zg’(z)

H(z) + %+H(2) B m f(z) m g(z) .

Now, since f,g € k—T,[A, B,C, D, o], then application of Remark 3.1 gives

/: R%H@H%} > —w[a—a)(%i‘ll_?l)) (g—l) ol

On using Lemma 2.5 with ¢ = %7 c=c; — 7, we complete the proof. (Il

Theorem 3.12. Let f,g € k—T,[A,B,C,D,a] and =1 < p < 0,0 < a1 < 1. Then for the function J(z)
defined by

(p—i—)zlal1/oztal12f(t)pg(t)dt1 p, (3.14)

o o) ()

where 0 < 61 < 0y < 2.

Proof. Set ZﬂS) = G(z). Then differentiating (3.14) logarithmically and with some simple calculations, we

get
2 (2)rg(z)
Jo t5T T2 f(t)pg(t)dt

(€3]

(1 - 1) +(p+ 1)G(z) =

This implies

aq 1

(o4 22) F07at) = ( (2 -1)+0+ 1>G<z>> (P,

Differentiating logarithmically once again, we have

1 /
() p 2f'(z) 1 2 (2)
H(z)+ (i—pn CH Lt FE) T g6

Applying Lemma 2.5 with ¢ = c= a% — 1, it follows that

1
1+p?

:2 Rezj;ij) > - [(1 ~a) (%iﬂ)) (‘2‘ - 1) +y
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