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ABSTRACT. The fundamental objective of this paper is twofold. Firstly, to derive the Cox-Ross-Rubinstein
type new formula for risk neutral pricing of European compound call option, where the underlying asset is
also a European call option. Thirdly, to prove that our newly derived CRR risk neutral pricing formula for
compound call option, converges in distribution to the well known, continuous time Black-Scholes formula

for pricing the compound call option on call.

1. INTRODUCTION

A compound option is an option that has further an option as the underlying asset. Compound options
were first studied by Geske (1979, [9]), using a partial differential equation method and Fourier integrals.
Afterward, several other approaches were introduced for pricing methods for compound options. For instance,
Lajeri-Chaherli (2002, [15]) used the martingale method and by computing the expectation of truncated
bivariate normal variables, priced the compound options. Agliardi (2003, [1]) priced a generalized time-
dependent compound calls. Gukhal (2004, [12]) proposed a model for valuation of the compound option,
in which the underlying option follows the log-normal jump-diffusion process. Fouque and Han (2005, [13])
employed a perturbation techniques to compute the prices of compound options. Chiarella and Kang (2011,

[5]) and (2014, [4]) evaluated American style compound option with stochastic volatility. Griebsch (2013, [11])
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used FFT (Fast Fourier Transform) to price the European style compound option prices, where volatility
assumed to be stochastic.

Since most studies have been done through continuous time approach so in this paper we emphasize on
pricing the compound option through the discrete time Cox-Ross-Rubinstein (CRR) approach, we refer the
reader to chapter 6 of [7]. They key novelty of the work is the detailed proof that discrete time CRR price
of the compound option converges to the continuous time pricing formula of the compound option. We now
give a brief description of all sections of this paper.

Section 1 is running introduction. The section 2 gives A short introduction to mechanics of the compound
option and its continuous time formula. Section 3 has been devoted to deriving, in a greater detail, the
CRR formula for the risk-neutral pricing the European-style compound option on European call option. In
Section 4, we have given the proof that the CRR price of compound option converges to the well-known

continuous time pricing formula, in distribution. options. section 6 comprises of conclusion.

2. CRR ForMULA FOR PRICING COMPOUND OPTIONS

This section comprises of a brief introduction to compound option and our new result on the derivation

of its CRR premium of European call option when the underlying asset is a European call option on stock.

2.1. Introduction to Compound Option. Here we briefly illustrate a compound op-
tion which is a particular type of exotic option. To do that we need a brief time line

here.

Today is time zero, 17 is the point time in future and 75 will be even later than that. If today at T = 0 we
purchase a call option we are buying a right to exercise a price of K7 and exchange for that we will receive
a call option. So in this case we are purchasing a call option on a call option. Mainly, there can be four
possible variations of compound options.

1. Call with underlying Call.

2. Call with underlying Put.

3. Put with underlying Call.

4. Put with underlying Put.

So today at T = 0 when we purchase a compound option it gives us a right to going forward to exercise
that compound option. So let’s just say that stock increases little bit here at 7' = 1 and we exercise compound
option. We pay the strike price of K; and get the option not the stock. So we only do that if the value at
T =1 of call option is greater than the strike price C' > K;. So after having exercise the compound, we now

in fact own the more familiar plain vanilla call option on stock and we do need another strike price K5. The
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compound option has two strike prices, first only to purchase a compound option which is K7 the price we
pay in order to exercise initially to purchase a call option and that call option has K» its own strike price.
If we go forward in time, say stock move in our favor such that at 73 , there is an intrinsic value in that call
option and if S > Ky then we exercise the underlying option by paying the strike price Ky and receiving the
underlying asset (in this case it’s a stock).

When assumption of geometric Brownian motion is made, European style compound option can analyt-
ically be valued in terms of integral of bivariate normal distribution. The value of European call on call

option at T' =0 is

[T T
C =S8N |ay,by; Ll e_rTngN as, bs; Ll e_rTl KiN (0,2) (2.13,)
TQ T2

where

In SS +(rf”—2)T
a = (S) : 1;a2:al+0\/ﬁ

O'Tl

2
by = ln(%):\/(%_z)ﬂ;@:h-&-o\/ﬁ

N = cumulative bivariate normal distribution function.
S* = critical stock price at Ty such that compound option is in the money. We refer to [14] for further

details.

3. DERIVATION OF CRR coMPOUND OPTION FORMULA

Now we move towards the key objective of the paper i.e. pricing the compound option through binomial
approach. We aim to construct a CRR formula for the compound options. Let me state the key theorem of

the section.

Theorem 3.1. In a viable Coz-Ross-Rubinstein model with parameters Sy, T,r,u and d the fair price at
time 0 of a European compound call option with expiry m and strike Ky, contingent upon a European call

option with expiry n and strike Ks, can be given as:
C= SOB ((Z, b;p/; n,n — m) - (1 + r)i(nim)K2B ((1, b; plap; n,n — m) (31)

—(L+7) " K¢ (a3m, p)

h " ;) pu . ln%fmlnd 1 db = ln%fnlnd 1 i B ) < 1h
where p = o —q» P = ey @ = W—’_ an = W—F,an (-3 +) is the

complementary distribution function of bi-variate Binomial distribution.
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Proof. Consider the discrete time line,

[0 Moo

where m,n € N. We aim to price a compound call option where underlying asset is also a call option. The
compound option will be exercised at m (i.e. after m steps/periods) and the underlying call option (whose
value depends on underlying stock prices), will be exercised at n steps/periods. By assuming the absence
of arbitrage opportunities in the binomial model, the price of the underlying call option either moves up
by a factor w or down by a factor d in each period. The probability of an upward movement is p and the
probability of a downward movement is 1 — p.

In order to compute the fair premium of the compound option at inception, we will begin by employing

Theorem 5.47 of [7]. The payoff of the compound option can be given as,
payoff = max {Cys¢q(Spm, K2,n — m) — K1,0}

where E is the risk neutral expectation, K7 is the strike price for the compound option, and Cj;q is the Black-
Scholes price of underlying call option at the maturity of compound option i.e. m. Thus by the Theorem

5.46 of [7], the premium of the compound option can be given as,
C=1+7r)""E max {Csta(Sm, K2,mn —m) — K1,0})

where Cgpq(Sm, K2,n — m) is the price of the underlying option. The expectation can be written more
explicitly as,
Ui ; i m 1 m—i
C= (147" max (Csa(Snu'd™ ", Kz,n —m) — K;,0) ) (3.2)
i=0 {

The compound option will be exercised i.e. its payoff will be nonzero if
S > S*,

where S* denotes the worth of the stock such that the underlying option is in the money at time m i.e. S*
solves the equation

Cstd(STn7K27n - m) - K1~

Assume that a is the smallest time period 4 such that.

S > S*.

Let us try to determine bound on a,. As Sou®d™~% > S*, it follows that,

lng—; —mlnd

a >
n ()
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Let us return back to equation (3.2) and write the expectation more explicitly.

m

, , . , m , i
C = (1+7)"™) (Cora(Smu'd™ " Koyn —m)u'd™ " = K1) | | p'(1-p)
i=a (3
U ) ) m ) i .
= (1+r)™™ Z Csta(Smu'd™ ™", Ko,n —m) pr(1—p)" utd™t
i=a )
m
m _ ,
R Dl BN P L
i=a (3
U ) ) m ) i )
C = (14r)™™ Z Csta(Smu'd™ ™", Ko,n —m) pr(1—p)" tuwtd™m?
i=a )
—(1+7r)"" K19 (a,m,p) (3.3)
where 1 is the complementary Binomial distribution function,
- m i m—1
U(amp) = | |pA-p" "
i=a 2

We want to further explore the above first term of equation (3.3). Here Cy4q(Sy, K2,n — m) represents the
price of an underlying European option and the price is given as:
Cota(Smu'd™ ™", Koyn —m) = (1 + 1)~ ""™E ({max (S;, — K2,0)})
Cota(Spmutd™ ™", Ko,n —m) = (1 + r)_(”_m) Z max ((Smuidm_i)ujd"_j — K>, 0) X
Jj=m
n—m j n—m-—j
_ P’ (1-p) :
J
Assume that b < n in first instant such that

b = min {a : Smujd"_j} > K.
Let us try to find bound on b. By definition S,,u’d"~7 > Kj, therefore it follows that

ln% —nlnd
b> —m»

In (%)
Now
. , " n—m i ,
Csta(Smu'd™ " Ko,n—m) = (1+ r)_("_m) Z S (1 —p) Tyl dn—m=J
j=b J
n n—m

—(1 + T)i(nim)KQ Z

j=b J
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Substitute the above equation in equation (3.3), we infer that,

n n—m _ o .
(1+ r)’(”*m) > Sm P (1—p) " yidnmmTI
i=b

C o= a+nmy /
i=a n n—m . .
—(L+r)~ (=K, pP(a—-p "
j=b J

pi (1 - p)WL_Z uidmii - (1 + T)imKlw (0’7 map) .

mon m n—m o P o
C (1 + T’)in Z Z S p’ﬂ (]_ _ )”*(H’J) it gr—(i+9)
i=a j=b 7 j
men m n—m L o )
—(1 +7) "Ks Z Z pH—J (1 _ p)"—(H'J) widm—i
i=a j=b i j
K1t (a,m.p)
e O A [ I G
= 0
i—a j=b i j (1+7) (1+r)
non m n—m ” i
—(1 —(n-m) g, ___ b
(1+7) 222 ; i <(1_|_T)—(n—m)>
(1 — p) d " Vi n—j —(n—m)
(Mmm) p=p)" 7 = (1+r7) K1y (a,m, p),
m m! n—m (n—m)! .
where ' = Tm—n! and ' = n—m One can see that the first two terms in the last
v J

equation represent the cumulative distributive function of bivariate binomial distribution. Thus

C = SoB(a,b;p'sn,n—m)— (1+7r)"""™K,B(a,b;p,p;n,n —m) — (1+7) " K11 (a,m, p) (3.4)

In 22 _nind

} + 1 and b = [Slfl()] + 1, and ¥(+,;-) is the complementary

In2X—mind
/. _pu — So
where p’ = Gty 0= [ (%)

d

u

d
distribution function of bi-variate Binomial distribution. The formula above gives us the CRR premium of

the compound European call on European call option. O

4. CONVERGENCE OF EMPIRICAL MEANS AND VOLATILITIES OF LOG RETURNS TO ACTUAL MEANS

AND VOLATILITIES

Following is the key theorem that we intend to prove in this section.

Theorem 4.1. Assume that we are in the framework of Theorem 3.1. Then following holds:

i) If S* stock price at time Ty (i.e. maturity time for compound option) such that the compound option in
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the money then the empirical mean fi,m and variance of agm of log returns In (:Z‘o) converges, respectively,

to Ty and o2Ty.
1) Let T' be an instant between Ty and Ty and St be the stock price at time T'. Then the empirical mean

fip(n —m) and variance of G2(n —m) of log returns In (g—z) converges, respectively, to uTy and oTs.

Proof. of the compound option given by formula 2.1a. Let S* be the stock price at 77 such that. the price

of compound option is in the money. So

S* = SOUiDm—i
S* % m—1
In = In(U) +In(D)
So
S* , . . U
In = imU+(m—4)InD=iln{—=)+mlnD. (4.1)
So D

Here i is the binomial random variable with mean E [i{] = mp and variance Var [i] = mp (1 —p). As m — oo

S* _ U
E {ln (&))} =E {zln (D)] +E[mlnD].
The expectation of constant remains same , So
S* ) U
E [ln (50” E [7] {ln (Dﬂ + [m1n D]
mp [ln (g)} + [mIn D]
{pln (g) + lnD] m.

We suppose that the empirical mean value of In (%) is fi,m and represent it as:

= oo (2) +100] m ”

Var [m (EO)] = Var {z In (gﬂ + Var [mIn DJ.

The variance of (aX +b) is a®*VarX, hence
U\12
{ln (D)] Var [i]

wlu(3)
- mnla(3)

We suppose that the empirical variance value of In (%) is 52

and

P and represent it as

aym =p(1—p) {m (g)] : m. (4.3)
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IfuTy =E {ln (g—;ﬂ and ¢T = Var [ln (‘2—0)] represent the values of actual mean and variance, we want

fpm converges to pIy and c?gm approaches to o1} as m — o :

%ijnmmp In <ZU)> +1n D = puTy, (4.4)
and
U\ 12
n%i_r}rloomp(l -p) {ln (D)] = o°T). (4.5)

Also keep in view the following relation between U and D,

U= (4.6)

1
D
To have these convergence we need to choose the parameters U, D and p, which satisfies last three limiting

equations. To do so let solve the system of nonlinear equations (4.4), (4.5) and (4.6 ), for U, D and p. Ignore

the limits in the mentioned equations. Using equation (4.6) into (4.4), we may infer that

1 T
pln(Uz)—i-lnﬁ = %
Ty
1 = —. 4.
nU mEp—1) (4.7
Using equation (4.6) into (4.5) we infer,
T
1-p) @) = 21
pi-p @) = &
Ty
mUpP = —2
] dp(1 —p)m

Substituting the equation (4.7) into last equation we get,

(m(ng = 1>>2 B 4p<10 Tlp)m'

On solving the above quadratic equation for p we get,

1 1/1, T1
= - _—— —_—. 4'
p 2+20Vm (4.8)

Now substituting the value of p from (4.8) into getting the value of U by using equation (4.7)

InU = L L
m /T
InU = o E
m
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As D = %, then the value of D is

D=¢Vm, (4.10)

After plugging the calculated values of U, D and p in equations of fi,m and Egrm we see how these

empirical values approaches to the actual values of mean and variance.

Hpm = [pln (g) +1In D} m.

Note that ln(%) =InU-InD =¢ %—f—a\/% :20\/%. Now

1 ]./1, T1 Tl T1
Hpm = -4+ == 204/ —| —oy/—m
2 20Vm m m
/T T; T;
m m
lim pgym = pli.
m— o0

Next

2
1 1 T 1 1 T T

— ,+,E 71 1, ,+,E 71 20— 71 m
2 20V m 2 20Vm m
1 14T 2
- — ——— | 40°T;
(4 402m !

lim aim = o°Ty. (4.11)

m—o0

Now, at the second expiry of underlying stock: Sy = SoUID(—m)—J

In (ST) = 1n(U)J‘+(D)(n—m)—j

E
VR
S
~—

|

jInU+""™=IIn D = jIn (g) + (n—m)lnD.

Here j is the binomial random variable with mean E [j] = (n — m) p and variance Var [j] = (n — m) (1 — p) p.

E {m (‘zﬂ =E [jln (g)} +E[(n—m)nD].

As (n—m) — c©
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The expectation of constant remains same , so

E[m(izﬂ _— [1n<g>]+[(n—m)1np]

= (n—m)p [ln <g)] + [(n —m)In D]

oin(5) + 0] 0.

We suppose that the empirical mean value of In <S—§) is fi,(n —m) and represent it as:

iy (n —m) = {pln (g) + lnD] (n—m)

and

Var [m (g)] = Var [j In (IU)H + Var[(n —m)InDJ.

Recall the fact that the Var (aX + b) = a®?VarX. By using this,

vl ()] = [ (2)] veri
— (n-m)p(l-p) [ln@)]

We suppose that the empirical variance value of In (%) is o2
0

» (n—m) and represent it as:

5% (0= m) = p(1 =) [ (g)rm-m).

If wIh =E {ln (%)] and o1, = Var {ln (%)] represent the values of actual mean and variance, we want

fip(n — m) approaches to uT, and 67 (n — m) approaches to 0T as (n —m) — oo :

wls
(n—m)

(1) i (gﬂ >

From the last two equations above, we have to calculate the values of parameters U, D and p subject to

U
pln (D) +InD —

and

constraint U = % due to the balance in the tree structure in the binomial model. Calculations are shown

below:

Using the relation U = %
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U B Wiy
pln <D> +InD = (n—m)
1 ,U,TQ
1 fln(=) =
() = G
InU = K15 L

Now plugging the value of p

my - M L
— T
(n—m) (2 (% + %% (n—2m)) o 1)
InU = HIo . !
(n—m) (g T, )
c\/ (n—m)
InU g 7

After solving the powers

InU = o m or

T
U = Vom (4.12)

As D = %, then the value of D is

D=¢ VG-, (4.13)

After plugging the calculated values of U, D and p in the fi,(n —m) and Eg (n—m), we see how these

empirical values approaches to the actual values of mean and variance.

iy (n —m) = |:p1n (g) + lnD} (n—m).

Note that In (5) = InU —InD = 0/ 52 + 04 | rl2ay = 20/ 2y - Now,
1 1p Ts 15 P
42— 1|2 . s
2 20\ n_m) U\/(nm) "\/( )
. TQ T2 T2

- [“ i () No—m | ™

lim f,(n—m) = pIs.

m—r o0

fiy(n —m) (n—m)
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Next

1p T 1p 1>
= |z 1-{-422 /=2
+ o\l (n—m) [ { Jr20 (n—m)}]x
_ 2
20 T2 (n—m)
(n —m)
1 1M T2 1 1/J T2 2
- n S o 40T
2 20\ (n—m) l2 20\ (n—m) [40°T2]
1 1p* Ty 2
- (-2 40T,
(4 402(nm)> 72
lim 52 (n—m) = o°Th. (4.14)

m—r o0

5. MAIN CONVERGENCE RESULT

In this section we prove the second most important result that the established general CRR formula
for binomial pricing formula of a Compound call option, to the well-known continuous-time Black-Scholes

formula for European Compound option. We state this assertion in the form of following Theorem.

Theorem 5.1. Assume that we are in assumptions of Theorem 3.1 and Theorem 4.1. the fair price at time
0 of a European compound call option with expiry m and strike K1, contingent upon a European call option

with expiry n and strike Ko, can be given as:
C =SB (a,b;p';n,n—m) — (1+7)"""™K,B (a,b;p,p;n,n — m) (5.1)

_(1 + T)_mK1¢ (CL, m7p) ’

converges in the distribution to the following continuous time price of Furopean compound call option with

expiry T and strike K1, contingent upon a European call option with expiry Ty and strike Ko,

T. T
SoN (dy,dos /22 | —e KON | dt dii ] = | — e "I K N (dD),
Tl Tl

_ ln‘g—*fmlnd ln%fnlnd
where p = =%, p = 7(111&), a = {121@) } +1 and b = [12(")

d

} + 1, and B(:, -; ) is the

d
complementary distribution function of bi-variate Binomial distribution and

In& + (In(1+r) - 36%) Ty
4 = 5 2 (i =di + /T
1 T 1 1+oviy

In(2)+ (In(l+r)— 3021
d2 = <K2) J\/T 2 ,d;:d2+0'\/T2.
2
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Proof. From the last section we know that our choice of parameter (1 + r)% ensures that K;(1 4 7)™ =
Ke™ ™™ and Ky(1+7)~ (=™ = Ke~ "2, Next, we are going to show that the CRR price of compound option
converges to the continuous time Black-Scholes price of the compound option. To do let us begin with the
following observation about the CDF of bivariate Binomial random variables i, j, where i and j denotes the

number of times the price of underlying option and compound option, has went up, respectively.

1—B(a,b;psn,n—m)=P(i<a—1,7<b-—1)

_P< i—mp _a—l-mp j—(n—m)p < bl(nm)p) (5.2)

V/mp(1—p) ¢mp1— " (m—=m)p(l—p) ~ /(n—m)p(l—p)

In <5— In > In K
. L SoD™ SoDm™ M opm
arnln{ZEm7 ZZU}E[ U U +1

where

lnﬁ

g5t | |0 spttr I sptiw
h:mm{je(n—ng;j>smvﬂ}el SDE y SMU/)+1
n(p) ~ In(p)

For the convergence to the continuous time, mean and variance of continuously compounded rate of

returns of stocks with respect to P = (p,1 — p) can be given as:

ﬁwn—{MH<Z>+JnDynmﬁ8ﬁn—mM1—m{m(g)r (5.3)

fip(n —m) = [pln (g) +1n D} (n—m) andsm =mp(l—p) [m (g)} g (5.4)

Recall that ¢ represents the number of times the stock price goes up before the expiry of the compound
option i.e. between 0 and m. Also recall the equation (4.1) i.e. In (g—o) = zln( ) 4+ mIn D. Deducing the
value of ¢ from this equation we may infer that

In (Z—g)—mlnD
i—mp T—mp
mp(l —p) mp(1 —p)
In (%) —m(nD+pln (%))

In (%) mp(l —p)

Using the equations (5.3) it follows that,

S ~
i—mp _lﬂ(?ﬁ)—ﬂpm
mp(l *p) ﬁp\/ﬁ

(5.5)

In <32+ In <55 Ky
Let us fix € € ([0,1]) . Now since a = min {z eEm; > nli‘); } € [ “1505 ,nopm 4 1) therefore:
D D

n % In

1 lng—;—mlnD—aln(%)

u
11’15

5
SoD™
()
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and therefore,

a—1—mp ns—:fmlansln%fmpln(%)

mp(1 — p) In 5 +/mp(1 - p)

s* U

ln—0 —m(plnﬁ —lnD) —sln(

In %\/mp(l -D)

2 —fg,m—ch (¥
= SO /ff) (D>. (5'6)
apvm

Next, let us turn towards the random variable j over (n — m) time steps, where j is the number of up moves

S/l

)

of the stock price in the interval m to n.

jo-mp T wgy momp
(n—m) (1 -p)p (n—=m)(1=p)p
B ln(‘g—z)f(nfm)lanln(%)(nfm)p
- (n—m) (1 =p)p
Using the equations (5.3) it follows that
jo(m-mp DM @T)A ol mm) (5.7)
(n—m) (1 —p)p GpVN

In Ko In Ko In Ko
Again since b = min {j €(n—m); j>—spo=m } € [ i?((;f)m) , —splo-m) 1) so it follows that
bl bl

ln(ﬁ)

o1 Mspoim () -(n-mhD-chn(F)
ln% ln%
and therefore,
b1-(momp () —=mkD—ch(F) -~ (—m)pin(p)
(n—m) (1 -p)p nZ\/tn—m)p(i—p)

In (%) —(n—m) (pln (%) — lnD) —¢eln (%)
In 5+/(n —m)p(1 —p)

ln(%) —ﬁp(n—m)—eln(%)'

= 5 ) (5.8)
Using equations (5.5), (5.6), (5.7) and (5.8) into (5.2), it follows that,
1 — B (a,b;p';n,n —m)
1n(ssi’fg)fﬂpm - ln%—fipm—eln(%)7
g (BT v )

Gpvn—m Ep\/(n—m)
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To proceed further we want to show that fym — (In(1+7)—30?)Ty and [, (n—m) —
(ln(l +7r)— 50 )Tg as m — oo and n — oo, respectively. We will prove first the convergence, and the
second will follow the analogue argument. Recall that between the time 0 to m, the value of m can be given
as,

1

2
1
- 39%)

In order to show that fi,m — (ln(l +7) T1 as m — o0, it is sufficient to show that,

1 1 T 1 1(In(1+7r)—316?) [T
p:7+fﬁ —1%7+7(n( r) 20) Lasm— oo
m

2 20V m 2 2 o

In(l1+7)— L2
(( ) 2 ) T as m — 00.
o

or%/ﬁ(p—;) —

Or it is sufficient to show that,

. 2\F<p—1) _ (040 30 o

m—oo o

Let us consider the term on left hand side of last equation. Using value of p from

W(p_;) M<<>2_D_1>

U-D 2

2m<2(1+r)?—2D—U+D>

2(U — D)

Ty
olin™ U

— D D
= Vm _

U1

T T T
On substituting (1 + r) == el m)ln(Hr) U=eVmand D = e 7V <0r[U) = %7V ”}) into last

equation

1) 26( - ) In(1+r)+o 7 2 7 1
eV 1
Taking limit m — oo,

T

%2 W ln 147r)+04/ 7& _ 620\/ o1
( ) = lim <O form)
m— oo (620 /ﬁ 3 1) "
Using L’Hospital rule we may infer that, lim 2/m (p — %) =
m—00

26(%)111(1—&-7")-{-0’\/ % _ 620'\/ % -1
= lim
e (62‘7\/ e 1) m-2

lim 2v/m

m—r o0

/T1 T
. 26( m ) In(1+r)+oy/ ( 2T1 ln(l + r) m 2 o Tl) — 62 Wmfga' Tl
= lim = .
m— 00 3
2oV (m—2T1 In(1+7) + %mf%) — %m*%




Int. J. Anal. Appl. 18 (1) (2020) 144

P T
On dividing the numerator and the denominator by m-2e?V Wl, we get

= lim
m— 00

2e(F) W40V T (04 Ty (1 + 1) + Loy/T) — o/ <0 fo >
, | = torm | .

T1+ _12 KA

= m

3¢

Again using L’Hospital rule, we infer,

26( ) In(l4r)+o /2 —m 2T In(14+7) + tm—3oyTy) (m— 2Ty In(1 + ) + LoyT,
2 2

—%m’%Tl In(1+7)

_3 —204/01
—%m 20 Tl—%m 2e” “NV g1

On multiplication of 2m? into the numerator and denominator and simplifying it follows that,

ST

Lo e (R mn 4o/ T (=1 (7 In(1 4 1)) — miToIn(l +7)+ 1Tho — LT In(1 + 1))
= lm

m oo T
- —oVT; (1 +e 29V vi)

4 (102 = 1T In(1 +71))
—20'\/T1

i 2v/m <p > m+n) -5 o~

m—r oo g

On returning the value of p,

1 p [Ty 1 1 (In(1+7)—1L0?) [T
hmp—mlgnooQ—i—zU - §+§(n( 1) =37 — (5.10)

m— 00

On the same lines we can prove that, between m and n,

]./J, T2
m—00 2 20 n—m

(5.11)

Now recall from the equation (5.3),

~ U
Hpm = [pln (D> +1n D} m

Substitute the values of U = eV o and D =¢ 7V o < U — 27V ) we get,
hpym = _pln <IU)> +lnD} m

i T T
gpm = |pln <620V 75) +Ine™? ml}m

A T
= |20p\/| — — o4/ —
m m

Ty
m’

= [2p—1]mo
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Taking limit m — oo and using equation (5.10), it follows that,

1 1(n(147)—30%) [T T
lim pi,m = lim |2 7—1—7( ( )~ 37) 2 =1 moy /2
m—o0 m—»00 2 2 g m m
1
_ gy |t —ge?) T T
m— 00 g m m
DN 1 5
n%l_rgo,upm = 1n(1—|—r)—§U 7. (5.12)

Now we turn towards the next interval i.e. m to n. Recall the equation (5.4),

%M—nﬂzpm(g)+mDhn—my

T T T-
Substitute the values of U = ¢’V and D = e V- (Org =2V im ), we get,

fp(n—m) = [pln(e%V"T%")—i—lneJV"Tz’"] (n—m)

= 2p—1n-m)o njfm.

Taking limit (n — m) — oo and using equation (5.11), it follows that,

1 1(n(l+r) —ic?) [ T T,

li fip(n — = [2]=+= Z — 1| (n—

(nfsfgl—)oo'up(n m) [ (2 + 2 o n—m (n—m)o n—m
In(1 — 30°
= lim (In(1+7) = 50%) g (n—m)o T2
m—00 g n—m n—m

. ~ 1,

lim fip(n—m) = (In(l+7r)—-0° )T (5.13)
(n—m)—o0 2

Now let us return to the equation (5.6). Take limit m — oo and € — 0, and using the equations (5.12)

and (4.11), we consider the following limit.

1 lng—;fﬁpmfeln(%) _In go —(In(1+r)— 33Ty B
lim ;I_I)I(l) 5 = =d;. (5.14)
m— oo D O‘\/Tl

Similarly consider the equation (5.8). By application of limit (n —m) — oo and € — 0, and using the

equation (4.14) and (5.13), we consider the following limit,

K2\ _ ¢ _ _ 1% Ka) _ _ 1,2
lim fig PF) Z B m) — el (p)  In(G) - (IO 4r) - 30T (5.15)
m—o00 £—0 a-\p (n — m) o115
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Thus we are in a position to claim our key convergence, using bivariate Binomial convergence to bivariate

binomial from [16] (page 9) and Theorem 4.1 we infer that

s ~ o
ln(s—g)fupm < In g—o—upm—aln(%)

_ a2 _ - opvm — opvm ’
1-B (a,b,p yn,m m) = P 1n(§%)7ﬂp(n—m) < 111(%)_ﬁp(n_m)_51n(%)
G,VN - Ep\/(n—m)

Ty
o N —dy,—do; /52
( 1 2 T1>

lng—; —(n(l+r)—icH) Ty

as (n —m), m — oo, where

T =
0 (%)~ (0 e0 —doNT

O'\/TQ

Since 1 — N <fd1, —do; | /%) = N (dy,ds), hence
/ T2
B (a,b;p"sn,n —m) — N | dy,da; 7 |
1

In % + (In(1+7r)— o) Ty

where,

=d
ovTh !
n(E) e tosn g

(T\/TQ

Precisely on the same line of argument we can show that

T
B(avb;pvpl;{nﬂn_m)_>N<d>{7d;; ;)
1

where,
dT = d1 + o0/ T1
dy = do+ O'\/E

and N (o, a/ %) is the bivariate standard normal CDF with correlation coefficient % Finally we will

deal with the one-dimensional convergence i.e. ¢ (i > a,m,p) — N (d}) as m — oo. Again

1—v¢(@>amp) = Pi<a-—1)

1 —mp a—1—mp

- P <
(\/mp(l—p) N \/mp(l—p)>

In <5 In <5 In KL
a=minqi€m; > S“L[,) € 505 , 05 +1].
lnﬁ lnﬁ lnﬁ

where
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Using equation (5.5) and equation (5.6) into the last equation we infer that

In (%) — fpm - lng—; — fipm —eln (%)
VT oo

11—y @ >a,m,p) =P

Using the convergence (5.14) and the one dimensional Central Limit Theorem, and arguing in same manner

as we argued in the end of the section 4 , we may infer that

s ~ .
In (5%) = Hpm - ln‘g—U —ppm —cln (%)

G Gy

lns——(ln(l—i—r)—fa )T
— N( P -0 T1>

as m — oo, where N (+) is the c.d.f of standard normal distribution. By the use of symmetry property of the

1_¢(i2a7map) = P

standard normal c.d.f i.e. 1 — N (2) = N (—z), it follows that,

S 4 (In(1+7) = 30%) T1 N

w(iZa,m,p)N< o T

T1> = N(dY).

Hence, we are done with the conclusion that

C = SoB(i>a,j>bpinn—m)—1+r)"""™EK,B(i >a,j >bip/,pin,n—m)
—1+7r)""K1¢ (i > a,m,p)

T:
- SoN (dl,dg, ) —e—*T2K2N< ¥ ds; T2> —e ™MK N(d}), (5.16)
1

where

In& + (In(1+r) - $6%) Ty
di = 5 2 di=d VT
1 T , 0 1+ovVi

In + (In(1+7) - $0%) Ty
d2 = <K2) U\/T 2 ,d;:d2+0'\/T2.
2

Thus we have shown that our developed CRR formula converges to the standard well-known continuous

time Black-Scholes price of the compound option. O

6. CONCLUSION

The paper provides a comprehensive treatment of the binomial pricing of option of financial derivatives,
in general, and options in particular. Following two new results have been proven.

1. The Cox-Ross Rubinstein(CRR) type formula has been derived for risk-neutral pricing of the European
style Compound call option on European call option.

2. It has been shown explicitly that for a suitable choice of parameters, the CRR formula to

price the compound call option of on call, converges to the well known, continuous time version of the
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Black-Scholes price of the same option. Simulation of our derived formula will be helpful for financial market.

Conflicts of Interest: The author(s) declare that there are no conflicts of interest regarding the publication

of this paper.

il

2

[4

5

6

=

B

[9]
(10]
(11]
(12]
(13]
(14]
(15]

[16]

(17]
(18]

19]

REFERENCES

Agliardi, E., Agliardi, R., A closed-form solution for multi-compound options. Risk Lett. 1 (2) (2004), 12.

Black, F., & Scholes, M. The pricing of options and corporate liabilities. J. Politic. Econ. 81 (3) (1973), 637-654.
Cassimon, D., Engelen, P.-J., Thomassen, L., & Van Wouwe, M. The valuation of a NDA using a 6-fold compound option.
Res. Policy, 33 (1) (2004), 41-51.

Chiarella, C., Griebsch, S., Kang, B., A comparative study on time-efficient methods to price compound options in the
Heston model. Comput. Math. Appl. 67 (6) (2014), 12541270.

Chiarella, C., Kang, B., The evaluation of American compound option prices under stochastic volatility and stochastic
interest rates. J. Comput. Financ. 14 (9) (2011), 121.

Cortazar, G., & Schwartz, E. S. A compound option model of production and intermediate inventories. J. Business, 66 (4)
(1993), 517-540.

Cutland, N. J., & Roux, A. Derivative pricing in discrete time, Springer Science & Business Media, 2012.

Cox, J. C., & Ross, S. A. The valuation of options for alternative stochastic processes. J. Financ. Econ. 3 (1-2) (1976),
145-166.

Geske, R. The valuation of compound options. J. Financ. Econ. 7 (1) (1979), 63-81.

Geske, R. The valuation of corporate liabilities as compound options. J. Financ. Quant. Anal. 12 (4) (1977), 541-552.
Griebsch, S.A. The evaluation of European compound option prices under stochastic volatility using Fourier transform
techniques. Rev. Deriv. Res. 16 (2) (2013), 135165.

Gukhal, C.R. The compound option approach to American options on jump diffusion. J. Econ. Dyn. Control 28 (10) (2004),
20552074.

Fouque, J.-P., Han, C.-H. Evaluation of compound options using perturbation approximation. J. Comput. Financ. 9 (1)
(2005), 4161.

Hull, J. C. Options, futures, and other derivatives: Pearson Education India, 2006.

Lajeri-Chaherli, F., 2002. A note on the valuation of compound options. J. Futures Markets, 22 (11), 11031115.
Marshall, A. W., and I. Olkin, A Family of Bivariate Distributions Generated by the Bivariate Bernoulli Distribution, J.
Amer. Stat. Assoc. 80 (1985), 332-338.

Merton, R. C. Option pricing when underlying stock returns are discontinuous. J. Financ. Econ. 3 (1-2) (1976), 125-144.
Samuelson P.A. Rational Theory of Warrant Pricing. In: Grnbaum F., van Moerbeke P., Moll V. (eds) Henry P. McKean
Jr. Selecta. Contemporary Mathematicians. Birkhuser, Cham. 2015.

Z. Brzezniak and T. Zastawniak, Basic Stochastic Process. Springer, 1999.



	1. Introduction
	2. CRR Formula for Pricing Compound Options
	2.1. Introduction to Compound Option

	3. Derivation of CRR compound Option Formula
	4. Convergence of Empirical Means and Volatilities of Log Returns to Actual Means and Volatilities
	5. Main Convergence Result
	6. Conclusion
	Bibliography
	References



