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ABSTRACT. In the past, many researchers like Szasz, Rajgopal, Parameswaran, Ramanujan, Das, Sulaiman,
have established results on products of two summability methods. In the present article, we have established
a result on generalized indexed product summability which not only generalizes the result of Misra et al [2]

and Paikray et al [3] but also the result of Sulaiman [7].

1. INTRODUCTION

If we look back to the history, it is found that, in 1952, Szasz [8] published some results on products of
summability methods. Subsequently, Rajgopal [5] in 1954, Parameswaran [4] in 1957, Ramanujan [6] in 1958
etc. published some more results on products of summability methods. Later Das [1] in 1969 proved a result
on absolute product summability. In 2008, Sulaiman [7] published a result on indexed product summability
of an infinite series. The result of Sulaiman was then extended by Paikray et al.[3] in 2010 and Misra et al
[2] in 2011.

Let > a, be an infinite series with the sum of partial sums {s,}. Let {p,} be a sequence of positive real
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constants such that
P,=po+pi+p2+..+p,—0asn— oo (P, =p_; =0). (1.1)

The sequence-to-sequence transformation

1 n
tn:—g v Sy 1.2
nu:Op ’ ( )

defines the (R, p,) transform of {s,} generated by {py}.

The series Y a,, is said to be summable |R, p,|i, k > 1, if

o0

> 0ty =t |F < o0 (1.3)

n=1

Similarly, the sequence-to-sequence transformation

1 n
T, = E;pn—usy (14)

defines the (N, p,,) transform of {s,} generated by {p,}.
Let {7,} be the sequence of (N,gq,) transform of the (N, p,) transform of {s,}, generated by the sequence

{gn} and {p,} respectively.That is

Tn = & an—r% Zpr—usu
v=0

r=0 r

Then the series ) a,, is said to be summable |(N, ¢,)(N,pn )|k, k > 1, if
> b M = | < o0, (1.5)
n=1
and the series Y a,, is said to be summable |(N, ¢,)(N,pn), 0|k, k > 1,1 > 5k > 0 if
Z R — 7 )R < oo (1.6)
n=1

Similarly, if {«,} is a sequence of positive numbers, then the series > a, is said to be summable

|(N>Qn)(N7pn)7an|kvk > 17 if

> an N = o |F < o0, (1.7)

n=1
and the series Y a,, is summable |(N, ¢, )(N,pn), an;dlk, k > 1,1 > 0k > 0, if
Z R, — P < oo (1.8)
n=1

For, u a real number, the series Y a,, is summable |(N, ¢,)(N,pn), an, 6, pli, k > 1,1 > 6k > 0, if

Z PR )R < . (1.9)

n=1
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We assume through out this paper that @, = ¢qo+q¢1+...+¢, = 0 asn — coand P, = po+p1+...+pp — ©

as n — o0.

2. KNOWN THEOREMS

In 2008, Sulaiman [7] has proved the following theorem.

Theorem 2.1. Let k > 1 and {\,} be a sequence of constants. Let us define

fuzz;ila Fuzzprfr (2.1)
Let p,Q, = O(P,) such that
o0 k=1, k k—1
I LA ((”q;)_l ) (2.2)
n=v+1 Qn Qn—l v

Then the sufficient condition for the implication > a, is summable |R,rp|r = > anA, is summable

|(Rv Qn)(R,pn”k are

A |F = 0(Qu), (2.3)
puRu|)\u| =0 (QU) 3 (25)
pquRu|)\u| =0 (QyQufl"qV) 5 (26)
anan|/\n| =0 (PnQnrn) , (27)
RV*1|A)\V|FV71 =0 (QVTV) 5 (28)
and
Ry 1|AN | =0 (Qury) (2.9)

where Ry, =11+ 1o+ ... + 7.

Subsequently Paikray et al [3] generalized the above theorem by replacing the (R, p,) summability by A

summability. He proved:

Theorem 2.2. Let k > 1 and {\,} be a sequence of constants. Let us define

n n
fl/ :Zq’!'a"rl/7 FV :Z,f7 (210)
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Then the sufficient condition for the implication 3 a, is summable |R,rp| = > apA, is summable

(R, gn)(A) are

m+1 k-1 k
1
. T () , (2.11)
n=v+1 Qn Qn—l )\l/

<Z %"kfl> = O(QV)a (212)
<§n: “%) =0 (W), (2.13)

R,=0(r,), (2.14)
g =0W. (2.15)
q’g:i‘ n_o(1), (2.16)

k
(QA}”)I =0 (), (2.17)
A/\’Z” =0(1), (2.18)

and
k
q:\,j_l =0 (V") (2.19)

where R, =11 + 79+ ... + 7.

In 2011, Misra et al [2], generalize the above theorems and proved the following theorem.

Theorem 2.3. For the sequences of real constants {p,} and {q,} and the sequence of positive numbers

{an}, we define

fv= zn: % and F, = Zn:f (2.20)
Let
Qn =0 (g Pn) (2.21)
and
mZ—H {f(an }I; (o)™ " =0 <(Vq”): 1) as m — 0o. (2.22)
not1 @n Qn-1 v
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Then for any sequence {r,} and {\,}, the sufficient conditions for the implication 3 a, is summable

IR, Tnlk = > ann is summable |(N,q,)(N,pn), an; fli, k > 1, are

AlFy, =0(Qu), (2.23)
Anl = O (Qn), (2.24)
Ry Fy [\ =0 (Qury), (2.25)
@nRnFnlAn| = O (QnQn-171), (2.26)
Ry1Fyi1|AN[ = 0(Qury), (2.27)
Ry 1|AN][=0(Qury), (2.28)
GnRn|An| = O (QnQn-17n) (2.29)
i nF e, P = 0(1), (2.30)
n=1

and
S {Flan) (@) 7t = O(1), (2.31)
n=2

where R, =11 + 79 + ... +7p.

In what follows, we established a theorem on generalized product summability of the infinite series > a, A,

in the following form:

3. MAIN THEOREM

Theorem 3.1. For 'u’ a real number, the sequences of real constants {p,} and {q,} and the sequence of

positive numbers {ay,}, we define

fv= Zn: % and F, = Zn:fl (3.1)
Let
Qn =0 (quFy) (3.2)
and
i M—O<%):l) as m — oo. (3.3)
not1 @ Qna v
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Then for any sequence {r,} and {\,}, the sufficient conditions for the implication 3 a, is summable

|R, Tnlk = D anAn is summable |(N, qn)(N,pn), o, 0, pili, k > 1, are

M IF, =0(Q.), (3.4)
Anl = 0(@Qn), (3.5)
R,F, N =0(Qury), (3.6)
R Fy|An|n® = O(QuQu-17n) (3.7)
Ry_1Fypa| AN | =0 (Qury), (3.8)
R, a|AN[=0(Qury), (3.9)
nRu|An]an®® = 0 (QnQn_17r) . (3.10)
i nk= e, |F = 0(1), (3.11)
=
and
S () E Dl = 0(1), (312)
e

where R, =11 + 79+ ... + 7.

4. PROOF OF THEOREM 3.1

Let {t, } be the (R, r,) transform of the series 3 a,. Then

1 n
t, = I Zrysy
v=0

n

/ ’ T’I’L
tn =1n —1 n— :75 R,_1a
n n n—1 Ran,1 L v—1Uy

Let {s,} be the sequence of partial sums of the series > a,\, and {7,} be the sequence of (N, q,)(N,pn)-

transform of the series > a,A,. Then

1 n 1 r
Tn = @ Tgo Qn—rﬁ ’;Jpr—usu
n

1 “ Gn—vPr—v
:@ZSVZCDL Pf:r

v=0 r=v

= Qi > fosy (4.1)

v=0
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Hence

§ a’V v

v=0

- QnQn 1Zfrzal/)\ +Qn 1

r=0 v=0
- QnQn 12‘“ Zf” Qn_ Zf‘” v (4.2)

Ao Ay
G 123 S (RIZf> quziolzR o (75)

1/ 1
Ao n A,
- QnQn 1 [lle <;RT 1ar> 2 (R 4 ;fr> + (;Rulau> R fn]
Ay n A,

n—1
n—1
S (Sre)a (5

v=1

n—1
dn Z R,_1 R, _
= = )\VFl/tV + - l/)\IJtV +
QnQn—l [ { T f

R,
L(AN) Fpaty }+ Aot
T

—1 v v n
n—1
qoPo Rufl Rn
+— Aty + AN, tl,} + —Antn
Pnanl |J/:1 { Ty ( ) n

7
= T, say. (4.3)
i=1

In order to prove this theorem, using (4.3) and Minokowski’s inequality, it is sufficient to show that
Za pOk+k=1)17 1P < 00 for i =1,2,3,4,5,6,7.

On applying Holder’s inequality, we have

m—+1

Z anu(5k+k71)|Tn,1|k
n=2

m—+1

_ Zanu(5k+k 1)|Q o Z/\ Fot, |k
n¥n—1

n=2 v=1
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k—1
m+1 k )\ |kF k|t |k 1 n—1
< o, POk+R=1) Gn | 0"
712::2 anQn—l ; anl yz::l
m m+1 _
1 a, HOkE=1) o K
=0()> IR F -
uzz:l quk ! nzzl,;l anQn—l
m 1 5 1
:O(l)z 1A *F, k|t \kw, using (3.2)
v=1 qu QV
oy |’<('A”'F”)k
= V v [ —
t Qv
= O(l)ZVk_1|t,,|k using (3.4)
v=1
=0(1) as m —
Next
m—+1
D aptORHREIIT, o)k
n=2
m+1 g n—1 R
_ a, n(dk+k—1) n v—1 At k
2 g m 2 A
m+1 (Ghrh—1) q k n—lR kF k|)\ ‘k|t ‘k', 1 k—1
S an“ +k—1 n 4 v v v 0
7;2 anQn—l 1;1 qvkilrvk Qn 1 ;
N RFES DGR an R Dg, b
- 0(1)2 k=1, & Z A
v=1 v v n=v+1 Qn anl
m k
RUF, |\
=0y v (FE )
=0(1)> V¥t [* using (3.6)
v=1
=0(1) as m — .
Further
m—+1
Z an w(dk+k— 1)|T |
m+1 q n—1 R
_ an n(ok+k— 1)| n V_le.;_l(A/\l,)tch
nz:Q QnQn-1 Vz::l v

m+1 k n—1

k—1
k k
2 : (Sk+k—1) ___4n 2 : (Ru—1)"( V+1) |AN, | |t 1 2 :
S an” k Qn 1 o

k—1, k
n=2 Q” Q”_l v=1 qv Ty v=1
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m k k kjp |k mtl (Ok+k—1)  k

(Ro—1)" (Fu1) |AN Pt | an’ an .
:O(l)z PR 050 using (3.3)
v v n=v+1 n n—1

- — RV*lFIJ 1 A)\IJ F
=0(1)> v, b (T é )

=0(1)> vt [* using (3.7)

v=1

=0(1) as m — 0.

Again,
m—+1
Z anu(6k+k—1)‘Tn74|k
n=2
m+1
_ Lz: an, w(dk+k— 1)| dn Rn/\nfn n‘
QrnQn-1 Tn
m—+1
< 3 HOREED g | <Q”R”F”|)‘”|>
B n—o QnQn-17n
m—+1 k
_ Z a1k <QanFn|>\n|an#6>
n=2 QnanlTn
m—+1
=0(1) Z " V|t ¥ using (3.7)
n=2
= 0(1) as m — oc.
Next,
m—+1
D ant T, o
n=2
m+1 Pog
_ w(sk+k—1); _Podo )\t K
an
m—+1 k—1
_ 1 Pk \t E 1
1) anp(5k+k 1) a
77,2::2 Pnan 1 ; ;
WA PWLIPE m+1 | H(Ok+k—1)
= oy ALl apki
v=1 Qv n=v+1 n anl
|/\ | |k mil | u(Sk+k—1)
Z Z an using (3.2)

k
n=v+1 Qn anl

: 0<1>fjuk|mk (1)

v=1

m
1) Zykhﬁu\k using (3.6)
v=1

=0(1) as m — .
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Again,
m—+1
Z a?L“(6k+k71)|Tn,6|k
n=2
m+1 Pog n—1 R
— aﬂu(ék-&-k—l) 040 v—1 A)\y t, k
Z |PnQn—1 1;1 v ( ) ‘
mt1 =T RN WA 1 k-1
1) anu(6k+k71) v—1 v v a0
ngQ Pnanfl ; Tukquk_l Qn 1 l/zl
m k m+1 _
o3 Re 1AM $E ayr oy
v=1 kg, Pt n=v+1 Pnan—l
o Ry_1|AN "
= O ]_ I/k 1 tl/ k (H
YA (2
=0(1) Y v*7'[t,[* using (3.9)
v=1
=0(1) as m — oo.
Finally,
m—+1
Z an;¢(6k+k—1)|Tn’7 k
n=2
m—+1
_Za w(ok+k—1);_Podo  Rn % At

Pinn

m+1 k
e Ryl
=0(1 nu(6k+k 1) tn k n|\n
( ) nZ:Q “ | ‘ PnQn—lrn

m+1

Za w(Sk+k—1) |t ‘k: <C§ngn|)\ | )
nWn—-1"Tn

+1 k
1)1712: ap =Dt |k (W)
n—>2 " " QnQn-1mn
m+1

1) Z " D¢k using (3.10)
n=2

=0(1) as m — oo.

This completes the proof of the theorem.
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5. CONCLUSION

For p = 1, the summability method |(N,q,)(N,pn),an,d, plr reduces to the summability method
(N, q,)(N,pp), n, 6| For, f(an) = (an)’ and § > 0, [(N,qn)(N,pn),@n,0; flx - summability re-
duces to |(N,¢n)(N,pn),an, 0| - summability. Again, for 6 = 0, |(N,q,)(N,pn),an,d|r - summabil-
ity reduces to |(N,qn)(N,pn), anlk- summability and for a, = n, |(N,q,)(N,pn), |k~ summability re-
duces to |(N,¢n)(N,pn)|k-summability. When p, = 1 = g,, [(N,gn)(N,pn)|r-summability is same as
(R, gn)(R, pn)|g-summability. Also, |(R,qn)(R,pn)|s-summability reduces to |(R,gn)(A)|r-summability
when (R, p,,)-summability is replaced by A- summability. From the above results and discussions, we are in
a conclusion that our results are more generalized and in particular generalizes the results of Sulaiman [7],
Paikray et al [3] and Misra et al [2].
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