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ABSTRACT. In this paper, we define the g-closure operator and investigate some of its crucial properties.
We also introduce and study the concept of vg-classes and generalized compatibly of generalized topology

with ideal. This work is generalization of [4].

1. INTRODUCTION

The idea of "idealizing” of a topological space can be found in some classical texts of Kuratowski ( [14], [15])
and Vaidyanathaswamy [18]. Some early applications of ideal topological spaces can be found in various
branches of mathematics, like a generalization of Cantor-Bendixson theorem by Freud [10], or in measure
theory by Scheinberg [17]. In 1990 Jankovic and Hamlett [13] wrote a paper in which they, among their
results, included many other results in this area using modern notation, and logically and systematically
arranging them. This paper rekindled the interest in this topic, resulting in many generalizations of the ideal
topological space and many generalizations of the notion of open sets, like in papers of Jafari and Rajesh [11],
and Manoharan and Thangavelu [16].

In 1966 Velicko [19] introduced the notions of #-open and 6-closed sets, and also a #-closure, examining
H-closed spaces in terms of an arbitrary filterbase. A space X is called H-closed if every open cover of X

has a finite subfamily whose closures cover X. It turned out that #-open sets completely correspond to the
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already known notion of f-continuity, introduced in 1943 by Fomin [9]. In 1975 Dickman and Porter [§]
continued the study of H-closed spaces using 6-closed sets proving that an H-closed space is not a countable
union of nowhere dense #-closed sets. In 1980, Jankovi¢ [12] proved that a space is Hausdorff if and only if
every compact set is f-closed. Recent applications of #-open sets can be found in the paper of Caldas, Jafari
and Latif [6], and in the paper of Cammaroto, Catalioto, Pansera and Tsaban [7].

In [5], Al-Omari and Noiri introduced the local closure function as a generalization of the #-closure and
the local function in an ideal topological space. They proved some basic properties for the local closure
function, and also introduced two new topologies obtained from the original one using the local closure
function. Afterwards, many properties in topological spaces have been explored by various researchers
([20], [21], [22], [23], [24], [25])

Ideal topological space is a beautiful mixture of topology and geometry. A generalized topology (briefly,
GT) [1], pr on a nonempty set X is a collection of subsets of X such that ¢ €  and p is closed under arbitrary
unions. Elements of p will be called p-open sets, and a subset A of (X, 1) will be called p-closed if (X \ A)
is p-open. The pair (X, 1) will be called a generalized topological space (briefly, GTS) ( [2], [3]). By a space
X or (X, ), we will always mean a GTS. Clearly, every topological space is a GTS.

If U is a subset of a space (X, i), then the p-closure Cl,(U) of p is the intersection of all p-closed sets
containing U and the p-interior int, (U) of U is the union of all y-open sets contained in p [2].

Let (X, 7) be a topological space, for each U € P(X) and € X. Then, U is called generalized open
neighborhood of z if x € U with U is p-open set. That is Ng(x) = {U is p-open: z € U}.

2. IDEAL GENERALIZED LOCAL FUNCTION

In this section we introduce and study the concept of ideal generalized topological spaces. We also

investigate some of its properties.

Definition 2.1. An ideal generalized topological space is a generalized topological space (X, p) with an ideal T

on X and is denoted by (X, p,I). For a subset A C X, Ag(I,p) ={x € X :UNA¢ I for each U € Ng(z)}.
Clearly, every ideal topological space is ideal generalized topological space.
Lemma 2.1. For A C (X, u,I) we have, Cl,(Ay) = A,.

Proof. One implication is immediate. Conversely, we show that Cl,(Ay) C A,.

Let x € Cl,(Ay). Then for each p-open set G containing z, G N Ay # ¢. Thus, © € Ay(I, n) which
implies, for each generalized open neighborhood U of z, U N A ¢ I. Therefore, (GUU) N A ¢ I, implies
x € Ay(I, ). Hence, Cl,(Ay) C Ay. which completes the proof O
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Corollary 2.1. Let (X, pu,I) be an ideal generalized topological space. Then, Aqy(¢, n) = Cl,(A).
Proof. Follows from Lemma 2.1 |

Theorem 2.1. Let (X, u,I) be an ideal generalized topological space and A,B C X. Then:

(1) Ag is p-closed set,

(2) IfIl g IQ, then Ag(Il) 2 Ag(IQ),

(3) If AC B, then A, C By,

(4) Ag € Clu(A),

(‘5) (-Ag)g g Ag:

(6) AgUBy = (AUB),,

(7) -Ag_Bg:(A_B)g:

(8) IFBET, then (AUB), = (A—B), = A,

(9) If Be I, then (X —B), = X,,

(10) If U € p, then (UNAy) C(UNA), .

Proof. (1) If x ¢ A,, then for some p-open set U, we have x € U and U N A € I. This implies U C X — A,

which means that X — A is p-open set. Thus, A, is u-closed set.

(2) It is clear.

(3) Let « ¢ By. Then, there exists U € Ny(x) containing x such that U N B € I. This implies
UNACUNBeI. Hence, z ¢ A, . Thus, A, C B,.

(4) follows directly from (1).
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(5) Since A, C Clu(A), (Ag), C CL(A). By (1), (Ay), C Clu(A,) = A,.

(6) One implication is immediate from (2), that is (A, U By) C (AU B)g. To prove the reveres inclusion.
Let © ¢ (Agy U By), then = ¢ A, or x ¢ B, . Then there exists Ul € Ny(z) and Uy € Ny(z) such that
UiNA eI and U;NB € I. Since I is hereditary and additive, then (U3 NUz) N (AU B) € I. Thus,
z ¢ (AUB), . Hence, (Ay UBy) D (AUB),.

(7) Since A = (ANB)U (A — B) for any A,B C X. Then by (2), we have
Ag =By =[(ANB)U (A= B)ly — By = (A= B)y-

(8) By using (6) and the fact that, if B € I, then By = ¢.

(9) Obvious.

(10) Let x € UNA,. Then x € U and = € A,. This implies that there exists G € Ny(x) such that
GNAel Since,z cUNG, UN(GNA) eI Hence,z e (UNA),. O

Theorem 2.2. Let (X, u,I) be an ideal generalized topological space and {A;}ics be a family of subsets of
X. Then:

(1) (UAi)g:ied)C(UAi i e J)g,

(2) (NAiieJ)g ©(N(Aig i€ ),

Proof. (1) Since A; C |J A, for each i € J, by Theorem 2.1(2), we have (A;), C (JAi)g, for each i € J.

This implies

(Jig i€ ) (JAizie ),

(2) Since N A; € A;, (N Ai)g € (Ai)g , for each i € J. Thus,

(NAizied)g C((\(Ag:ie ).

]

Now, we define the g-closure operator, denoted by Cl}, for a generalized topology p*(I) finer than 7 as
follows: Cly(A) = AU A, for every A C X. We will occasionally write A, or A, (1) for Ag(u, I) and it will
cause no ambiguity.

We will denote by int},(A) and CI%(A) the interior and closure of A C (X, u1, I), respectively, with respect

to p*.
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Theorem 2.3. The class f(u,I) ={U —E:U € u,E € I} is a base for a generalized topology.

Proof. For every B, 82 € 8, we have 81 = Uy — & and By = Uy — & where Uy, Uy € pand &1,& € I. Then
ﬁlﬁﬁQZ(Ul—gl)m(Ug—gg):(U1mX—81)ﬂ(U20X—52)

(U NU)N(X—ENX —&) = (T NTa) N X — (£ UE)
:(UlﬁUQ)—(gl Ugg)Eﬂ

The generalized topology which have 8(u,I) as a base is called x-generalized topology and is denoted by
we. (]

Theorem 2.4. Let (X, u, I) be an ideal generalized topological space. Then for each A, B € (X, u, I) we have:

(1) If A C B, then CI;(A) C CI%(B).

(2) CL(CL;(A)) C Ol (A).

(3) CI:(AU B) = CI%(A) U CLL(B).

(4) AC CIi(A) C Cl,(A).

(5) If I = ¢, then, A, = Cl,(A) C CI(A).

(6) If I = Px, then, Ay = ¢ and A= Cl,(A).

Proof. We shall verify only the statements (2) and the remainder of this theorem can be proved similarly

(2) Form Theorem 2.1(5) we have

CU(CI(A)) = CIS(A) U (CL(A) = (AU AL U (AU AL,

=(AUA,) =CI;(A).

Theorem 2.5. If I and I are two ideals on (X, u) such that I C Iy, then:

(1) Ag(I1) 2 Ag(I2).
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(2) w*(I) € p*(I2)-

Proof. (1) Since A is a generalized open local function of I; at z, it must also be a generalized open local

function of Iy at x (since every Iy is Iz). Hence, A4(11) D Agy(l2).

(2) Since Iy C I and by Theorem 2.1(2), A,(I1) 2 Ay(lz). This implies that Cl;(A)(I2,p) C
Cl; (A)(11, 1)) Therefore, p*(Iy) C p*(I2). O

Theorem 2.6. If (X, p, I) is an ideal generalized topological space and A C X. Then Ay—(Ag)y C (A—Ay),-

Proof. Let x € Ay — (Ag)g. Then z € Ay N (X — (Ag)y). Thus, z € Ay that is, there exists U € Ny(x)
such that U N A ¢ I. Hence, for each U € Ny(x), UN (A — Ay) ¢ I, which implies € (A — A,) and this

completes the proof. O

Theorem 2.7. Let (X, u) be a generalized topological space with I; and Iz two ideals on X and A C X.
Then:

(DAG(Iy N 1o, p) = Ag(I1, 1) U Ag(I2, ).

(2) Ag(I1 U Iy, p) = Ag (I, p*(I2)) N Ag (12, p*(11)).

Proof. (1) Since I; NI, C Iy, then from Theorem 2.1 (2) we have A,(I1,pn) € Ag(Iy N Iz, ). Similarly,
Ag(I2, p) € Ag(I1 N Iz, p). Hence,

Ag(I, ) U A (T2, 1) € Ag(Iy N Iz, ) (2.1)

To prove the reverse inclusion, let « ¢ Ay (11, u) UAg(I2, 1), then « ¢ Ag(I1, 1) and ¢ Ay(I2, 1), implies
that there exists U; € Ng(x) such that Uy N A € I;. Again, x ¢ Ay (I2, 1), implies there exists Uy € Ng(z)
such that Uy N A € I,.. Therefore, (U1 NU2)N A € (I; N I3). Hence, = ¢ A,(I1 N Iz, 1), implies that

Ag(IlmI27/~‘L) gAg(IlaN)UAg(IZa,U) (22)

Therefore, equations (2.1) and (2.2) establish the result.

(2) Assume that = ¢ Ag(Iy U Iz, ), then there exists U € Ng(z) such that UN A€ I, UI2. Let £ € I;
and H € I3 such that UNA = £ UH, because of the heredity of I, we may assume £ UH = ¢. Thus we have
UNA—E=HandUNA—-H=E. Thus, U-E)NA=H eI, and (U—-H)NA=E € Iy. Therefore,
x ¢ Ag(Iz, p*(I1)) or ¢ Ay(I1, u*(I2)) and hence,

Ag(I1, p*(I2)) N Ag(Lz, p* (1)) € Ag (11 U I, pr). (2.3)
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Now assume that = ¢ Ag(I1,n*(I2)). This implies that there exist U € Ny(x) and H € Iy such that
(U-H)NA € I,. We may assume, because of the heredity of I, that H C A. Put £ = (U—H)N.A and we have
UNA=EUMN € UL Thus, z ¢ Ay(I1Uls,p). Thus we have shown that Ay (11 ULy, u) € Ag(I1, p*(12)).

Similarly, we have that Ay (I; U Iz, u) € Ag(Io, p*(I1)). Therefore,

Ag(I1 U Iz, ) © Ag(I1, 1" (12)) N Ag (L2, p* (1)) (2.4)
From (2.3) and (2.4) the result is establised. O

Remark 2.1. Put I; = Is in the above theorem, the following Corollary answers about the relationship

between p* and [p*]*.

Corollary 2.2. Let (X, u) be a generalized topological space with I an ideal on X and A C X. Then:
(1) Ag(Ih, p) = Ag(I1, p*).
(2) p* =[]

Definition 2.2. A subset A of the space (X, p,I) is said to be p-closed set iff A, C A. Equivalently, A is
said to be p*-closed iff Clx(A) = A.

Theorem 2.8. The following statements are equivalent for a subset A of a space (X, pu,I).

(1) Aepr.

(2) A is u*-closed set.
(3) (X —A)y (X —A).
(4) AC (X = Ay .

Proof. 1t is clear. |

3. U,-CLASSES

Definition 3.1. If (X, u, I) is ideal generalized topological spaces, we define an operator Vg(u,I): Px — p
as follows: for every A C X, Wy (u,I)(A) = {z: there exists U € Ny(x) such that U — A € I}. Equivalently,
U (p, I)(A) =X — (X — A)g for each A C X. We denote Uy(u,I) by ¥, when no ambiguity.

Lemma 3.1. For A C (X, p,I) we have:

(1) If I = ¢, then U (A) = int,(A).
(2) If I = P, then Wy(A) = X.
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Proof. Obvious. O

Theorem 3.1. For A C (X, u,I) we have:

(1) Uu(A)=U{U ep:U—-AecI}.
(2) IfU € p, then Wy (U) = UIM € pu: (M —U)U (U — M) € I}.

Proof. (1) Follows immediately form Definition 3.1.

(2) ) If we denote U{M € p: (M —A) U (U — M) € I} by ¥, (A);. By heredity of I we have
Mepy: M-A)UU-M)el} C{Mep:(M—A)e I} and hence by (1) we have for every A C X

U (A) C W, (A). (3.1)

g

Now assume that U € p and o € Uy(U). Then there exists M € p such that z € (M —U) € I. Let
N=MUU. Then, N e pandr € N -U)U(U-N)=M-U)U¢p=M-U) el Thus,z€ ¥, (V).

Hence

W, (U) C 0, (U) (3.2)

From (3.1) and (3.2) we have Wy (U) = V¥, (U), for every U € p. O

Theorem 3.2. Let A C (X, u,I) be a generalized topological space.

(1) If AC X, then Ug(A) is u-open set.

(2) If A C B, then Wg(A) C ¥y (B).

(3) If A,B € Px, then ¥g(ANB) = Uy (A) N T, (B).

(4) If U € p, then U € ¥ (U).

(5) If A C X, then Wg(A) C Ue(Vg(A)).

(6) If A C X, then Uy(A) = Uga(Uy(A)) iff (X —A)g=((X—A)y),-
(7) If AC I, then Wg(A) = (X — Ay).

(8) If AC X and € C I, then Uy(A— &) = Uy(A).

(9) If AC X and € C I, then U (AUE) = U, (A).

(10) If (A—B)U (B —A) € I, then U (A) = ¥y (B).

Proof. (1) Follows from Theorem 3.2(1).
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(2) Since Wy (. 1)(A) = X — (X — A)y € X — (X — B)y = V(. 1)(B).

(3) One implication is immediate, i.e. Wg(ANB) C Wy(A) N Wy (B). Conversely, let x € W, (A) N W (B),
then 2 € U (A) and z € Uy (B) from Definition 3.1, there exists Uy, Uz € Ny(x) such that Uy — A € T
and Us — B € I. Let U3 = Uy NU; and we have Us — A € I and U3 — B € I (by heredity of I), Thus
Us — (ANB) = (U3 — A) U (Us — B) € I (by additivity of I) and hence z € Wy(A N B) which implies
U, (A) NPy (B) C Tye(ANB) and this completes the proof.

(4) If U € p, then X — U is p-cloed set which implies (X — U)y C (X — U) (Theorem 2.8) and hence by
Definition 3.1, we have U € X — (X —U)y = ¥, (U).

(5) Since W4 (A) is p-open set, then by (4) we have the result.

(6) Since Uy(p, I)(A) = X — (X — A), and by hypothesis,
Vg (Vg(A)) = \I’g[X - (X - A)g] =X-X-(X-(X- A)g)]g
=X - [(X = A)gly = X = [(X = A)gly
=X - (X —A)y=Ty(A)

(7) Follows from Definition 3.1 and Theorem 2.1(9).

(8) From Theorem 2.1(9) and Definition 3.1, we have,
U (A-E) =X-X-(A-Ey=X-X-(ANX -8,
=X - [(X =AUy =X = [(X = Ay = Vg(A).
(9) From Theorem 2.1(9) and Definition 3.1, we have,
VU, (AUE) =X - X-(AUf,=X-[(X-Au¢,
=X — [(X — A)], = Ty(A).
(10) Follows immediately from (8) and (9). O

Corollary 3.1. Let (X,u,I) be an ideal generalized topological space for every A C X and £ € I, then,
U (A-E)=T,(A) =T (AUE).

Proof. Follows immediately from Theorem 3.2 (8) and 3.2 (9). O

Theorem 3.3. Let (X, u,I) be an ideal generalized topological space, then p* = {AC X : A C Wy (A)}.
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Proof. Let § ={AC X : AC ¥ (A}

Firstly, we show that 0 is a generalized topology. Observe that ¢ C W,(¢) and C ¥ (X). Now, if
A,B C 4, then by Theorem 3.2(3) we have ANB C W, (ANB) = U, (A) NV, (B), this implies that ANB € 4.
If {A;}ier €6, then A; C U, (UA;) for every ¢ € I'. This implies UA; C ¥,(UA;) and we have shown that

0 is a topology.

Secondly, we show that p* = 6. Now if U € p* and z € U , there exists V € p* and £ € I such that
reV-E&CU. Clearly, V- U € &, sothat V —U € I by heredity and hence v € ¥ (U). Thus,
U € ¥, (U) and we have shown p* C §. Now, let A € § we have by Definition 3.1 that A € ¥, (A), implies
AC X —[(X — A)]y, which implies (X — A); C (X — A), which also implies X — A is p*-open and hence
A € p*. Thus, p* = 4. O

4. SOME FORMS OF x-COMPATIBLE

Definition 4.1. If (X, u,I) is an ideal generalized topological space. Then I is said to be x-compatible with
p denoted by I ~ p, if for every A C X and for every x € A, there exists U C Agy(z) such that UNA €1,
then A € I.

Theorem 4.1. Let (X, p,I) be an ideal generalized topological space. If I ~ p, then the base S(u, I) for
w*(I) is a generalized topology and hence B(u,I) = p*(I) and all p-open in p*(I) are of simple form, i.e.,
w(I)={U—-M:U € u}.

Proof. Follows immediately from the definition. ]

Theorem 4.2. If I ~ u, then the following statements are equivalent for a subset A of a space (X, p,I).

(1) Ael.
(2) Ag:(ﬁ'
(3) ANAy = ¢.

Proof. (1) = (2): Let A € I. Then from hypothesis for every x € X and every U € N,(z), we have
UnAel. Thus z ¢ A, which means A, = ¢.

(2) = (3): Obvious.

(3) = (1): A ¢ I. Then according to x-compatible of p with I, there is an = € A such that for every
Uée Ny(z),UNnA¢I, soxe Ay which means AN Ay # ¢, which is a contradiction. O
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Theorem 4.3. Let (X, p,I) be an ideal generalized topological space. Then I ~ p. iff Ug(A) — A € I, for
every A C X.

Proof. Necessity Let I ~ pand A C X. We observe that z € U (A) —Aiff z ¢ Aand 2 ¢ (X — A),
iff © ¢ A and there exists U € Ny(x), such that U — A € I, iff there exists & € U € Ny(x), such that
z € (U—-A)el. Now for each z € U (A) — A and U € Ny(z) and UN (¥g(A) — A) € I, by heredity , since
I ~ p, then (Uy(A) — A) € I

Sufficiency: Let A C X, and let for every € A there exists U € Ny(z) such that (UNA) € I
and now we prove that A € I. We observe that Uo(X — A) — (X — A) = {x : U € Ny(x) such that
z € {[U—-(X—A)] € I}}. This implies (X —A) — (X —A) = {z : U € Ny(x) such that z € (UNA) € I}.
Thus we have 4 C ¥go(X — A) — (X — A) € I and hence A € I by the heredity of I. O

Theorem 4.4. Let (X, pu,I) be an ideal generalized topological space with I ~ u. Then

(1)(A—Ay) €I, for every AC X.
(2) (Ag)g = Ay . for every AC X.

Proof. Assume that =z € (A — A), , then for every U € Ny(z), we have (A — A,)) NU ¢ I or
(UNA)— A, ¢ I. This implies (ANU) ¢ I and so x € A, . Thus, z € A — A, from which we conclude
that (A — Ay) N (A—Ay)g = ¢, from Theorem 4.2 we have A — A, € I.

(2) Let I ~ p. Then for every A C X, A— A, € I. This implies A— A, = ¢, by using Theorem 2.1(7), we
have Ay — (Ag)g € (A—Ay)y = ¢. Hence, A, C (Ay),. However, by Theorem 2.1(4) we have Ay C (Ag),.
Thus, Ay = (Ag)g - O

Theorem 4.5. Let (X, p,I) be an ideal generalized topological space with I ~ p. Then Ug(¥y(A)) = Ug(A)
for every A C X.

Proof. From Theorem 3.2(5) we have U, (A)

C U, (T,(A)). Since I ~ p, then from Corollary 3.1, ¥,(A) =
AUE for some € € I and hence by Theorem 3.2(9) Wy (¥ (A)) = Uo(AUE) = Ty (A). O
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