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ABSTRACT. Let S be a self mapping on a complex normed space X. In this paper, we study the class of

mappings satisfying the following condition

> R () ste - shyl” =0,

0<k<m

for all z,y € X, where m is a positive integer. We prove some of the properties of these classes of mappings.

1. INTRODUCTION

Let H be a complex Hilbert space and let B(H) be the algebra of all bounded linear operators on H. In
the 1990s, Agler and Stankus [1] studied the following operator. For an operator T € B(H) and a positive
integer m, define

Bp(T) = i(—nm*k <7]’§> TkTk, (1.1)
k=0

An operator T € B(H) is said to be m-contractive (respectively, m~expansive and m-isometric ) if

B, (T) < 0 (respectively, By, (T) < 0 and B,,(T) = 0 ) for some positive integer m. Clearly, T is an

Received 2019-12-12; accepted 2020-01-13; published 2020-03-02.
2010 Mathematics Subject Classification. 54E40, 62H&6.
Key words and phrases. (m,p)-isometries; m-isometric operators; expansive and contractive operator.

(©2020 Authors retain the copyrights

of their papers, and all open access articles are distributed under the terms of the Creative Commons Attribution License.

194


https://doi.org/10.28924/2291-8639
https://doi.org/10.28924/2291-8639-18-2020-194

Int. J. Anal. Appl. 18 (2) (2020) 195

m-~contractive if and only if
m

Z(—l)m—’fc:) IT*h|> >0, VheH,

k=0
T is an m-expansive if and only if

m

Z(—Umk(?:) |T*h|> <0, VheH,

k=0
and T is an m-isometry if and only if

m

Z(—l)m—’f(’g) |T*r|? =0, VheH.

k=0
Agler and Stankus [1-3] developed a theory for m-isometric operators with rich connections to Toeplitz op-
erators, classical function theory and nonstationary stochastic processes. The topics related to m-isometries
are currently being studied intensively (see e.g., [4,17,22]). In [5, 11,14, 20] certain types of operators
(composition, multiplication, shift) were considered and some conditions under which these operators are

m-isometries were given;

Let IL?(T) be the set of square integrable measurable functions on of the unit circle T = 9D and H?(T)
be the corresponding Hardy space. Let L°°(T) be the set of bounded measurable functions on T and let
H>(T) := L*®NH?(H). For ¢ in L>(T) of the unit circle T = D, the Toeplitz operator T}, with symbol ¢ on
the Hardy space H?(T) is given by Ty, f := P(¢f) , (f € H*(T)), where P denotes the orthogonal projection
of L?(T) onto H?*(T).

For ¢ € L>°(T), a Toeplitz operator T} is m-expansive if and only if

m

2=y (7)I\Tz;ku2 <0, Ve H(D),

j=0
is m-contractive if and only if
2 (=" (?)HTJ;ICHQ >0, ¥k € HYT),
j=0

and m-isometric if and only if

m

> o (=nm (Tj) |Tk|* =0, V k€ HX(T).

J=0

A generalization of m-isometries to operators on general Banach spaces has been presented by several
authors in the last years. F. Bayart introduces in [7] the notion of (m,p)-isometries on general (real or
complex) Banach spaces. An operator T on a Banach space X is called an (m, p)-isometry if there exists an

integer m > 1 and a p € [1,00), with

NE

(=1)m=* (Z‘) |T*z||P =0 (z€H). (1.2)

=
Il

0
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Bayart showed that all basic properties of m-isometries on Hilbert spaces (which we should now refer to as
(m, 2)-isometries) carry over to (m,p)-isometries on Banach spaces and, further, that (m,p)-isometries are

never N-supercyclic if X is of infinite dimension and complex.

In [18] the authors took of the restriction p > 1. They considered the equation (1.2) for p > 0 real and
studied the role of the second parameter p and also discussed the case p = co. Most results in the literature

remain valid, with their existing proofs, for p in this extended range.

Let X and Y be metric spaces. A mapping S : X — Y is called an isometry if it satisfies dy (Sx, Sy) =

dx(z,y), for all z,y € X, where dx(.,.) and dy (.,.) denote the metrics in the spaces X and Y, respectively.

In the paper [9], the authors introduced the concept of (m, ¢)-isometry for maps on a metric space (X, dx)

as : a mapping S : X — X is called an (m, ¢)-isometry for (m > 1, integer, ¢ > 0 real) if it satisfies

Z(—l)k <7Z> dx (S’m_kx, Sm_ky)q =0, V z,y € X.
k=0

In [12] the author consider A(m,p)-isometries, where, for an operator A € B(X), T € B(X) (the algebra of

bounded linear operators) is A(m, p)-isometric if

m

BINT, A,z) = (1) F (’Z) |AT*z|P =0 (z € X). (1.3)

k=0
Evidently, an I(m, p)-isometry is an (m, p)-isometry; if X = #H is a Hilbert space, then

S 0m () Iartelr =0 = S-0m - () llAITel =0 (o € )
= k=0

k=0

If B,(,f)(T,A,x) <0 (resp. ,B,Q,f)(T,A,x) > 0)7V x € X, T is said to be (A, m, p)-expansive (resp. (A, m, p)-

contractive). We refer the interested reader to [13,19] for complete details.

A mapping S (not necessarily linear) on a normed space X ( [16]) is an (m, p)-isometry ( m > 1 integer and

p > 0 real) if, for all z,y € X,

AP (S5 z,y) == z:(—l)mflC (7:) ||Sk:z: - Skpr = 0. (1.4)

k=0

When m =1, (1.4) is equivalent to ||Sz — Sy|| = ||z —y|, V z,y € X, and when m = 2, (1.4) is equivalent to

1522 — S%y|[P — 2||Sz — Sy|” + [l —ylI’ =0, Y2,y € X.

In [15] it was observed that a sequence (an)n cy in R is concave if

Gpto — 20p41 +an <0, VR €N (1.5)



Int. J. Anal. Appl. 18 (2) (2020) 197

or equivalently if

anfl%_an+1

ap > DI gy ey (1.6)
A sequence (an), _ in R is log concave if
ai > ap_10p4+1, YN EN (1.7)

Remark 1.1. (1) From (1.6), we get that any concave sequence of non negative numbers is log concave.

(2) If (an)nen is a log concave sequence of non negative numbers then

An+41

<" wnen. (1.8)

Gnp, Gp—1

An41

Therefore the sequence ~2

is decreasing sequence of non negative numbers.

After a short introduction and some connections with known results in this context, the main results
of the paper are presented as follows. In Section 2, we will introduce and study some properties of (2, p)-
concave mappings. The main results of this section are Proposition 2.1, Proposition 2.3, Proposition 2.4
and Corollary 2.2. In Section,3, a parallel study of the classes of nonlinear (m,p)-isometric mappings are
presented. Exactly we will give conditions under which:a self mapping S is (m,p)-isometry it becomes
(k,p))-isometry for 1 < k < m — 1 (Proposition 3.1, Proposition 3.2 and Corollary 3.1. The product of a
(m,p)-isometry and a (k, p)-isometry is a (m + k — 1, p)-isometry for k = 1,2,3. A power of (2, p)-isometry

is again an (2, p)-isometry..

2. (2,p)-Concave mappings

In this section, let (X, ||.||) be a complex normad space, S : X — X is a map.

Definition 2.1. Let S be a self map (not necessary linear) on complex normed space §. S is said to be a

(2, p)-concave if S satisfy
5% - 5%yl — 28— Syl + o= P <0

forallz,y e X.

Remark 2.1. It is easy to check that a self map S on complex normed space X is (2, p)-concave if and only

. D .
if the sequence a, = HS”Q@ — S”y” s concave.

Note the following proposition, which lists some general properties of (2, p)-concave mappings.
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Proposition 2.1. Let S be a self map on complex normed space X. If S is an (2,p)-concave.

following statements hold:

(1) ||S"1: — S”y”p +(n-— 1)||x — pr < n||Sx — Sy||p, z,y€e X, n=0,1,2, ...

n P

_le—y , n>1, x,ye X.

P
@ flsz - sl = "=

3) [|Sz = Sy|” = ||z — y||” for all z,ye Xx.

(4) ||Sz — Sy|| < 27 ||z —y|| Va,y € S(X) (the range of S).

(5) S is injective.

Proof. (1) From the assumption that S is a (2,p)-concave, we get

15%2 = $%y[|" = [|Sz = Sy||” < [[Sz = Sy||" ~ [« — "
Replacing = by S*z and y by S*y leads to

||Sk+2x _ Sk+2y|p _ HSk“x _ Sk-s—lpr < HSka _ Sk+1yHP . HSkx _ Sky| p7

for k > 0.

Thus means that

1572 =™y = D ||8%e = SEy|" = (18" e = S y|[") + [|lo — ]|
1<k<n
< n(|[Sz = Sy|]” — [lz = y||") + [|l= — y||”

IN

nHS:r - Spr +(1- n)Hx - y||p.

Hence,

[5"x = S™y||” + (n = 1)) ||« —y||” < ||z — Sy|".

(2) Form the inequality in (1), it follows

-1
e = P

(3) By taking n — oo we get
1S = Sy||” > = = y]".

(4) From the fact that S is a (2, p)-concave we get

H52$ - SQpr < 2“533 — Spr — Hx — pr < ZHS:L‘ — S’pr, Va,ye k.

Then the
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This means that

s sy < 23 sz 5y

p
)

or equivalently

HSIL‘— S’y”p < 2%Hx —y’ P o Ya,yeSX).

(5) The injectivity of S follows immediately from the statement (3). O

Remark 2.2. From the injectivity of a (2,p)-concave map S, we get, by the assertion (2) of the Remark
HSn'H.Z‘ _ Sn+1y
1572 = Smy|”

P
1.1, that for two elements of X x # vy the sequence ( ’ > is decreasing.
n

Corollary 2.1. Let S be (2,p)-concave on the normed space X and let S™1 be the inverse map of S as a
bijection from X on S(X) (the range of S). Then, both S and S~' are continuous on S(X).

Proof. The continuity of S and of S~! on S(X) follow, respectively, from the assertions (4) and (3) in

Proposition 2.1. O

Proposition 2.2. Let S be (2, p)-concave on the normed space X and R be an isometric mapping of X

such that S and R commute. Then, RS is a (2, p)-concave mapping on X.
Proof. The statement follow immediately from the fact
|(RS)?z — (RS)?y| = ||S%x — S?y|| and ||(RS)z — (RS)y|| = ||Sz — Sy||, Vz,y € X.
O

The proof of the following proposition is taken from the statements (1) and (2) of Remark 1.1. For the

reader s convenience. here we give a proof.

Proposition 2.3. Let S be a self map on complex normed space X such is a (2,p)-concave.. Then the

following assertions holds:
(1) HSm - Sy“Qp > Hx - prHS2x — SQpr forall z,y € X.

(2) For eachn and x,y € X such that x # y,the sequence

(Hsn-‘rlx _ Sn+1pr)
||Tn$ _ Tnpr >0

s monotonically decreasing to 1.
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Proof. (1) Since S is a (2, p)-concave map, it follows

_ P 2. Q2 [|P\ 2
doe—sur = (o 1=y
p ya 2
> (Jlo- ol Bls% - 5%
> Hac—pr||S’2ac—5'2y|p7 Va,ye X.

(2) By Observing that the (2, p)-concavity of S implies that
HS”Hx - S"+1pr - 2”5”3: - S"y”p + |57 e — S”_lpr <0. (2.1)

On the other hand, since

2
(HSn—lx _ Sn—lyug _ HSn+11‘ _ Sn+1yH§> >0,

we obtain
R R
o e s s dse - s
- 2
< |8z —Ssmy|” (by (2.1)).
Consequently,
e Y
Hence,
|57+t — syl |[Sme — Syl
[Sra—sml =[5 a— 514

so the sequence is monotonically decreasing. To calculate its limit in view of the statement (3) of Proposition

2.1, divide (2.1) by HS”_lx — S"‘lpr to get

L Ot o Gl EL Y

1—-2
HSn—lx_Sn—lpr HS".’L‘—T"pr H‘S’n—lx_ Sn—lpr -

By tanking n tend to infinity we obtain that

1572 = s"y||”

—»1 as n — oo.
ERERE

O

Proposition 2.4. Let S be a self map on a normed space X. If S is an bijective (2, p)-concave, then , S—1

is an (2, p)-concave.
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Proof. Since S is an (2, p)-concave, we have
HSQI‘ — S2pr — QHSJJ — Sy”p + Hm — pr <0, Vo,ye X.

Under the assumption that S is bijective, it follows by replacing « by S22 and y by S~2y that

Hx - pr — 2”5_190 — S_lpr + HS_2$ — S_2y||p <0, Yz,y € X.

Therefore S~ is a (2, p)-concave. O

Corollary 2.2. Let S be a self map on a normed space X. If S is an bijective (2,p)-concave, then , S is
isometric mapping.
Proof. Since S is an (2, p)-concave , we have in view of the statement (2) of Proposition 2.1 that

I Sull” > flo — P
Moreover, since S is a bijective (2, p)-concave, we have S~ is (2, p)-concave, hence

HS_lu - S_lep > ||u - pr V u,we X.

Letting v = Sz and w = Sy, this implies

I8z = Syl = o - ol

for all x,y € X. This means that S is isometric. O

3. Some properties of nonlinear (m,p)-isometric mapping

In this section, let (X, |.||) be a complex normad space, S : X — X is a map, m € N and p € (0,00) is

a real number. We define the quantity

AP (S;z,y) = Z (l)mk(T;:)HSkakpr, (3.1)

0<k<m
for all z,y € X.

Definition 3.1. ([16]) Let S : X — X be a map (not necessary linear). S is said to be an (m, p)-isometric
mapping for some positive integer m and p € (0,00) if S satisfying

> () Iste - st <o

0<k<m

forallxz,y € X.
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Remark 3.1. (1) A self mapping S on X is an (1, p)-isometry if

e =yl = [ISz = Syl| Vz,y € X.

(2) A self mapping S on X is an (2,p)-isometry if

18% = S*y||P — 2]|Sz — Syl + llz —y[P =0, V 2,y € X.

(3) A self mapping S on X is an (3,p)-isometry if for all x,y € X,

1% — S%y||P — 3]|S%z — S%y||P + 3| Sz — Sy|lP — |lz —y|? =0, ¥ 2,y € X.

Remark 3.2. The following remarks are obvious consequence of Definition 2.1.
(1) A (1,p)-isometry is an isometry and vice versa.

(2) Every isometric mapping is (m, p)-isometric mapping for allm > 1 and p € (0,00)..

Theorem 3.1. Let S be a self map on complex normed space X. Then following statements hold:

(1)
Afn(svx7y) - Afnfl(s;xvy) - Afnfl(s;sxasy)a (32)

forallz,y € X and m € N.

(2) If S is an (m, p)-isometry, then S is an (k,p)-isometry for all integer k with k > m.

Proof. (1) In view of the standard formula (77') = (™. ')+ ("7_}) for binomial coefficients, it follows that

k—1

AL(S; z,y)
= > (—1)k(f)115kx—sky||P
0<k<m
PR (—1)k<TZ>||Skx—Sk||p+(—1)m||Smx—Smpr
1<k<m—1
-1 -1
SRS SR V| (e BN Gy [ [ES
1<k<m—1

+(=1)™| 8™ — 5™yl
= A} (S5 z,y) — A7, _1(S; Sz, Sy).

(2) The statement (2) follows from the statement (1). O
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Lemma 3.1. Let S be a self map on a complex normed space X, then S is a (2, p)-isometry if and only if
|S*z — S*y||” — k|| Sz — Sy|lP + (k —1)||lz —y||" =0, VE=0,1,-- 2,y € X.

Proof. The proof follows by using a mathematical induction, so we omit it. O

Following [10], we say that an m-isometry S is strict if m = 1, or m > 2 and S is not an (m — 1)-isometry.
Examples of strict m-isometries for any m > 2 are provided in [6, Proposition 8] (see also [23, Example

2.3)).

Proposition 3.1. Let S be a self map on a complex normed X that is a (m, p)-isometric and a (2, p)-concave

mapping. Then S is a (2, p)-isometric mapping.

Proof. Since S is an (m, p)-isometry, AP (S; x,y) =0 for all z,y € X. By (3.2), we have
AL (85 @,y) = AT (85 5, 5y).
Therefore
AP (S5 wyy) = AD_(S; Sz, Sy) = AL (855", S"y);

for n = 1,2,.... From the assumption that S is a (2, p)-concave it follows in view of the statement (2) of

Proposition 2.1 that
15z = Sy|” = [|lz = y[" = 0

e = oll” — 28 — )" + |52~ T2 <0

This means that the sequence (HS"“J; — S"‘Hpr — HS"JJ — S"pr> is monotonically non-increasing
nz
and therefore bounded so, is converges. Hence there exists a constant S such that

||Sn+1x N Sn+1y||1’ _ ||S":17 _ S”pr — B as n — oo.
Note that
AP (S; 8™z, 8™y)

k(m—2 n+k n+k||P n+1+k n+1+k,_ ||P
= X ()l s s - sy
0<k<m——1
Letting n — oo in the preceding equality leads to
-2
A;D .Qn mn _1\k m —0.
(S8t Sy = Y (-1) ( . )B=0
0<k<m—2
We obtain that AP . (S;xz,y) = 0. Applying the corresponding results of the (m — 1, p)-isometry and (2.p)-
m—1

concave mapping, we obtain that AP ,(S;z,y) = 0. Continue these processes we get AL(S;z,y) = 0.

Consequently, S is a (2, p)-isometric mapping. O
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Proposition 3.2. Let S be a self mapping on a complexr normed space X that is a contractive (HSz — Sy” <

||x — yH, Vaz,ye X), In addition If S is an (m,p)-isometry then S is an (m — 1, p)-isometry for m > 2.

Proof. Under the assumption that S is a contractive mapping, it follows that,

HS"'HJC — S"+1pr < HS":U — S”y\ ", Va,yeX and neN.

This means that (HS”Q? — S”y”p)neN is deceasing sequence, so convergent.

From the fact that S is an (m, p)-isometry and together (?7), we get
AL 1 (Siz,y) = AT (S5 82, 8y) = ... = A7, (8; 82, S"y).
On the other hand, we have
A7, _1(S: 8", SMy) = AL _5(S;8™w, S"y) — A}, _,(8; 8" e, 5™ Hy),
so that
A7, _1(8; 8"z, S™y)

w2 m—2
D 3 R e i
=0

By taking the limit n — oo in the preceding equality leads to
AP (858", S"y)to.
Consequently,, AP | (S;z,y) =0 and hence, T is an (m — 1, p)-isometry. O

As a consequence of this proposition, we have the following corollary.

Corollary 3.1. Let S be a self mapping on a complex normed space X which is a contractive. Then S is

an (m, p)-isometry if and only if S is an isometry.

Lemma 3.2. Let S be a self mapping on a complex normed space X. Then S is an (2, p)-isometry if and

only if

p
)

157 = smy|[" = 5" e — 5" Hy||" = [|Sz - Sy” ~ fle — o]

for all integer n > 2 and x,y € X.

Proof. The proof is obvious by mathematical induction. |

The author in [21] show that if S is a 2-isometric operator on a Hilbert space, then S™ is a 2-isometric

operator.
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Theorem 3.2. Let S be a self map on complex normed space X. if S is an (2,p)-isometry, then so is T"

for all n € N.

Proof. We will induct on n, the result obviously holds for n = 1. Suppose then the assertion holds for n > 2,

ie
|8%m2 — S*my||” — 28" — S™y[|” + ||z —y||" =0, Va,y € X.
Then
|52 %@ — 522y |7 — 2| 5" — 5™y [" + o — y”
= [|$*5"z = s2s?y|” - 2|57 e = 5"y + o — y|)”
= 25Tt e — sy — |57 — 57y
=257 e = 57y " + o -yl
= 202" e — 5 y|" ISz — Sy ") —||5*"x — 5>y
2()s" e = 5"y fla -yl
= 25" e — sy - |57 — 5y
=25z = Sy[[" + ||« = o]’
= 25" e =5yl - 2] 5" = Sy~ [lz — o)
2|5 = Syll"+[|l= = ]
< 2fsmte = sy [P~ 25 - 8my|” — 2| Sa — Sy|” + 2l — y]”
= 2(||Sz — Sy||"— ||z — y[|") —2||Sz — Sy||" +2||z —y||" (by Lemma3.2)
= 0.
Thus means that S™ is (2, p)-isometric mapping. O

The following theorem gives a characterization of (3, p)-isometric mappings.

Theorem 3.3. Let S be a self mapping for a normed space X. Then S is an (3,p)-isometric mapping if

and only if S satisfies
|5"a — S”pr = ||z - pr + 00 (S,2,9) + n?Ts (S, ,y) (3.3)

where

wa(S ) = 3 (|18% — 5% — 2018 = Sull + i — 1) (34)

1
2
and

(8,2, y) = ( 1% — §%y||” + 4| Sz — Sy|[” — 3]}z — yp> (3.5)

1
2



Int. J. Anal. Appl. 18 (2) (2020) 206

Proof. We prove the if part of the theorem. Assume that S satisfies (3.3). For n = 3 we obtain
15% = S%y|”
|z —y||” +3¥1(S, 2,y) + 9¥2(S, z,y)

3
o=l + 5( = 5% = 52 + llsiz = sl =3l — )

9
+§ (HSQ.Z‘ — 52y||p — ZHSa: — Spr + Hx — y”p>

|z = ylI” = 8[| 5%z — S%y[|” - 3]| Sz — Sy]|".
It follows that

|8% = S%y[|” — 3[|S% — S%y||” + 3]| Sz — Sy||” — [|= - y||” =0,
so that, S is an (3, p)-isometry.

We prove the only if part. Assume that S is an (3, p)-isometry. We prove (3.3) by mathematical induction.

For n =1 it is true. Assume that (3.3) is true for n and prove it for n + 1. Indeed, for all z,y € X we have
HSn+1$ _ Sn+1pr

= ||s"Sz — smsyl”

| Sz — Sy||P + n¥1(S, Sz, Sy) + n*Vs(S, Sz, Sy)

|52 — sy[|” + Z( = [|8% = SPy[|" + 4[| 5% — S?y||” - 3] 5z Sy||p>

2
o <y|s3m 5| — 2||S% - Sy + || S Spr)

2

2 _
#(52 s sl

2 _
= (58 = S - (o2 - 20)5* - 57"

Now, using the fact that 7" is an (3, p)-isometry we can obtained
7+ — s
- (n2 7 n) (Hx —y||” +3]| 8%z — 8%y|” — 35z — Spr)
+ — (n® — 2n)||S%x — S%y||”

2
+<”3”+2> 15z — Sy|”

2 6,2
_ (” +”>||52:c—52y]|”+( 2"2+2)|\5x—5y|\p

(55 el
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= (ﬁ;n) (Hx —y||” +291(S,2,y) + 4‘1’2(5795’9))

+<_2“;+2> (Hx —y| TS,z y) +\P2(S,w7y)) + (ngz_n)Hx —y|l”

= e —y|" + (0 + 1)L(S, 2, y) + (n + 1)2Wa(S, z,y).

O

Theorem 3.4. Let T, S be a self mappings on a complex normed space X such that T'S = ST. The following
properties hold for all x,y € X.

(1) If S is an (1, p)-isometry, then

AL(TS;0,) = AL (T 2, ). (3.0)
(2) If S is a (2.p)-isometry, then
AL (TSs zy) = (m+1)AL(T; TSz, TSy) — (m+ )AL (T, Tz, Ty)
+AY (T 2,y). (3.7)

(3) If S is an ((3,p)-isometry, then

(m+2)(m+1)

A7rL+2(,-TS; Z,y) = Am+2<T; x,y) + 92

{Afn(T; T25%x, T%S%y)
+AP (T; T?Sx,T?Sy) + AP (T Tgx,TQy)}

+5(m +2)

1
T A (T TS, TSy) = S An(T: T, Ty). (3.8)

Proof. (1) From the fact that S is an (1, p)-isometry,i.e.;
||Skx - Skpr = ||z — pr YV z,u€ X,

and the fact T'S = ST it follows by elementary calculation that

ansioy) = ¥ 07l - @i
0<k<m
_ Z (—1)m* <m>]|Ska—Skapr
0<k<m k
-y (—1)mk<m>||Tkm—Tky||p
0<k<m k
= AL(T; z,y).

(2) Assume that S is an (2, p)-isometry. Then we have by using [19, Lemma3.4] that

HSkm—S’kpr:kHSm—S’pr—i—(l—k)Hm—y P VYayeX, k=0,1,---
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A simple calculation shows that

B 1 (TS; z,y)

= > (—1)’”“"“(m; 1) [(T8)E 2 — (T8)ky|”
0<k<m+1
= Z (—1)mHi-F (m]:‘ 1) |SF T — SF Ty
0<k<m+1
= > <1>m+l’“(m,€+ 1) [MIST’% STy + (1= k)| Tha = T*y|”
0<k<m+1
= kZ (—l)mﬂ_kk(m; 1) |T*Sa — T Sy|”
1<k<m+1
D I L (A [ e
0<k<m+1
= (m+ 1)( Z (—1)m—* <’;:> |7+ Sz — Tk“Spr) — (m+ 1AL (T; Tz, Ty)
0<k<m

+AY (T z,y)

= (m+1)AM(T; TSx,TSy) — (m+ 1)AL(T; Tz, Ty) + A, (T; z,y).

(3) Assume that S is an (A4, 3)-isometry and T'S = ST. In view of Theorem 3.3 we have that

e(m+2 | |
D D L G | [ ey
0<k<m-+2
_ Z (_1)m+2—k<ml‘:2>HSkax_Skapr
0<k<m+2

= Z (—1)m+2=F <mk+ 2> MT% —Try||” + kW1 (S, T 2, TY) + k> Uy (S, T 2, TY)

0<k<m+2
+2
— -1 m+2—k m Tk _Tk: p
{0<k§;z+2( : < g )i =Tl
I
2
Z (_1)m+2_k(m;— >k‘\1’1(5,Tkx,Tky)+
0<k<m+2
J
2
> (1)m+2’c<m; >k2\IIQ(S,T’“m,Tky)}.
0<k<m+2

K
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Clearly I = A}, ,(T; z,y).

J o= > (_1)m+2k<m+2)k\1/1(s,T%,T’cy)

k
0<k<m+2

= > (1)m+2’“<m;2)k;(||52TkxS2Tky||p+4||5T’“:cSTky||p3||Tk$T’“y|”>
0<k<m+2

1
= _i(m +2)A i1 (T; TS?x, TS?y) +2(m + 2) A1 (T; TSz, TSy) — gAm_H(T; Tz, Ty).

K = > (-ymk (m;r 2) k2 Wy (S, T x, T y)
0<k<m+2
- > (—pymrk (ml‘; 2) k;Z% (HSQT% — S*Thy||” — 2||ST*z — ST y||P + ||T"2 — Tky||p>
0<k<m+2
= > (-pmth (m; 2> k% (HT’“SQI — TFS?y||" = 2||T% Sz — T*Sy||P + ||T"2 — Tky||p)
0<k<m+2

= (-1)™*(m+2) <||Tk52m —TFS?y||” —2||T* Sz — T*Sy||P + || T*z — T’“y||p>
+ Z (—1)mt2-k (m; 2) k21 (HT’“S%: —T*S%y||” = 2||T" Sz — T*Sy||P + ||TFx — Tky||p)
2<k<m+2 2

By observing that k? = k(k — 1) + k and

k2<m;2) _ (m+2)(m+1)(km2> +(m+2)(TZ+11>, k> 2.

g = mr2Am+D 2)2(7" 1) {A%(T; T?S?x, T?S*y) + AL (T; T?Sz,T*Sy) + AL, (T; Tz, T@)}

2
_i_% [A%H(T; TS%x, TS%y) + AV, (T TSz, TSy) + AY \(T; Tz, Ty)] .

By combining I, J and K we obtain

(m+2)(m+1)

Am2(TS; z,y) = Apga(T; z,y) + 5 |:A'Zr)n(T; T%5%x, T?S%y) + Ab (T; TS, T Sy)
5 2 1
+AP (T sz,TQy)} + MAerl(T; TSz, TSy) — iAm(T; Tz, Ty).
This completes the proof of the theorem. |

The proof of the following corollary follows by Combing Theorem 3.4 and Theorem 3.1.

Corollary 3.2. Let T, S be a self mappings on a complex normed space X such that T'S = ST. If T is
an (m,p)-isometry and S is an (n,p)-isometry for n € {1,2,3}, then T'S is an (m + n — 1, p)-isometry for
n € {1,2,3}.



Int. J. Anal. Appl. 18 (2) (2020) 210

Theorem 3.5. Let S be a self map on a complex normed space X. If S is bijective (m,p)-isometry, then

S~1 is an (m,p)-isometry.

Proof. Since S is an (m, p)-isometry it follows that AP (S; z,y) = 0; V z,y € X. Taking into account the

fact that S is a bijective map we get by direct calculation
0 = AP(S; Sz, S ™My)

>t (1) st - st

0<k<m

(=)™AR(S7 @,y).

Therefore S~! is an (m, p)-isometry. O
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