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ABSTRACT. In this article, an analytical solution based on the series expansion method is proposed to solve
the telegraph equation of space - fractional order (TESFO), namely the Aboodh transformation method
(ATM) subjected to the appropriate initial condition. Using ATM, it is possible to find exact solution or
a closed approximate solution of a differential equation. Finally, several numerical examples are given to

illustrate the accuracy and stability of this method.

1. INTRODUCTION

In the last few decades, fractional calculus found many applications in various fields of physical sciences
such as viscoelasticity, diffusion, control, relaxation processes and so on [1]. Suspension flows are traditionally
modeled by parabolic partial differential equations. Sometimes they can be better modeled by hyperbolic
equations such as the telegraph equation, which have parabolic asymptotic. In particular the experimental
data described in [1] seem to be better modeled by the telegraph equation than by the heat equation. The
telegraph equation is used in signal analysis for transmission and propagation of electrical signals and also

used modeling reaction diffusion. The different type solutions of the fractional telegraph equations have been
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discussed by Momani [2] by using decomposition method, Yildirim [3] by homotopy perturbation method.

Our concern in this work is to consider the space-fractional telegraph equations as
Dfu(z, t) = aup + uge + bu(z, t) + gz, 1), 0 <z <1

where t > 0, 0 < a < 2, a, b are given constants, g(x, t) is given function.
The main objective of this paper is to introduce a new analytical and approximate solution of spatial frac-
tional telegraphic equations using the Aboodh transformation method(ATM), where in [5] authors proposed

a Sumudu transformation method (STM) which is used to solve this equation.

2. PRELIMINARY

2.1. Fundamental Properties of Fractional Calculus. In this section we give definitions and some basic

results.

Definition 2.1. An Aboodh transform is defined for functions of exponential order. We consider functions

in the set F' defined by;

F={4(t): [£(0)] < Me™, if t €[0;00], Mkiky > 0: ky < v < k) (2.1)
For a given function in the set F', M must be finite number and ki, k2 may be finite or infinite with variable
v define as k1 < v < ko. Then, the Aboodh transform denoted by the operator A(:) is defined by the integral

equation:

T() = A[f(0)] = [fOe Mt 120, k<o <k (22)
0

For a given function in the set F', M must be finite number and ki, ko may be finite or infinite with variable
v define as k1 < v < ko. Then, the Aboodh transform denoted by the operator A(:) is defined by the integral

equation:
T (v) = A[f(t)] = %/f(t)e‘”tdt, t>0, k1 <v < k. (2:3)
0

Standard Aboodh transform for some special functions found are given below in Table (2.1).



Int. J. Anal. Appl. 18 (2) (2020) 245

f@) | T(v)=A[f(t)]
1
! Z
1
! ]
" nl
t",n>1 i
1
at
© v2 < av
sin(at)
(v? 1—!— a?)
cos(at) SR
v —{a
inh(at _
sinh(at) o —a?)
1
t COSh(at) m

TABLE(2.1): Aboodh transform of some functions.

Definition 2.2. The Riemann-Liouville fractional integral of order a € R is defined as

t

D Of (t) = I°f(t) = r(la)/(t _ff))la dr, 0<a <1 (2.4)
0

I°F(t) = f(t)
Properties of the operator I¢ can be found in for a, 8 > 0, and v > —1, we have:
1°1°f(t) = 11 f(t) = I*TP £ (1)
jopr - L 0+1 sorty
F(a+v+1)

Definition 2.3. The caputo fractional derivative (CFD) operator DY of order « is

t

(”)
Dy f(t)=1""*D"f(t) n—a/ f 1+a —dz, x>0 (2.5)
0

form—1<a<n,neN,t>0.

Definition 2.4. The Mittage Leffler function E, (z) with a > 0, is definite by the following series:

wheren € Zt, oo € RT.

Definition 2.5. The Aboodh transform A[D2 f(x)] of the fractional derivative using the Caputo idea of the

function is given by:
(®)(0)

S

|

-
~

ADS f(z)]] =vT (v) — (2.7)
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It is easy to understand that:

( )
A[Dg f(ast)]] = v° va'; @0 ) cas<n, 28)

Remark 2.1. The Aboodh transform is linear, i.e., if a and B are any constants and f(t) and g(t) are

functions defined over the set F' above, then

Alaf(t) £ Bg(t)] = aA[f(1)] £ BA[g(t)].
3. PROCEDURE SOLUTION USING ATM FOR SOLVING LINEAR TESFO
We consider the following linear TESFO of the form:
DSu(x, t) = auy + uy + bu(x, t) + g(z, t), 0 <z <1, (3.1)

t>0,0<a<?2

where g(z, t) is the source term and a ,b are constants.
With Initial Condition
2Mu(0, t)
—— L =ul(0, 1) =f(t), r=0,1,2,....... -1 3.2
axr U ( 9 )tzo fT'( )7 r ) 9 ? 7n ( )
Now applying the AT into Eq(3.1) we have:

A[Dgu(z, t)] = Alaus + uy + bu(x, t)] + Alg(z, t)] (3.3)

Substituting Eq(2.8) into Eq(3.3) we get:

m—lu(k) .
v Alu(z; t)]] - Z # = Alaus + uy + bu(zx, t)] + Alg(z, t)] (3.4)
k=0
u(z; t)] = Z +k Alaug + uy + bu(z, t)] + v *Alg(z, 1)) (3.5)

So, according to Aboodh decomposMon method (ADM) we can obtain the solution result u(z, t) as

t) = Zun(aj, t) (3.6)
n=0

Now, substituting Eq(3.6) into Eq(3.5) gives

Zun (z, t :| = Z +k +v %A |a (Zun(m, t)) + (Zun(m, t)) —&—qun(L t)

k=0
From Eq(3.7) we can define all the coefficients of up41(z, t)

+v " Ag(a, )] (3.7)

So we get the zero coefficients ug(z, t) as:

3

Alug(z, t)]
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The first component wu; (x, t) as:
Afur(z, 1)] = 0= Ala (uo(, 1)), + (uo(2, 1))y, + buo(z, 1) + g(z, t)]

Finally the remaining coefficients of u,y1(x, t)can be find in a way like each coefficients is found by using

the coming before components.
Alupyr(z, t)] =v *Ala (un(z, 1)), + (un(z, t)),, + buy(z, t) +g(z, t)], n > 0.

Applying the Aboodh inverse to the above equations yields the following:

u(z, £) = fal{”ﬁflj%(t)}

0 U2+k

ur(z, t) = A7 v™*Aa (uo(z, 1)), + (uo(, 1)), + buo(, t) + g(, 1)]]

Uunt1(z, ) = A7 T Ala (un(z, 1)), + (un(@, 1)y + bun(z, ) + g(x, 1)]]

So that, the AS uy,(z, t) is given as:

n—1
un(x, t) = Zuj(w, t) (3.8)
7=0
Such that
lim up (x, t) = u(z, t) (3.9)
n—oo

4. ILLUSTRATIVE EXAMPLES

In this section we shall test two examples using the ATM to solve the TESFO and the solutions we got

it by using the present procedure will be comparing with original ES.
Example 4.1. consider the following homogeneous TESFO
Diu(z, t) =ug +us+u, =z ¢t>00<a<2 (4.1)

with initial conditions

u(0,t) =e"t, t>0

(4.2)
ug (0, t) =e 4, t>0
we appling the AT with (2.8) into (4.1) and (4.2) we get:
L u®)(0; ¢
« U ’
v¥Alu(z; t)] — ,;OM = Alu(z, t)y + u(z, t): + u(z, t)] (4.3)
So, we have
—t —t
Alu(e; )] = S5+ S + o A fula, B+ ule, 8 + u(z, 1)] (4.4)

V2 v3
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So, according to ADM we can obtain the solution result u(x, t) as

t) = Zun(x, t)
n=0

substituting (3.6) into (4.4) gives

Zunm t] +vt v YA

according to equation (4.5), we can calculate the terms uy41(z, t)

So, we get the coefficients of ug(z, t) as

e*t et

Aluo(z; )] = — + el

So, we can use the Aboodh inverse in (4.6), we get
et et
: t) = A—l = N —t —t
ug(x; 1) {U2+U3] e~ '+ xe
and in the same way we calculate the coefficients of u;(x, t)

Alfur(z, )] = 0= Al(uo(@, 1)) 1t + (uo(x, 1))+ + (uo(z, 1))]

Also, we have

ur(z, 1) = A7 [om A (uo(x, 1)) ¢ + (uo(@, 1)) ¢ + (uo(z, 1))]]

uy(z, t) = A" o7 Ale™t + ze™ 1]

—t —t
_a_ile e a1 1 1
- A |: e + ,Uoc+3:| =€ A |:,Uo¢+2 + ,Uoz+3:|

= (r((j:: D" r(frz))

We can find the coefficients of u,(z, t) with the recurente relation as follows

tns1 (2, £) = AL [0 A [(un (@, 1) 4t + (un (2, £)) 1+ (una, )], ¥n >0

Also, we have

. an 2a+1
t)=e
uz(, 1) = e (F(2a+1) +F(2a+2)>

no na+1
up(z, t) =e"t i +
Fna+1) T(na+2)

(Zun x, t) Ver + <Zun(m, t)))t + (Zun(% t))} (4.5)
n=0 n=0

(4.9)

(4.10)

(4.11)
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Finally, we obtain the approximate solution
un(@, t) = e~ (1 ot i 5+ F(maar2) + F(;ji 5+ Fé:tm b (4.12)
If we put @ =1 in (4.12), we can conclude the exact solution
u(m,t):e_t<1+x+x+w2—j+x2—j+§—?+§+ .................. ):2€_t+x—€_

:"\lleTalL‘l’-"f‘u‘f‘luci\uhI

(c) (1.3)

FIGURE 1. Comparison between (1.1) the exact solution for @ = 1 and (1.2), (1.3) the

approximative solutions using 4-term of the ATM for a = 1.7 and « = 1.9 respectively.
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Example 4.2. We consider a linear telegraph equation described by
DSu(z, t) =up +2u+u  x,t>0,0<a<2, (4.13)
with initial conditions
w(0, t) =e 3 >0
(4.14)
ug (0, 1) =2e738 t >0
we appling the AT with (2.8) into (4.13) and (4.14) we get:
Lu®(0; 1)
(0% u bl
v Afu(z; t)] — ZW = Alu(z, ) + 2u(z, t); + u(z, t)] (4.15)
k=0
So, we have
o3t o3t
Alu(z; t)] = — + 2? + o %Afu(z, ) + 2u(z, t): +u(z, 1)) (4.16)
So, according to ADM we can obtain the solution result u(x; t) as
u(@, ) = un(, t) (4.17)
n=0
substituting (3.6) into (4.16) gives
0 o3t o3t Y o 0 o
A nZ:Oun(x, )| = = + 21}—3 +v A ngoun(ac, t) | e +2 nZ:Oun(:L‘, t) )+ gun(m, t) (4.18)
according to equation (4.18), we can calculate the terms un41(z, t).
So, we get the coefficients of ug(x, t) as
o3t o3t
we use the Aboodh inverse in (4.19), we obtain
ug(z; t) = 73 4 2ze™3
and in the same way we calculate the coefficients of uy(z, t)
Aluy(z, 1)) = v™ " Af(uo(x, 1)) 1 + 2 (uo(x, 1)) ¢ + (uo(z, 1))] (4.20)
Also, we have
uy(z, t) = A7 [om A (uo(z, 1) 1 + 2 (uo(z, 1) ¢ + (uo(z, 1))]] (4.21)
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ur(w, t) = A7t [u7 @A [4e73 + 8ze 3]

4 8
_ =3t g1
" [+} (4.22)

:46—3t e N 2xa+1
Fla+1)  T(a+2)

We can find the coefficients of u, (z, t) with the recurrence relation as follows
Uny1(z, 1) = A7 oA (un(z, 1) e + 2 (unlz, 1) ¢ + (un(z, t))]] (4.23)
Also, we have

up(z, t) = A7 T A (ur (2, £) 1 + 2 (@, 1)1 + (ur(x, 1)]]

_4A-1 {U—QA [e‘:“ (F(ix: o F?zaj;»”

(4.24)
4 8
_ fp—3t A-1
=de™A |:1)2a+2 + U2o¢+3:|
_ 166_3t an N 2x2a+1
F2a+1) T(2a+2)
we can give the general solution as follow
no 2xna+1
Lz 1) = 4me 3t [ 2 4.25
tn(@, ?) ¢ (F(na +1) + I(na+2) (4.25)
Finally, we obtain the approximate solution
. (x t) _ €—3t 2wt 4x® N 8xa+1 N 16%2& N 32x2a+1 4 e N 4nxna+1
T MNa+1) T(a+2) T@2a+1l) TQRa+2) 7 I'(na+1) Flna+2) 77
(4.26)
If we put a = 2 in (4.26), we can conclude the exact solution
422 8x%  16z4
u(z, t) = e <1 + 2z + % + % + ﬁ + ... > = ¢ 32 = T3t (4.27)
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= 1.7 and a = 1.9 respectively.

(c) (2:3)

the exact solution for &« = 2 and (2.2), (2.3)

)

approximative solutions using 4-term of the ATM for «
The author(s) declare that there are no conflicts of interest regarding the publication

FIGURE 2. Comparison between (2.1
Conclusion. The application of ATM was extended successfully for solving the TESFO. The ATM was

clearly very efficient and powerful technique in finding the approximative solution of the proposed equations.
In order to check the effectiveness of the introduced procedure, two numerical examples are tested, by

comparing the approximative solution with the exact solution.
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