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ABSTRACT. In the current paper, we have generalized the concept of one dimensional Shehu transform into
two dimensional Shehu transform namely, double Shehu transform (DHT). Further, we have established some
main properties and theorems related to the (DHT). To show the efficiency, high accuracy and applicability
of the proposed transform, we have implemented the new transform to solve integral equations and partial

differential equations.

1. INTRODUCTION

Many problems in the fields of most applied science and engineering encounter double integral equations or
partial differential equations describing the physical phenomena [20-22]. Solving such equations using single
transforms is more difficult than using the double transforms. In the past few decades, integral transforms
have been the focus of many authors due to their huge appearance in various applications in modern sciences
and engineering, in the current years, a very extensive literature on integral transforms of a function of one
but there is a little work available on double integral transform. Consequently, great attention has been
given to deal with the double integral transform.

Among the solution methods, integral transform methods are rather and popular, Hence in the literature,
there are many different types of integral transforms such as Fourier transform [1] Laplace [2,3] transform,

Sumudu transform [4-6,19], Natural transform [7], Ezaki transform [8], and so on. These kinds of transforms
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have a wide variety of applications in various areas in applied physics, applied mathematics, statistics,
engineering and in most of other sciences [9, 10].

Shehu transform (HT) of single variable [11], is a new transform which was recently introduced by Shehu
Maitama and Weidong Zhao in 2019. (HT) is a generalization of Laplace and Sumudu transforms. This
transform is used to solve both ordinary and partial differential equations. After the appearance of the (HT),
many authors applied this transform to solve partial differential equations including ordinary and fractional,
for instance, see [12-15,20].

The main objective of this paper is to extend the one dimensional Shehu integral transform to two dimensional
Shehu integral transform namely double Shehu transform and to get the solution of initial and boundary
value problems in different areas of real life science and engineering.

This work is organized as follows. In section 2, we present some notations about Laplace, sumudu, and single
Shehu transforms. We then introduce the definition of double Shehu transform and its inverse with examples,
and we prove the existence and uniqueness theorems of the new transform in section 3. In section 4, we
discuss some properties and theorems related to the double Shehu transform. in section 5, we implement the
double Shehu transform method to some examples of double integral equations with convolution and partial

differential equations. Section 6 is for the conclusions of this paper.

2. PRELIMINARIES

In this section, we present some basic notations about the Laplace, Sumudu and the Shehu transforms.
Definition 2.1.Let g : (0,00) — R be a real valued function. The single Laplace transform of g is defined
by:

G) =Ll p)= [ ePg@)de pec. (2.1)

Definition 2.2. [16] Let g(x,t), x,t > 0 be a real valued function. The double Laplace transform of g is
defined by:

LoLe (9 (2,0) : () = Glp,q) = / / e~ a0 (o §) dudt, p,q € C. (2.2)
0 0

Definition 2.3. Let g : (0,00) — R be a real valued function. The single Sumudu transform of ¢ is defined

by:

G(p) = S(9(z) :p) = / T e tg (pr) de, pe C. (2.3)

Definition 2.4. [17] Let g(x,t) be a real valued function. The double Sumudu transform of g is defined by:
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SuSi (gl 7) s () = /./ tg(pe, qt)dud. (2.4)

Definition 2.5. [11] The single Shehu transforms (ST) of a real valued function g(x,t) with respect to the

variables x and t respectively, are defined by:
g (x,t) dr, (2.5)

Hyi (g (z,t) : q,v) = /000 e~ v g(x,t)dt. (2.6)

Definition 2.6. [11] The inverse Shehu transform g(z,t) = H,* [HZ, (g (z,t))] is defined by the complex

integral formula

a+100 Y—100 .
g(2,t) = H2 [HZ, (g (2,))] = ij' U%m%/ L), (g@0)d. @7

2m ico U 2T ) oo ¥
3. DOUBLE SHEHU TRANSFORMS (DHT)

In this section, we introduce the definitions of (DHT) and the inverse of (DHT).

Definition 3.1. The (DHT) of the function g(x,t) is defined by the double integral as :

H2, (9 (2,8) = G (02 q) , (u, )] / / Vg (2, 1) dudt, (3.1)

on the set of functions

\?

J

t
Q= {g(m,t):ﬂK,)\l, A2 >0, |g(z,1)] <Kexp<|x—; |> , j=1,2and (x,t) eRi},

provided that the integral exist.

Definition 3.2. The inverse double Shehu transform g(z,t) = H_? [H2, (g (z,t))] is defined by the complex
double integral formula
3 1 a+100 1 bz 1 y—1i00 1 gt
oot) = H2 [0 )] =5 [ v [ L2 (g wde. (2)
« Y

2 Jy—ioo U 21 ) _jeo U

3.1. Existence and uniqueness of (DHT).

Theorem 3.1. Let g(x,t) be a continuous function on every finite intervals (0, X) and (0,7T), and of expo-

nential order, that is for some a,b € R

lg(, t)]

sup —~
Ltfoe(az—i-bt)

< 0

Then the (DHT) of g(x,t) exists.
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Proof. Using definition of DHT, we have

)g (x,t) d:vdt'

/ / ) g (2, 1)] dadt
< K/ / —(8F —aw) = (% =b) gy
—K/ —a ’”dat/o e~ (E=0)tqy

|H§t (z,1)) |7

(p— CLu) (q —bv)’

Theorem 3.2. Let h(z,t)and [(z,t) be continuous functions and having the double Shehu

transformsH?2, (h (x,t)) and H2, (I (x,t)) respectively. If H2, (h(z,t)) = H2, (I (x,t)) then h(z,t) = I(z,1).

Proof. Assume «, and v to be sufficiently large, then since

1 [oF° ] ey 1 (771w
= H;? [H? =— ~ () 7/ Ze(%) g2
o) = B2 [ (o] = 5 [ Ll @ap [ Ll (g )
we deduce that
1[0 ey 1 7701 (g
h(x,t) = —/ fe(T)dp—,/ fe(T)HM (h(z,t)) dq
20 St U 28 Jy_joo U
Lo 0 ey 1 7701 (@
= —e(T)dp—,/ ~e(F)H2, (I (2,1)) dg
= 2mi a—ico U 28 Jy oo U

=1(z,1),
and the theorem is established.

3.2. Double Shehu transform of some functions:

(1) If g(z,t) = 1, then

(z,1)) / / da:dt u
pq

(2) If g(z,t) = el@+?)  then

HZ, (g(z,1)) / / (a0 et
/ / (p a'u)TJr(q jv)f)dxdt

T - GU) (q —bv)’
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(3) If g(x,t) = '@+ then

2 (9(0:0) = o o

v (pq + abuv) + (bpv + aqu) uvi
PP+ ae?) (@ + %)

As a consequence of property (3)

HZ, (cos (ax + bt)) uv(pgtabuv)

(p2+aZu?)
HZ, (sin (az + bt)) = "7

(4) If g(z,t) = cosh (azx + bt) , then

HZ (g (2,1) = % {Hft (e(‘“”“’t)) + H?, (ef(amﬂn))]
1 uv uw
2 {(p—““) (a—bv) (p+ au) (Q-l-bv)] '
Similarly,
2, (si 1 uv U
HZ, (sinh (ax 4 bt)) = B [(p ~aw) (g —bv) — b+ aun) (gt bv)} )

(5) If g(x,t) = 2™™, n,m =0,1,2,---, then

1w (g = [ [ e i da
o Jo
z/ e_(%)x”dx/ e_(%)tmdazdt,
0 0

- (u>n+1 <U)m+1
p q

(6) If g(x,t) = z*t7, a > —1,7 > —1 then

a+1 %) y+1 00
(u) / e Yy*dy (v) / e *27dz
p 0 q 0
a+1 ~y+1
u v
=I'(a+1 (> 'iv+1 () .
(a+1) p (v+1) .

Where, T'(.) is the Euler gamma function.
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4. PROPERTIES OF THE DOUBLE SHEHU TRANSFORM

(1) The double Shehu transform H2, (.) is a linear operator, that is
H3, [(ag + bh) (,1)] = aH3, [g(w, 0)] + bHE, [h(x,1)].
Proof.

H?, [(ag + bh) (x,1)] = / / (ag + bh) dzdt

// (5+%) xtdmdt+b//

= ally, [g(z, )] + bHZ, [h(z,1)]

(2) Changing of scale property

If H%t (g (xﬂt)) =G ((pa Q)a (u,v)) , then Hr2t (g ((LI, bt)) = ﬁG ((E g) ’ (ua U)) .

a’b

Proof. Using the definition of (DHT), we deduce

H?, (g (ax,bt)) / / (ax bt) dxdt

Substituting y = ax, and z = bt in equation (4.1), we get

1 0o 0o _(ﬂ+%)
= ua v d d
ab/o /0 e g (y, z) dydz

(3) Shifting property

If H:zt (g (xa t)) = G ((pa Q)7 (ua ’U)) ’ then H:zt (ei(anth)g (1’, t)) = G ((p + au, q + bU) ’ (ua ’U)) .

Proof. Using the definition of (DHT), we deduce

H;?t ( —(aa:+bt) / / o —(aw+bt) (!L‘ﬂf) dadt
/ / <p+au>x+<q+bu>t) g () dwdt

G ((p+ au,q+ bv), (u,v))

Theorem 4.1. If H2, (g (z,t)) = G ((p,q), (u,v)), Then

H3 g (z—a,t =0) H (z —a,t =b)] = e """ G ((p,q), (u,0)),

(x t) dadt
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where H (x,t) is the Heaviside unit step function defined as follows :

1 T >a,t>b
H(z—a,t—0) =

0 otherwise

Proof: By using the definition of (DHT), we have

H2 [g(z —a,t —b)H (x —a,t —b)] / / (5 (mfatfb)H(xfa,tfb)dxdt

/ / (5 (x—at—b)dmdt

By substituting z —a=y , t—b=2z, we get

/ / p<y+a>+q<z+b>) g (y, =) dydz
—(g2+t0) / / ~(B4%) g (y, 2) dyd>

= e B2, (g (2,1).

x

(4) The double Shehu transform of the first and the second order partial derivatives with respect to z

2, (52) = (2) G2 (6, 4). (w,0)) — Ho (9 0.1),
12, (538) = (2)" G2 (9, ), (w0)) = (2) Hi(9(0,0)) = Ho (9 (0,0))

Similarly, with respect to ¢

12, (%) = (£) G ((p.a). (w,0)) = Ha (9 (2,0)),
2
12, (58) = (4)° G (0. @), (w,v)) = (2) Ha (9 (2,0)) = Ha (59 (2,0)).
Moreover, the double Shehu transform for the mixed double order partial derivative of function of

two variables is given by

uv u

(f;g) = (") & (), (o) = (2) (g 0,) = (£) Ha (9.(2,0)) +9.0,0).

o"g 9™Mg

Theorem 4.2. The double Shehu transforms of the, n,m € N times partial derivatives 5, 5=, of

the function g(xz,t) are given by :

12 (29) = (1) aawon - (2) w00 -5 (2 m (Zoon). a2

2 (552) = (1) 600~ (&) oo - 5 (4 (o)

Proof. the proof can be done by mathematical induction.
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Theorem 4.3. If the double Shehu transform of%, % is given by equations (4.2) then the double

Shehu transforms of

m0"g (x,1) m 0" (z,1)
dzm and t otm
are given by
2, (P90 ) o 7 (1 ) (4.3
H?, (tmﬁgt(:j’t)) =(=1)m™™ c'?aq (H2 (9(z,t))), where m,n =1,2,3, ... (4.4)

Proof. By using the definition of (DST), we get

g(@,1) / / )g (2. 1) dadt, (4.5)

taking the n'" partial derivative w.r.t p for both sides of equation (4.5), we have
6” 2 p +ﬂ)
o (HZ, ( / / } g (x,t)dxd
—1)"/ / - 67(%+q7t)g(x,t) dxd
z"e” (5 + glxz,t)dx
'IL ) d d
U

= (1) (H ("9 (,))

simplifying, we obtain

<—1>"u"§72 (2, (g (2,1))) = H?, (" (2.1)

Similarly, equation (4.4) can be proven.

Theorem 4.4. (Double Shehu-Double Laplace duality). If the (DHT) of a function g (x, t) exists,

then

H2 (9 (2.1) (p.) . (u,0) = L2, (g @.0), (2, 1)),

u v

where L2, denotes the (DLT) of the function g(x,t).

Proof. The proof can be done directly from the definition of (DHT) that is

HZ, (9 (2,) (p,q) , (u,v) / / )g (x,t) dedt = <g (z,1), <£72>) .

u v
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Theorem 4.5. (Double Shehu-Double Sumudu duality). If the (DHT) of a function g (z, t) exists,
then

Hg xat p,q),(u,v :%Si ( .’L',t 7(uav)>7
(92,0 (p,q), (w,0)) = —Sa | 9 (@), |
where S2, denotes the (DST) of the function g(z,t).

uw ?

HZ, (g (z,t) (p,q), (u,v :ﬁ/ / e~y (uy’vz>d dz:qu§< x,t,(u,v>).
9@t ), (wo)) = | | 9\ )Wz =S \ 9@t (00

Theorem 4.6. Let g (x, t), and h (z, t) be of exponential order, having double Shehu transforms

Proof. By letting ¢ = 22 ¢ = %t in the (DHT) formula, we get

H2, (g (z,t)), and H2, (h(x,t)), respectively. The the double Shehu transform of the convolution of
g(x, t) and h(x, t)

lg % #h] (@, 1) = /Om/otg(x—/@,t—)\)h(m,/\)dﬁd)\,
is given by
H2, (g +h] (z, 1) = H2, (9 (x, ) B, (h (x, 1)
Proof. Using theorem (4.5), we have
1 (lg = #h] e, 1)) = 82 (lg = #h) (2, 1)
- (“)s (9@, 1) $2 (b, 1)

_ (;“(;) 2, (g (2, 1)) (Z;’) 82, (h (x, 1))

= H3, (g (z, ) Hy (h(z, ).
5. APPLICATION OF (DHT) METHOD TO INTEGRAL AND PARTIAL DIFFERENTIAL EQUATIONS

In this section, we illustrate the applicability of the (DHT) method, by constructing some examples.

Example 5.1. Consider the following equation of Volterra Integro PDE.
o o . Tt T t
Jealat) + o) +1—e = = = [ [ g (n3) dna, (5.1)
with respect to the intial conditions
g(z,0) =e*, g(0,t) =€ (5.2)
Applying (DHT) for equation (5.1) , we get,

() & (. (wv) = Hi (g (0.) + (£) G2 (b ). (w,)) = Ho (g (2,0)) (5.3)

ﬂ_ uv — uv — uv = 2 k sk X .
+pq p—u)q (¢g—v)p (p—u)(qg—v) Her (lg 1l (=, 1)




Int. J. Anal. Appl. 18 (3) (2020) 390
The single Shehu transform of the initial conditions
H, (9(2,0)) = ———. Hy (9 (0,1)) = — (5.4)
te (p—u) T (q—v) '
Substituting equation (5.4) into equation(5.3), we get
P\ o2 __u 7\ o o
(3) & @), o)) = o=+ (3) 6 (0 0) (w)) = = (5.5)
U uv uv U uv
+ — — — — =\ — G2 b,q),(u,v)).
pg (p—uwq (g—v)p (P—u)lg-v) (pq) ((p. ), (uv)
Simplifying, we get
G2 ((p, q), (w,v)) = ———— 5.6
((p, @), (u,v)) Y P (5.6)
taking the inverse double Shehu transform of equation (5.6)
n) = i [ S e 57
g( ) xt (p—u)(q—v) ( )
Example 5.2. Consider the following partial double integro-differential equation.
9> 92 S L L at
@g(w,t) - @g(x,t) + g(z,t) +/0 /0 e g (K, A) drd\ = xte®™ ™" + 7", (5.8)
with respect to the initial conditions
(x,0) =e” 3(9:0)*6‘” (0,t) =€’ Q(Ot)*et (5.9)
g ) - ) 8:1;‘9 ) - ) g 7 - ) atg ) - * *
Taking the (DHT) to both side of equation (5.8), we get
(1) (.0). ()~ (1) Hola @0) — B (g @0)) = (B) @ (g (wr))  (520)
v p7 q ) ) v x g ) xT atg 9 U p7 q ) ) *
0]
—(8) Hi (g 0.) — H, (Mgm,t)) + G (p.0), (w0)) + H, ([ 5 %g] (2, 1)
B u?v? n uv
(p—w’(g-v)? (P-u)@=0v)
substituting the single Shehu transform of initial and boundary conditions,
U 0 U v 9]
H,(9(z,0))= ——,H, | =—9g(2,0) | = —, H 0,t)) = ——, H | =¢(0,¢t) ) = ,
0000 = 52 e (0 00)) = G2 Bta 00 = s e (9 0.0) = 25
in equation (5.10) we get
q\2 P2 uw ] 5 qu u pv
=) = (7)) t1+——| G ((p,9), (u,v) = + + +
[(v) <U> (p—u)(g—v) (7, 2), () p—wov (p—u) (¢—v)u  (¢—v)
(5.11)
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simplifying, we get
U
G2 p,q),\u,v)) = 5 5.12
(). (w:0) = s (512)
taking the inverse double Shehu transform of equation (5.12)
U
g(x,t) = H2 [] ="t 5.13
@O = e | o= w (a—v) 19
Example 5.3. Consider the following partial integro-differential equation.
o (z,t) + g(x,t) _1m2t2+xt+1+/w/t (K, \) drdX (5.14)
= K .
axatg ) g ) 4 0 o g ) )
with respect to the initial conditions
g(x,0) =0, ¢(0,t) =0. (5.15)
Taking the (DHT) to both side of equation (5.15), we get
P @ I m, (g(0,1) - (2) &, 0 0,0 5.16
P8) G (9. ), ()~ (2) H (9 0,6) ~ (2) He (9 (2,0)) + 9.0,0) + (5.16)
wvd u?? ww
G2 b,q),\(u,v :_7+7+7+H:§ 1**9 J),t )
((p, ), (u,v)) e T e T ¢ ([1xxg] (z, 1))
substituting the single Shehu transform of initial and boundary conditions,
H; (g(oat)) =0, H; (9(1’70)) =0, (517)
in equation (5.16) we get
3,3 2,2
pq w | o uv usv U
+1_:|G p,q),\u,v :_74_7—"_77
[uv Pq (7 0), (w,)) ¢ p¢* pg
simplifying, we get
u?v?
G ((p,q), (u,v)) = peret (5.18)
taking the inverse double Shehu transform of equation (5.18)
u?v?
g(x,t) = H,;? [} = zt. 5.19
( ) t p2q2 ( )
Example 5.4. Consider the following Partial differential Telegraph equation
0%g(x,t)  %g(x,t)  Og(x,t) 9
L — L L~ t=1 5.20
e a2 or JTTEi=L (5.20)
with respect to the initial and boundary conditions
x, 0)=2%, Z2g(x, 0)=1,
9@ 0)=a?, fg(w. 0) o)

g(0,t)=t, 2g(0,t)=0.
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Applying the (DHT) to both side of equation (5.20) and single (HT) to the initial and boundary conditions
(5.21), we get

(5) 6 @ o) = (B) 0 0.0~ 1 (0100 = (2)" € () (o) + (4) et 00

v
(5.22)
i (29.0) = (9) @ () (0.0) + Ha (g (0,0)) — G (pra). (w0 + 50 + 2 = %,
at Y v ) ) ) K ) p3q pq2 p
Substituting the single (HT) of initial and boundary conditions
u? 0 U v? 0
Ha (o 0) = 5. (0 0)) = L g0.) = 5. (e 0.0)) =0,
in equation (5.22), we get
3)2_@)2_(2)_1(;2 _p? g w W Wl w? w
(&) - (g (o)) = L - T 2L LW
simplifying, we obtain
2 3,3
G2 9 , (U, v = % + 211}77
(), (wv)) = 5 + 25 5
taking the inverse of (DHT), we get
2 3,3
g(a,t) = Hy? [ZSZ ZSH =t +a?. (5.23)
Example 5.5. Consider the Korteweg- de Vries PDE.
&g 0Og Og
with respect to the initial and boundary conditions
2
g(l', O):eixa g(o7t):62t7 %g(oat):762t7 @g(oat):ezt' (525)

Applying the (DHT) to both side of equation (5.24) and single (HT) to initial and boundary conditions
(5.25), we get

(%)3 G ((p,q), (u,0)) — (%)%{t (9(0,t)) — (3) H, (aig (0,t)> — H, (;;g(o,t)> (5.26)

+ (%) G ((p,q), (u,v)) — Hy (g (0,1)) + (%) G* ((p, ), (u,v)) — Hy (g (2,0)) = 0,

substituting the single (HT) of the initial and boundary conditions

U v 0 —v 0? v
Hy (g(x,0)) = pru Hi(g(0,t) = E,Ht (8309(0775)> = M’Ht (ang (OJ)) =2

in equation (5.26), we obtain

(@@ @] eaen -0 25O &5t it

simplifying,

G2 (o)) = (S,

p+uq—2v
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taking the inverse of (DHT), we get

u v
t)=H,?|—— = e ot 5.27
o) = 7 | T (5:27)

Example 5.6. Consider the partial differential Euler —Bernoulli equation

g D% 2

with respect to the initial and boundary conditions

g(z, 0)=0,, Zg(z, 0)= 352°,

i (5.29)
2 5(0,t)=0, for,i=1,23.

Applying the (DHT) to both side of equation (5.28) and single (HT) to initial and boundary conditions
(5.29), we get

(5) @ a0~ (5) mio0.0)~ (5) 1 (Fo0.0) moto 00) - (2) (g0 00)

(5.30)

—H, ((,f;g(o,t)) - (%)2 G*((p,9), (u,v)) = (9> H, (g(x,0)) — H, (gtg(%o)) _

substituting,

u

H, (g(z,0) =0, H, (aatg(sc,())> - <p)6,Ht (g(0,1)) = (Z)S,Ht (;;g (O,t)) =0,i=1,2,3,

in equation (5.30), we obtain
<B>4+(g>2 G2(( ) (u v))i(g)f) E 5+ H 6+2U’U2+%
u v p’ q ) ) - U q p pq2 pq )

G2 ((p,q), (u,v)) = (2"“’4 ; “) |

pqt  ¢*pC

simplifying,

Taking the inverse of (DHT), we get

g(z,t) = H?

xt

{2uv4 v2u6} 2t ta®

= 4L = 31
pg? q3pb 4! + 5! (5.31)

6. CONCLUSIONS

In this study, we have extended the work of [11], to the double Shehu transform (DHT). First, we have
discussed and proved the existence and uniqueness of the double Shehu transform. Next, Some Fundamental
properties and theorems using the new double Shehu transform have also been presented. It is analyzed
that the devolved method is well suited for use in integral and partial differential equations involving two
variables. Therefore, the proposed method is an efficient, accurate and reliable technique for the integrals and

partial differential equations. Finally, it is worthwhile to mention that the (DHT) can be coupled with some
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other methods to solve non-linear (PDESs) arising in applied mathematics, applied physics and engineering,

which will be discussed in subsequent articles.
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