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ABSTRACT. In this work, we introduce and investigate a class of analytic functions which is a subclass
of close-to-convex functions of Janowski type and related to conic regions. Length of the image curve
|z] = r < 1 under the generalized Janowski close-to-convex function is derived. Furthermore, rate of growth
of coefficients and Hankel determinant for this class are obtained. Relevant connections of our results with

the earlier known results are also pointed out.

1. INTRODUCTION

Let E ={z:|z| < 1} and H be the class of functions f(z) defined as
o0
f(2) :z+ZanZ" (1.1)
n=2

which are analytic in E. A function f(z) is subordinate to another function g(z) (written as f(z) < g(z)) if
there exists an analytic function w(z) in E with w(0) = 1 and |w(z)| < 1 for z € E such that f(z) = g(w(z)).

Let P, () be the class of analytic functions p(z) in E satisfying the condition p(0) = 1 and
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where m > 2,z = re?? 0 < a < 1, see [12]. The case a = 0 gives the class P, introduced by Pinchuk [13].
For o = 0, m = 2, we obtain the well-known class P of Carathéodory functions and for m = 2, Py(a) = P(«)
is the class of functions whose real parts are greater than «. It is known in [12] that p € P, («) has the

integral representation

1 [ 14 (1—-2a)ze
=— . do(t 1.
pe) =5 | e ), (13)
where v(t) is a function of bounded variation on [0, 27] such that
2m 2m
/ dv(t) =27 and / | do(t)| < mar. (1.4)
0 0
It is seen from (1.3) and (1.4) that p € P, («) has a representation
m+ 2 m— 2
p(z) = ——n1(2) = ——12(2), (1.5)

where p; € P(«) for i =1, 2.
Denote by CV, S*, K,CV (), S*(«), K(«), are the subclasses of S (the class of univalent functions in E)
which consist of functions that are convex, starlike, close-to-convex, convex of order «, starlike of order «
and close-to-convex of order a (0 < a < 1) respectively. We have the following class of analytic functions in

E:
Viula) = {1 € H: (ZJ{;)/

and note that V(o) = CV(a) and V2(0) = CV.

EPm(a),zeE,m22,0§a<1} see [12] (1.6)

Recently, Noor [11] extended the conic domain , k > 0 introduced by Kanas and Wisniowska [2, 3] to
that of Janowski type, Qx[A, B], —1 < B < A <1 and defined it as

Qu[A, Bl ={u+iv =[(B* = 1)(v® +v*) —2(AB — l)u + (4*> — 1)]?
>k [(—2(B + 1)(u® + v°) + 2(A+ B+ 2)u — 2(A + 1))> + 4(A — B)*v°]}. (1.7)
Denoted by k — P(A, B), the class of functions p(z) that map E onto Qi[A, B]. Equivalently, we say

p € k— P(A, B) if and only if

(A+Dpi(z) = (A-1)

PE) = B Dpe(e) — (B 1)

k>0, -1<B<A<]I, (1.8)

where the definition of py, is given in [2]. Also, it is worthy mentioning that p € k — P(A, B) C P(+;) which
implies that p(z) = (1 —y1)h1(2) + 71, (see [11]) where hy € P and v, is given by

2k+1-A

14 (19)

Y1

Ifin (1.5), p1,p2 € k—P(A, B), wesay p € k— P,,,(A, B) and if P,,(«) in (1.6) is replaced with k— P,,, (4, B),
we say f belongs to the class k — UV,,(A, B). We note that k — P,,,(4, B) C P,,,(71), where ~; is given by
(1.9). Thus,

k—=UVp(A,B) C Viu(m).



Int. J. Anal. Appl. 18 (4) (2020) 616

We introduce the following class of functions.

Definition 1.1. Let f € H -1 < B < A< 1,-1 <D< C <1,k >0 and my,ms > 2. Then

fe€k—Hpym, (A, B,C, D) if there exists g € k — UV,,,(C, D) such that 5:8 €k— P, (A, B).

In particular,

(i) for k=0, m =m=mg,A=1,B=-1,C=1-2a,D = -1, k— Hpym,(1,-1,1 — 2o, 1) =
H,p,m() is the class of analytic functions studied by Noor [9],

(ii) for k=0, my =m=m9,A=1,B=-1,C=1,D = —1,
k— Hpym,(1,—1,1,—1) = Ky, is the class of analytic functions investigated by Noor [8],

(iii) for k=0, my =2=my,A=1,B=-1,C=1,D = -1,
k— Hyo(1,—1,1,—1) = K is the class of close to convex functions first introduced and examined by
Kaplan [4]

(iv) for k =0, my = 2 = mg, Hy2(A,B,C,D) = k- UK(A, B,C, D)) is the class of analytic functions

examined by Mahmood et al [5].

We note that k — Hypym, (A, B,1,—1) = Hpyym, (71, 0), where o = kiﬂ

2. SOME PRELIMINARY LEMMAS

We need the following lemmas to investigate our results.

Lemma 2.1. [10] let p € P,,(7), 0 <~y < 1,m > 2. Then for z = re'?,

(i)
1 [ 5 L+ (m*(1—7)?=1)r?
3 | I a < S (21)
(ii)
1 [ m(l —~
e OIS (2.2
Lemma 2.2. [12]
(i) f € Vin(@) if and only if there exist f1, fo € S* such that
<f1(2)>(mT+2)(1_a)
fe) == (23)

(fz(z))(m4_2)(1—a) ’

z

(ii) Let f € Vin(a). Then
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We will need the hypergeometric function
T'(a)l(c— !
MG(a, b,c;z) = / w1 =) (1 = 2u) P du. (2.5)
I'(c) 0
Unless otherwise stated, we assume, mi,my > 2,k >0—-—1<B < A<1, and
—-1<D<CX<1.
3. MAIN REsSuULTS
Theorem 3.1. Let f € k — Hyyym, (A, B,C, D). Then for 0 <r <1,
1 2b+1,yl
L(r, f) < w4 €(ma, k,v2,C,D)M(r)log Tt [G(a,b,c,—1) —2G(a,1+b,c—1)] (3.1)
+ril[2G(a7 1+ b, & _Tl) - G(a7 ba ¢, _Tl)]] }7 (32)
where M (r) = max | f(re??)|, €(ma, k,v2,C, D) is a constant depending on ma, k,~va2,C' and D,
_ (M2 _ - _ - 17
af(2 1)(1 v2), b=2(7 1),cfa+1andr1f1+r,
where
_2%+1-A _2%+1-C 53)
N=%+1-B *T 2%+1-D '
Proof. Let z = re'. Then
27
L= [ |2 )1do
0
27
:/ | z¢'(2)p(z) | df, whereg € k — V,,,(C,D)andp € k — P,,, (A, B)
ro2mw ro2mw
//zg |d9dp+//|zg z) | dfdp
=J1(r) + Ja(r). (3.4)

Let

%:H(z):1+idnzn €k — Py, (C, D).

Then by Schwarz inequality and Perseval’s theorem, we have

r 27
Ji(r) <2m //lf’(2)|2d9dp /lH )| dbdp
0 0 0

1
r 0O 2
2#(/ an\a Naa 2dp> ( i Zdnlzpzndp> :

n=0

\

ST
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It is easy to see that
4, < 7O D]
4
where §; has its definition given in [11]. Therefore,
1 1
V21ma(C — D)0k | [ 1 = n? 5 om ) 147\’
< - R 1
Jilr) = 4 T;anla I BT,
2 —D)|§ 1 1 3
<V2malO DU 1) (L1 7Y, (35)

where we used the fact that A(r) = 7 Y. n|a, |?>r?" is the area of the image of | z | < 7 bounded by w = f(z)
n=1
and A(r) < wM?(r).

Next, we estimate Jo(r). Since p € k — P, (A, B) C Py, (71), then using (1.3), we get

, (1—m1) [ ett /27r 1—p? 2n(Rep(z) — 1)
= —dv(t d —_—dv(t) = —————~
p'(z) T /0 (1 — zeft)? v(t) an o |1—zett|? v(t) 1—m

Therefore,

r 2w 27

Ja(r) SW///%dv(t)d&dp
0 0 0

r 2w
/ 1
=92 / / |zg'(2) |(Rep(z) — 71) 1= 2 dfdp
0 0

r 2w r 2w
—iargzg'(z 1
2//Re(zg’(z)e g29'( )p(z)>1_p2d9dp2’y1//|2g’(z) |dbdp.
0 0 0 0

Integration by parts, application of (1.2) and Lemma 2.2(ii) give

)y, [0
<2m(ma(l — 72) +2 dp — 4 d
Ja(r) s2m(ma(l = 72) + 72)/0 1= PTI P A gy

<m(ma(1 — y2) + 2v2)M(r) log 1 i_: + 4y, (L1 (r) — La(r)), (3.6)

where

T (1= p) (T2 /T’ (1= p)"T)A=72)-1
1(r) /0 (14 p)(HFH—72)+1 p and Ls(r) 0 (14 p)"0-72) p

Let u = 122, so that dp =

2
T+p’ T (A+uw)? Then

1) 2 bo(ma 1)(1 1 "o(m2a 1
L1(r)=(2> [ /O wlF =)A= 71 (] gy)20-92) gy — /0 w7971 4 g)20-22) g

Tl m
1G(aabac,*l)f/ U(Tzfl)(lf‘h)*l(l+u)2(1*72)du’
a 0

(3.7)

where a,b,c and 71 are given in Theorem 3.1. For the second integral in (3.7), we let u = ryv. Then

217—1
Li(r) =

[G(a,b,c,—1) —r{G(a, b, c,—r1)]

a
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In a similar way, we obtain

2b

Ly(r) = " [G(a,1+b,¢,—1) —r{G(a,1+b,c,—r1)].

Using (3.8), (3.9) in (3.6), we get

1+7r

Ja(r) m(ma(l —72) + 272) M (r) log —

7.‘.2174—1,)/1

a

+r{[2G(a,1 + b,¢,—11) — G(a, b, c, 7’1)]}.

The estimates for J;(r) and J2(r) yield the required result.

Corollary 3.1. Let f € Kyuym,, Then for 0 <r <1,

L(r, f) < €(mg)M(r) log

1—7r’

where M (r) = max | f(re??)|, €(myz) is a constant depending on my.

Corollary 3.2. Let f € Hyym(), Then for 0 <r <1,

1

L(r, f) < €(m,a)M(r)log T

where M(r) = max | £(re??)|, €(m,a) is a constant depending on m and .

Corollary 3.3. Let f € K. Then for 0 <r <1,

L(r, f) < €M(r)log

where M (r) = max | f(re??)|, € is a constant.

Theorem 3.2. Let f(z) be of the form (1.1) and f € k — Hyym, (A, B,C, D). Then

-1
lan| < Z(el(m2,k,w,c, D)M ("= ) logn +

u 1 1
+ 7] {QG (a,1+b,c,2n_1> G<a,b,c,2n_1>} }),

where v1,7v2,a,b and ¢ are given as in Theorem 3.1.

2b+1
a”l {[G(a,b, ¢,—1) = 2G(a,1+b,c — 1)]

)

1—r

{[G(a, b,c,—1) — 2G(a,1+b,c —1)]

(3.10)

Noonan and Thomas [6] define for ¢ > 1,n > 1, the qth Hankel determinant of f(z) € H as follows:

Qn

An+1

Ap+1

An+4-2

An+q-1

On+q—2

Up+g—1 Optqg—2 --- (An42¢-2

(3.11)
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To estimate the growth rate of Hankel determinant for f € k — H,, m, (A4, B,C, D), we need the following

results due to Noonan and Thomas [6].

Lemma 3.1. let f € H and suppose the qth Hankel determinant of f(z) for
g>1,n>1is given by (3.11). Then writing A;(n) = Aj(n,z1, f), we have

Agg—2(n) Agg—3(n+1) Agi(n+q—1)
AQ ,3(n+1) AQ ,4(77/4‘2) o A ,2(n+q—2)
Hq(n) = o o ST : (3.12)
Ag_i(n+qg—1) Ajoln+g—2) ... Ayn+2¢—2)
where with Ao(n, 21, F) = an, we define for j > 1,
Aj(n,z1, f) = Aj_1(n, 21, f) — z218,_1(n+ 1, 21, f). (3.13)
Lemma 3.2. With x = (;}7)y,u > 0 an integer,
Aj(n+ f/())_i ij. (n+u+i,y, f) (3.14)
in+uux,2f (2 —izo ; CEwNE j—i(n+u+i,y, f). .
Remark 3.1. Consider any determinant of the form
Y2g—2 Y2¢q—3 --- Yg-—1
Y2q-3 Y2q-4 - Yg-2
D=|" ! R (3.15)
Yq—1 Yq—2 Yo

with 1 <4, j < q and a;j = Yaq—(i+j), D = det(ay;). Thus

D= Z (sgnvy) H (Y2q — (v1(j) +4)

vleSq

where Sg is the symmetric group on q elements and sgnv, is either +1 or —1. Thus, in the expansion of D,
each summand has q factor and the sum of the subscripts of the factor of each summand is ¢*> — q.

Now let n be given and Hq(n) is as Lemma 3.1, then each summand in the expression of Hq(n) is of the

form
q

HAm(i) (n+2q—2—wvi),
i—1

where v1 € S and

D o) =¢®—g; 0<ui(i) <2 -2,
=1
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Theorem 3.3. Let f € Hypym,(71,0) and (ma +2)(1 — v2) > 44. If the qth Hankel determinant of f(z) for

g >1,n>1"is given by (3.11), then

(3.16)

where O(1) is a constant that depends on mq, ma, j,v1,k only, with v, given by (3.3).

Proof. Since f € Hpyym,(71,0), then

then
F(z) = g'(2)(h(2)p(z) + 2p'(2)).

Now, for j > 0,2, any nonzero complex number, consider Aj(n, 21, F(z)) as defined by (3.13). Then

1 2 ) L
. I _ —i(n+35)0
Aj(n, 21, F(2)) SQW«"H /0 (z— 21 F(2)e DY dg
1 27 )
/ /
<oy [ 12 PIS @ hGIple) + 29'(2) o

Using Lemma 2.2(i) and the distortion theorems for starlike function, then for (mq + 2)(1 — o) > 44, we

obtain
. Lo LA F) 0 ,
Aj(n, 21, F(2) < W/o (2 = 21) f1(2) (o) (D) |h(2)p(2) + zp'(2)|d6
2
1 , ro \PED (g g g2 FE-0)
< s [ om0l () (£)
0

X | h(z)p(z) + zp'(2) | d6.

Using the result of Golusin [1] and Schwarz inequality, we arrive at

mo—2

o(P52)=0)+i (22 )(1—0)—j
< (=)

Tn—l

-T

G wn [ o)
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In view of Lemma 2.1, we get

mo—2

(2372) 10145 (252) 1)
Ay, 21, F(2)) | < 2 (+ ) {

N

1—r2

1
1+ (m3(1—0)2—1)r2|"
rn=l 1—r

N

14+ (mi(1—y)?—1)r?
1—r2

1—1r2

N rmi(l—y) }

20028 (g (1= 30) o+ (m3(1 = 30)? + DEm(1 - )2+ 1))
—1

IN

Tn

(e
X .
1—r

2.
Applying Lemma 3.2 with z; = (#) e (n—o0),r=1- %, we have for (mg + 2)(1 — v2) > 47,

Aj(n, e F(z)) = O(1)n( "5 )A=o)=i+1

where O(1) is a constant that depends on my,ma,y1 and 0. We estimate the rate of growth of H,(n) for

f € Hpymsy(71,0). Then, for q=1, H1(n) = a, = Ag(n) and

For ¢ > 2, we use similar arguments from Noonan and Thomas [6] along with Lemma 3.1 and Remark 3.1

to arrive at

Ty > 8(k+1)(g - 1) — 2.

where O(1) is a constant that depends on m and j, only.

Corollary 3.5. If f € 1 — Hmimso(A, B,1,—1), then

m2 _ 1
2

n q=1,

)

[ -

’I’L(%+ )qiqza q > 27 mg 2> 16((] - ]‘) -2

where O(1) is a constant that depends on v, my and j, only.
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4. CONCLUSION

Arc length and rate of growth of Hankel determinant problems have always been the main interests of many
researchers in Geometric function theory. Many studies associated to these problems revolved around classes
of normalized analytic univalent functions. In this particular work, length of the image curve |z| = r < 1
under the generalized Janowski close-to-convex function was proved; rate of growth of coefficients and Hankel

determinant for this class were also obtained.
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