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ABSTRACT. The objective of this research paper is to describe the behaviour of the boundary derivative of
conformal maps from polygon domain onto unit disk through construct some an interesting cases, and its
inverse maps. Moreover, we study the existence and finiteness the integrability of the derivative of conformal

maps over an infinite sector W.

1. INTRODUCTION

Let ¢ be a conformal map from D C C onto a simply connected domain €2, with its inverse
Y=0¢"1:Q—D.

Brennan’s conjecture states that, for all such ¢,

4
(1.1) // ¢/ |~ Pdxdy = // |¢ |Pdzdy < oo, for 3<p< 4.
D Q

In connection with this conjecture which is associated with estimating the integral means of derivatives
of univalent functions, which is so related with the behaviour of the boundary derivative of conformal maps

from polygon domain onto unit disk and the behaviour of the boundary of inverse maps
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An existence and finiteness the integrability of the derivative of conformal maps through constructing
some interesting examples

when engages the infinite sector W.

We started with basic definition of the polygonal domain and we present some typical examples to examine
the boundary behaviour of the derivatives of conformal mapping of polygon to unit disk, as well as the
boundary behaviour of the derivatives of the inverse maps.

In the following some preliminary on the boundary derivative of conformal maps, with basic definition of
the polygonal domain that serves as motivation to the main results of this work to give a full support, the

reader is referred to references [2,3,7-9,11,12].

Definition 1.1 (Polygon). A polygon P is usually defined as a collection of n vertices vy, va, ...,v, and n
edges v1Vg, VaU3, ..., Un_1Up, VU1 Such that no pair of nonconsecutive edges share a point. We deviate from
the usual practice by defining a polygon as the closed finite connected region of the plane bounded by these
vertices and edges. The collection of vertices and edges will be referred to as the boundary of P, denoted by

OP, a polygon of n vertices will sometimes be called an n-gon.

Riemann mapping theorem [6]. guarantees the existence of a conformal map ¢ from polygonal domain
P C C conformally onto the unit disk D (Jw| < 1), which can be extended continuously to the boundary ( cf.
Carathéodory’s theorem [9]). Worthy to mention that it is not yet possible to write down a simple formula
for the conformal map from one region to another. Hence, in case of a map from the upper half-plane or unit
disk D to a polygon, then Schwarz- Christoffel formula [5] allows to compute the conformal map ¢ defined
as follows:

Consider ¢ : P — D, be a conformal mapping, where P be a circular arc or straight line segment -,
normalized by the conditions ¢(z9) = 0 and ¢’(z9) > 0 ( where 2z is some point in P), and observe that ¢

maps 7 onto an arc 4 of the unit circle |w| = 1 with ¢(w) = ¢~1(z) : D — P.

2n—1

o(2) :A+C/ T[] — =) dc
k=1

where A and C' are suitably chosen constants.
So,we deliberately construct ¢ as the composition of one Schwarz-Christoffel map from P into upper
half-plane (by applying Schwarz- Christoffel transformation) and another map of the upper half-plane to

unit disk, in the examples (2.1), (2.2) where ¢ maps the P to unit disk.

The term  “polygon” is often modified by “simple” to distinguish it from polygons that cross themselves, Simple polygons
are also called Jordan polygons, because such a polygon divides the plane into two regions. The boundary of a polygon is a

“Jordan curve” : it separates the plane into two disjoint regions, the interior and the exterior of the polygon.
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This technique could help to study the behavior of conformal mapping by estimating some quantities
which belong to interior upper half-plane, which in turn will help to analyze the boundary behaviour of the

derivative of this map.

2. Main Results

In the light of reported above, we discussed the theoretical underpinnings of the behaviour of the boundary
derivative of conformal maps through of some main results obtained that have been yielded useful information

in this regards. (cf. [1])

Theorem 2.1. The derivative of the conformal mapping defined on Rectangular domain to the Unit disk is

bounded but the derivative of the inverse maps is unbounded.

Ht
-a a
¢ =snz
PR
_—
z = aresn((, k) -1 1
rectangle

a
N

unit disk

F1GUuRrE 1. Conformal mappings from rectangular domain onto unit disk

Proof. Map the interior of the rectangular domain with vertices at points z; = 1, 2o = —1, 23 = —a, and

z4 = a with @ > 1 into upper half plane needs to define Schwarz- Christoffel transformtion which maps HT
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into rectangle as follows:

¢

z=A+B T fis T 1
¢ G-I+ DIG-alG Tl
¢

z:AJrB/ lds .
. PoDHE @)

Suppose A =0 and B = 1 for convenience.
B ¢ ds
¢ V(82 =1)(s? —a?)

Suppose ¢, = 0 and let a = %, then the integral (2.10) is transformed to

(2.1) P

¢ ds ¢ ds
z = =k
/go \/(5271)(527(%)2) /0 V(82 —1)(k2s2 — 1)

¢ ds
(2.2) z= k/o N

The integral (2.2) is called an elliptic integral of first kind and & is a modulus of the elliptic integral with
0 < k < 1, denote by
(2.3) z=sn"Y((, k).

The inverse mapping of integral (2.2) is known as the Jacobi elliptic function denoted by

¢ =sn(z,k).

(—1i snz—1
C+i  snz+i

(snz+41i)(cnz dnz) — (snz —i)( dnz)  2i cnz dnz

= ¢=

: Rectangular domain — D

¢ =

(snz +1)2 ~ (snz+1)?’
such that, dnz = V1 — k2sn?z , cnz = /1 — sn2z.
| = 2i cnz dnz|  2|enz dnz|
| (smz+10)2 | |snz+il?
+ ; + : ; 1
snz€ H" = snz+i€ H thatis, [snz+i|>1 == ———— <
|snz + i

lenz dnz| = |V/1 — k2sn2z| |\/1 — sn2z|
|1 — k?sn?z| <1+ |snz|?

|1 —sn?z| <1+ |k snz|?

2 d
2enz dnz| < 2(1 + |snz*) (1 + |k snz|?)

= |¢| =
] |snz +i]2 —

= |¢'| is bounded.

It remains to show that the inverse of the derivative of such function ¢(z) is unbounded as follows:
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1 = ¢! : D — rectangular domain

, 1 (snz+1)?

¢ 2icnz dnz

(snz +1i)?
2i cnz dnz

= Y=

| = |snz + i|?

2|enz dnz|
snz € HY = (snz+i) € HY = |snz +i]?> > 1.
_|snz +df?

¥ =

2|enz dnz|
1
~ 2|enz dnz|

= |¢/| is unbounded as |z| — 0. 0

Theorem 2.2. The derivative of the conformal mapping defined on Triangular domain A to the unit disk

is bounded but the derivative of the inverse maps is unbounded.

H+
w2
b
¢
-
_—
¢1—1 w1 =0 ws =b
w-plane
z-plane
3
2 N

AR
Q-

¢-plane

FiGURE 2. Conformal mappings from triangular domain onto unit disk
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Proof. To construct conformal mapping defined on triangle domain to unit disk . we have to define
conformal mapping on triangular domain to upper half plane HT and then define another mapping from H+
to unit disk D to achieve our aim.

To do so, First : we have to establish conformal mapping that maps upper half- plane H™ onto triangular

domain A by Schwarz-Christoffel transformation as follows:

Let
& = A/ (s — 1) ™% (s — x5)"*2ds 4+ B.
such that —k; = % — 1 ; Vi = 1,2 to be Schwars-Christoffel transformation that maps H* into the interior
of the equilateral triangle A such that a; = % ; Vi =1,2,3.

Now, by assisstance that z, =1, A = 1 and B = 0, we obtain Schwars-Christoffel transformation defined

as follows:

(2.4) & :/ (s4 1) (s—1)Fds.
1

Which maps 1 = —1,z5 = 1 and x3 = oo into A wiwows as follows:

(i) Incase z =1 = ¢1(1) =0 ; that is , w; =0 in HT.

(ii) In case z = —1, we have
-1 —2 —2
(2.5) p1(—1) :/ (s+1)7 (s—1)3 ds = ws.
1
(iii) In case z = 400, we have
: oo -2 =2
(2.6) nginoo 01 = /1 (s+1)® (s—1)3 ds = ws.

To solve these integrals, let us consider first the equation (2.5) by choosing a path of the integration z = x

along the real axis in the positive sense, that is

s—1=|s—1] e

s+1=|s+1] e,

The argument (f; + 63) remains constant throughout integration from -1 to 1 since (s + 1) stays positive

with zero argument, and (s — 1) has constant argument . Therefore equation (2.5) yields

ws = b1(—1) = —/ @+ 1)F (1-2)F (—e *F)ds.

-1

ot "
(2.7) w2:¢1(—1):e%/0 (Zd_z.

1—a2)%
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By letting « = /¢ in equation (2.7), we obtain Beta function B(1, 1)

1

W | =

wy = dr(~1) =% B(3.5).

= wy=Dbes.

and

where b is the value of B(%, %) Now, the vertex ws lies on the positive u- axis.

So, w3 must be represented by the boundary integral 1 to co as follows,

w3—¢1<oo>—/1°°<x+1>f (1-2)Fde

(2.8) ws = 1 (00) = /loo (352iix1)£

negative real axis.

(z+1)7 (1—2)7 e

But w3 is also represented by integral (2.4) when z = —oo along the
So,
> —2 —2
wgz(bl(—oo):/ (z+1)7 (1—2)3de
1
-1 -2 -2 —2mi -
:/ (z4+1)7 1—2)3 e 3 dx + /
1 -1
’ ' 1 (22 —1)3
(2.9) = wy=w +e 3 ws

Solving (2.9) for ws we obtain:

—mi
= W3 —€ 3 w3 = Wwi.

—7i i

w3 (1—e™ )=bes

—Ti

wg =0b; since (1 —e3

y=e® .

—47i

3

dx.

In the end, we found the conformal mapping that maps upper half- plane H™ onto triangular domain A.

It is known that ¢o = 2=% maps upper half- plane H* onto unit disk D.

z+1

Hence, we have

01 = / (s — 1)%2515 : upper half plane H" — triangular domain A
1

z—1

and ¢ = . upper half- plane H'T — unit diskD.

zZ4+1

Let

h(w) : triangular domain A— unit disk D.
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defined as follows:

h(w) = (¢2 0 67")(w) = p2(d7 ") (w)
K (w) = ¢ (¢1 ) (97

_ (G iy L
_(¢1_1+i) <¢>’1>
_ (@ a)e) (b =) 1
(67" +3)’ |
’ _ Qi(ZQ _1)% 2 _1\2
= h(w)= O T2 (z2—=1)
_2i(z2 1)
(et
, 2i(22 — 1) 2i[z2 1|5
= g T e

2
3

where (¢7!) = %,1 = (22 —-1)® and ¢;' € H*, so that (¢ +i) € Ht.

This implies to

ot +iP>1 = ———— <1
o7t + il

= |h'(w)| < 2(]22 +1)3.

|h/(w)] is bounded.
What remains is to prove that the inverse of the derivative of h(w) is unbounded.

Note that; %—1 = —i% is the Mobius transformation, it maps the unit disk ID to upper half-plane HT,

thus we have

o (E=D(=1) = (=g =) 2i

0 = A -

We use Schwarz-Christoffel transformation for mapping H™ into triangular domain A.

01 = /12(32 - 1)_72(15.
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Therefore,

W) = (¢10¢3)(¢) : D —a .
(hHQ) = ¢1(631(0) (63(0))

—1 2 _ 1% 2i
= [(¢2 (C)) 1] (¢ — 1)2'
2 |~(£5)2 — 1] N
0k
2 =il
(¢—1)?
_ 2i
-7 [T
_ 2i
(C-1)2 (-2¢2-2)F(C-1)7
2i

(C-1F (-2¢2-2)5

B 2i
O e e
-1 | = 2 oo as
0740 | = |y L

]

Theorem 2.3. The derivative of the conformal mapping defined on crescent domain to unit disk is bounded

but the derivative of the inverse maps is unbounded.

Proof. Compute the conformal mapping of a crescent domain onto unit disk by setting a sequence of functions
as follows:

Let

1
¢1 = — maps Cy — Ly and Cy — Lo.
z

i
¢o = — rotates the stripe in the left plane onto stripe in the lower half plane.
z

473,
¢3 = — extends the stripe in the lower half plane H™ between —m, —27
z
¢4 = e maps the stripe in the lower half plane H™into H*.

05 = T_Z maps the H onto unit disk D.
I
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Lo L,

=
NI

N|—=

crescent domain

o
/

—47

unit disk

FiGUure 3. Conformal mappings from crescent domain onto unit disk

So;

4im .
ez —1 . . .
¢(z) = — 77— : crescent domain — unit disk D.
e = +1

Using short calculation we obtain

¢ (z) = - z
(e™ +1i)2
871' 4im 4i
e = 8 z
= ¢(z) = —= -
e =z 1 zele =z 7
(7= +1)2  22(e’s +14)?
8rle™ s |

4im

< a2

22le
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Now;

le S eHT = (¢ +i) e
= e il >1 = e 42> 1
1
:> 4iT S 1
le™=" + 1
8rle’s
S ) = —oe ]
|2[2]e”=" + i
8
= 2

Hence, |¢/(z)| is bounded. We show that the inverse of the derivative of such function ¢(z) is unbounded as

follows:

¢ (w) = (w) : D — crescent domain.

4ni
z

1 e 4i
p=¢" == .
¢ e —i
1
= ’Q[JI - g
= ¢ = Zler +i)
8me s
|2Ple™ +]
= [W|="—"m
id 8mle =
It is known, e’ € Ht = (™" 4+ i) € Ht. Hence
e +i| 21 & 5] = 1.

4im
= =" > .
id 87T|€4z 8

In the end, we obtain [¢’| is unbounded. O

Theorem 2.4. The derivative of the conformal mapping defined on Lens- shaped domain to the unit disk is

bounded but the derivative of the inverse maps is unbounded.

Proof. Compute the conformal mapping a lens domain onto unit disk by setting a sequence of functions as

follows:
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HT

unit disk

F1GURE 4. Conformal mappings from lens domain onto unit disk

Let
o1 = S maps Lens-shaped domain to the first quarter plane
- —
¢ = 2% maps the first quarter plane to the upper half- plane.
22— 4 o
o3 = 2 maps upper half plane H™ to the unit disk D.
22 +1
So,
(25)* —i . .
#(2) = —= - : Lens-shaped domain — unit disk D.
(=22 +i
z—a)? —i(z— )2
S o) = ( )2 J i
(z—aP+iz—8

Therefore when
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When

= ¢(2) = B Ti—p) =iinD
In the end, if
(z—a)’=(z-p)?
=B —ilz=B7 _ ;4
= 0= i D

) 8= B — o) — iz~ §)(z — )
DA CE R e
_ tla—pllz~ Bl ~ o

Ga) TGP

= [¢'(2)

where, 4|a — 8| = ¢; ¢ is a constant; (a < ).

Also,

|z — B < |z| + |8 = M,

&z —al <zl + |a| = My

M

= |¢/(z)| < (z—a)i+(z—pB)*

= |¢'(2)] is a bounded for every z in Lens-shaped domain. Again, we can show that the inverse of the

derivative of such function ¢(z) is unbounded as follows:

vl (= — ) 4 iz — B2
o T PP a) iz — B)(z )
etz — B
R il Ty gy oy
= |w/|: (Z—Oé) +(Z_B)

4|z = Bllz — alla = pI
If z — a or z — 3, then [¢'| — o0, so [¢’| is unbounded.

]

The following examples show the integrability of the derivative of conformal maps on infinite sector W

exists and is finite for some pth-power integrable function ¢ when a = 7 is a number for some integer n.

Further details can be found in the books of Di Francesco [4] and of M. Stein [10].

Theorem 2.5. Let ¢(z) be a conformal mapping defined on infinite sector W for the angle o = % onto unit

2
disk D.
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Let

)
0(2) = (920 61)(2) = 3 : W = Dso that ¢1(2) = 2*

w—1

If maps the infinite sector onto upper half plane H and ¢o(w) = —; maps the upper half-plane H™ onto

unit disk D (see Figure 5). Then the integrability of the derivative of conformal mapping ¢, is as follows:

2
// |¢'(2)|P dedy < oo; for each p > =.
w 3

\a=n/2 oL ///( $2

I
>

\

W-plane H+-plane unit disk

FIGURE 5. Infinite sector W for the angle o = 3

Proof. Given

2

o(z) = ;7; W=D
fn (2% +10)(22) — (22 —4)(22)
= QS(Z)* <22+1)2
4z
peEs:
= 10 =

Now, W-plane is an infinite sector. that is; r = |z] = 0 — oo.

(i) so, r = |z| = oo (i.e; || is large). We know that

1
|22 4+ > |22 1> B |z|2.
1 2
22 +i] T [2*
1 4

I G
2%+l = |z
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refer to the behaviour of |22 4 i| at co with respect to the region.

4|z| 16|z| _
’ _ _ 3
= [¢'(z)l = 24P < o 16z
(i) and r = |z| ~ O
4)z| 4|z|
= |¢'(2)| = i ¢/ (2)] = TR 4fz|.
16]z|72 ;2] is large
= [¢'(2)] < sl i 1el ~0
2l gz~

/ / ¢ dady < 4/ / |2P 7 drdf + 16/ / =30 1 drdf).
0 o
1
/ / ¢'|P dedy = 2 [/ rpti dr} + 87 [/ p3p L dr] .
0 1

o0

3 [0 rpt2
2.10 = / / ¢'|P dwdy < 27 [
(2.10) A |¢'| y T2

There are two definite integrals on the right-hand side of inequality (2.10).

1 _
|: r 3p+2

—=3p+ 2|,

0

The first one is clearly finite, and the second one is:

2
-I+2< 0= -3p<-2= p>§.

Theorem 2.6. Let ¢(z) be a conformal mapping defined on infinite sector W onto unit disk D.

Let
2t — 4
¢(Z) = (¢2 O¢1)(Z) = 2’474-1 W —=D
such that ¢;(z) = 2% maps the infinite sector onto upper half plane HT and ¢q(w) = 5;2 maps the upper

half plane H* onto unit disk D (see Figure 6). then the integrability of the derivative of conformal mapping

is:

2
// |¢'(2)|P dedy < oo ; for each p > =.
w )
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A

en/s 01 /N e

>
>

v

W-plane H+-plane Unit disk

FIGURE 6. Infinite sector W for the angle a = %

Proof. Given

24—’L

0) = S

S () = (2* +z)(4721+5§ —)(42%)

W —D

823

(* +1)2
82°
BRI

= [¢'(2)] =

Now, W-plane is an infinite sector. that is; r = |z] — 0 — oco.

e so,when r = |z| = oo (that is; |z| be large). We know that

1
il > [zt - 1> 5 |Z|4-

This is referring to the behaviour of |z* 4 i| at co with respect to the region.

8l21*  _ 8z

= |¢'(Z)|—m§ T 32 .
e and when r = |z| ~ 0
8* 82/*
= |¢/(Z)|:m = |¢'(2)| = BE = §|2|*.
8z|7%  ;|z] is large
= [¢(2)] <

8> ;2] ~0
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% oo % 1 % %)
/ / |¢'|P dzdy < 8/ / rPr drdf + 8/ / r~5Pr drdf
o Jo o Jo o J1
1 o)
=27 [/ riptl dr} + 27 [/ poptL dr}
0 1

T [o° "y r3p+2 . p—5p+2
2.11 = dxdy < 27 + 21 [——|7°
(.11) |1 dedy < om (gl v om 1L

The first term on the right -hand- side of (2.11) is finite, and the second one is:

2
—-5p+2< 0= —-dp< 2= p>g.

Theorem 2.7. Let ¢(z) be a conformal mapping defined on infinite sector W onto unit disk D.

Let

6() = (B2000)(z) = S W =D

such that ¢;(z) = 2™ maps the infinite sector onto upper half- plane H" where « is of the form o = = for

w—1t

w1

some integer n and ¢o(w) = maps the upper half- plane H' onto unit disk D (see Figure 7). Then the
integrability of the derivative of conformal mapping is as follows:

2

// |¢'(2)|P dedy < oo ; for each p > z——.
w T4+l

a=n/n _il}///éﬁ}

>
>

W-plane H+-plane Unit disk

s

FIGURE 7. Infinite sector W for the angle oo = 7

Proof. Let a = T be the angle of the infinite sector W which is mapped by ¢; = 2™ onto upper half plane
H.

One can write ¢, = za.

We define the power function ¢; = z& to be the multivalued function

s s
za =ealo82 . 5 £,
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= Z“ _ ealog| z|+iargz

_pE eiE0 ik

on2 ox2

Various values of z= are obtained from the principal value e 18 # by multiplying by the integral power (6127) of % .
on2 on2

Let a = 7 is a number for some integer n, then the integral powers e*5k of e*5 are exactly the nth

roots of unity, and the values of z& are the n nth roots of z.

Za —1
= zZ) = —x -
(b() Zoa +1
ra ela —i
(2.12) = 7 —
ro e'a 41

re cos 20 +ire sin 260 —i

¢(2) =

ra cosZO+ira sin 26+
Simplify last equation (2.12) we get:

27 .o
rie —2iracos 20 — 1
2 .
ra 4+ 2ra smgg—i—l
2 ™
re —1 . —2ra cos 20

27 + 7 27 s N
ra +2TEsin§0+1 o +27"Esin§0+1

$(z) =

When 6 =0 or § = 27, it implies that:

re —1 —2r«
?(2) = = Uar:
() 7"2<T—|—1 T%—f—l
R
ra 41

The derivative of ¢(z) can be calculated:

(ra + )2 P 22T 2] - (P -1 - 208 ) [ 2T

¥ = (% +1)2
2i% a4 4” pa-l o9z rifl
B v E 1)y
L . ()|
N 1y
47r Pl 4 g2m ( %7177%71)
¢/(2)] = o
¢ (2)] = e 2+ T (rE T a2
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Again, W-plane is an infinite sector. that is; |z|] = 0 — oo

(i) In case r = |z| — oo (that is; |z| be large).

1672 |, 152 47r2 3r_1 T—1yg
|¢,(Z)|¢ R i i

(|z & 4 1)2

We know that,

27 2m 2w 1 27
2% 412 % 12 | -1 2 54l

2r 1, 2=
= ol 412 o)l

1 4
= 2m S 4am
(21 +1)2 12/
Hence,
1672 |, 1w =2 47\'2 Tl oy, /16m2 -2 | am2 o -1 512
() = Ve 2] 72" = e B Vil I 2*)
= = 4 :
(2% +1)2 2] 2

ix = in
T o T a
8m  —sx _ 6m 2z
=—r Wars + (e —1)2
o

(ii) In case r = |z| ~ 0

16w2 | sx_o 4AmWZ sz, x_q
¢ (2)] = \/ [zl (el = )2

1672 s« A2 | an =
o el = e ey

o? a?
:\/ Z pE-2 g 2 2 —1)2
a
472 4 ™ x
= %r%” [4ra + (r'a —1)2
a
2
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In the end,

i 2 e L 5
|7 [ @rasdy < ) [FrE e [ a4 o 2 12]
o Jo o nJo 0

+(81)1’(I)/ r<%“—1>1’+1dr/ (475 + (0% =12 ar.
« n 1 1
such that, we have four terms . The first, second and fourth terms on the right -hand-side of (2.4) becomes

finite only when

]
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