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ABSTRACT. In this paper we introduce a new class of semi generalized open sets, generalized semi closed sets in
topological spaces, and studied some of its basic properties. Moreover we define approximately semi generalized open

sets and approximately generalized semi closed sets in topological spaces. Further we obtained some properties of

closure, semi generalized open sets and generalized semi closed sets in topological spaces.

1. INTRODUCTION

The study of generalized closed sets in topological space was initiated by Levine in [23].
Biswas [18], Njasted[15], Mashhour[12], Robert[19], Bhattacharya [13], Arya and Nour [12 ].
introduced and investigated semi closed, -open and -closed, pre-open, semi*-open, sg-closed, gs-
closed, gp-closed, g-closed, g* closed, s*g-closed, w-closed, g*-closed respectively. Topology is an
important and interesting area of mathematics, the study of which will not only introduce to new
concepts and theorems but also put into context old ones like continuous functions [1]. However,
to say just this is to understate the significance of topology. It is so fundamental that its influence
is evident in almost every other branch of mathematics [3]. Topological notions like compactness,

connectedness and denseness areas basic to mathematicians of today as sets and functions were

Received March 31st, 2020; accepted June 1st, 2020; published October 13th, 2020.
2010 Mathematics Subject Classification. 54A05.
Key words and phrases. topological spaces; semi generalized open sets; semi generalized closed sets.
©2020 Authors retain the copyrights

of their papers, and all open access articles are distributed under the terms of the Creative Commons Attribution License.

1029


https://doi.org/10.28924/2291-8639
https://doi.org/10.28924/2291-8639-18-2020-1029

Int. J. Anal. Appl. 18 (6) (2020) 1030

to those of last century. Topology has several different branches, genera 1 topology, algebraic
topology, differential topology and topological algebra, the first, general topology, being the door
to the study of the others [3,5].

The aim of this paper is to introduce the concept of semi generalized open Sets and
generalized semi closed Sets in topological spaces, and provide Semi generalized open Sets and

generalized semi closed Sets in topological spaces.

2. PRELIMINARIES

Definition 2.1. Let X be a non - empty sets. A collection of subsets of X is said to be a topology

on X if
(i) X and the empty set, @, belong to T,
(if) The union of any (finite or infinite) number of sets in T belong to T,
(ii) The intersection of any two sets in t belongs to t.

The pair (X, 7) is called a topological space.
Definition 2.2 Let X be a non - empty sets and let T be the collection of all subsets of X. Thent
is called discrete topology on the set X. The topological space (X, 7) is called a discrete space.
Observe that the set X in Definition 1.2. can be any non - empty set. So, there is an infinite

number of discrete spaces - one for eachX.
Definition 2.3. Let X be any non - empty set and 7 = {X, @}. Then 1 is called indiscrete topology
and (X, 7) is said to be indiscrete space.
Definition 2.4. Let (X, 7) be a topological space. A subset A of X is said to be generalized closed
if cI(4) € U when ever A € U and U is an open in (X, 7).
Definition 2.5. Let (X, 7) be a topological space and A € X. The generalized closure of 4, denote
by cl*(A) and is defined by the intersection of all g closed sets containing A an generalized
interior of 4, denoted by int*(4) and is defined by union of all g- open sets contained in A.
Definition 2.6. A subset A of a topological space (X, 7) is said to be

(i) a semi - open set [9] if A © cl(int(A)) and a semi closed if int(cl(A)) CA,

(if) a preopen set [11] if A € int(cl(4)) and a pre closed if cl(int(4)) S 4,

(iif) an « - open sets [12] if A € int (cl(int(A))) and « - closed sets if

cl (int(cl(A))) C 4,
(iv)  Aregular set [13] if int(cl(A)) = A and a regular closed set if cl(int(A)) =4,



Int. J. Anal. Appl. 18 (6) (2020) 1031

(v) A Q -set [10] if cl(int(A)) = int(cl(A)).
The intersection of all semi - closed (resp. to pre closed, o« - closed) sets containing a subset A of
(X, 7) is called semi - closure [14] (resp. pre closure, o - closed, cl,(A). The semi - interior of A

is the largest semi - open set contained in A and denoted by S — int(A).

3. OPEN SETS AND CLOSED SETS IN TOPOLOGICAL
Definition 3.1. Let (X, 7) be any topological space. Then the members of t are said to be open
sets.

Proposition 3.2. If (X, 7) is any topological space, then

(i) X and @ are open sets,
(if) the union of any (finite or infinite) number of open sets is an open set,
(iif) the intersection of any finite number of open sets is an open set.

Proof. Clearly (i) and (ii) are trivial consequences of Definition 2.1. and Definition 2.1.(i) and (ii).
The condition (iii) follows from Definition 2.1.

Definition 3.3. Let (X, 7) be a topological space. A subset S of X is said to be a closed set in (X, 7)
if its complement in X, namely X\S, is open in (X, 7).

Proposition 3.4. If (X, 7) is any topological space, then

(1) @ and X are closed sets,

(if) the intersection of any (finite or infinite) number of closed sets is a closed
set,

(iif) the union of any finite number of closed sets is a closed set.

Proof. (i) follows immediately Proposition 2.2. and Definition 2.3., as the complement of X is @
and the complement of @ is X.
To prove that (iii) is true, let S, S5, ..., S, be closed sets. We are required to prove that S; U S, U
..U Syis a closed set. It suffices to show, by Definition 2.3., that X\(5; U S; U ...U S,) is an open
set.
As 51,53, ..., Sy are closed sets, their complement X\S;, X\S,, ..., X\S, are open sets. But
X\(S1US, U ..U S5) =(X\S) N X\S) N ...n (X\S,) (1)

As the right hand side of (1) is a finite intersection of open sets, it is an open set. So that

the left hand side of (1) is an open set.

Hence S; U S, U ..U §,, is a closed set, as required. So (iii) is true.
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The proof of (ii) is similar to that of (iii).
Example 3.5. On any set X there is the trivial topology {@, X}. There is also the discrete topology
whereas any subset of X is open. Thus, on a set there can be many topologies.

Example 3.6. (Euclidean topology). In R™ = {(x4, x5, ..., x,)|x; € R}, the Euclidean norm of a

n 2

1
point x = (x1, x5, ..., x,) is ||x]| = [Zi:1 X} ] / 2. The topology generated by this norm is called the

Euclidean topology of R™.

4. SEMI GENERALIZED * b OPEN SETS

In this part, we introduce semi generalized* b open sets in topological spaces by using

the notion of semi generalized b- open sets, and study some of their properties.

Definition 4.1. A subset A of a topological space (X, 1), is called semi generalized * b open set if

A€ is semi generalized - b closed in X.

We denote the family of all semi generalized - b open sets in X by sg b — 0(X).

Theorem 4.2. If A and B are sg b - open sets in a space X. Then A N B is also sg b - open set in
X.

Proof. If A and B are sg b - open sets in a space X. Then A and B¢ are sg b - closed sets in a
space X. Therefore A° U B is also sg b - closed setin X. (i.e.) AUB® =(ANB)‘isasg b -

closed set in X. Therefore AN B sg b - open setin X.

5. SEMI GENERALIZED * b CLOSED SETS
In this part, we introduce semi generalized* b - closed set and investigate some of its

properties.
Definition 5.1. (Closed set). Let (X, 7) topological space. the set A € X is called closed set if and
only if A® be open set. i.e.

A closed set A & A¢ open set

A open set A & A® closed set

And denote that by Jx or J.
Example 5.2. Let the set X = {a, b, c, d, e}. Define topology 7 into X by the flowing:

t={X,0,{a},{c,d}{a,c,d},{b,c,d e}}
Then
Sx ={X,0,{b,c,d e} {ab,e},{b e} {a}}.
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Example 5.3. Let(X, D) Discrete topological space. We find that each subset from (X, D) is open
and closed at the same time because:

P(X)=D,VAS X © A€ D & A€ closed
Definition 5.4. A subset A of a topological space (X, ), is called semi generalized * b closed set
if cl(A) € U whenever A c U and U is semi generalized - b open in X.
Theorem 5.5. Every closed setis sg b - closed.
Proof. Let A be any closed set in X such that A € U, where U is sg open. Since b cl(A) c cl(A) =
A. Therefore b cl(A) c U. Hence A is sg b- closed set in X. Is
Example 5.6. Let X = {a, b, c} with T = {X, 0, {b}, {a, b}}. The set {a, b} is sg b- closed set but not a

closed set.

Theorem 5.7. Every semi closed set is sg b- closed set.

Proof. Let A be any closed set in X and U be any sg open set containing A. Since A is semi
closed set, b cl(A) c S cl(A) c U. Therefore bcl(A) € U. Hence A is sg b- closed set.

Corollary 5.8. Let X = {a;,ay, as} with T = {X,0,{ay, a,}}. The set {a;, a,} is sg b- closed set but
not a semi closed set.

Theorem 5.9. Every «- closed set is sg b- closed set.

Proof. Let A be any x-closed set in, and X and U be any sg set containing A. Since A is - closed
b cl(A) cx cl(A) c U. Therefore bcl(A) c U. Hence A is sg b- closed set.

Theorem 5.10. Every sg b- closed set is g b- closed set.

Proof. Let A be any sg b-closed set in, such that U be any open set containing A. Since every

open set is sg open, we have b cl(4).. Hence A is g b- closed set.

6. THE CLOSURE AND INTERIOR
Definition 6.1. Let X be a topological space and A € X a subset. The closure of A denoteA is the
intersection of all the closed subsets of X that contain A. The interior of 4 is the union of all the
open subsets of X that are contained in A.
Example 6.2. Let X = Rand A = [a,b) with a < b. The closure of 4 is the closed interval [a, b],
and the interior of A is the open interval (a, b). The closure cannot be smaller, since [a, b) is not
closed, and the interior cannot be larger, since[a, b) is not open.
Theorem 6.3. Let X be a topological space, Y c X a subspace, and A C Y a subset. Let A denote

the closure of A in X. Then the closure of A in Y equals Y N A
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Proof. Let B denote the closure of AinY.
To see that B € Y N A, note that 4 is closed in X, so Y N A is closed in Y and contains A.
Hence it contains the closure B of AinY.
To prove the opposite inclusion, note that B is closed in Y, hence has the form B=Y N C
for some C that is closed in X. Then A c B c C, so C is closed in X and contains A. Hence A c C
andYNAcYnC=B.
Example 6.4. Topologist ’s sine curve.

The closure in the Euclidean plane of the graph of the function y = sin % ,x > 0 is often called
the Topologist’s sine curve.
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Figure 1: Topologist’s sine curve.

Denote A = {sin% |x > O} and B = {0} X [—1,1]. Then the Topologist’s sine curve is X = AU B.

7. CONCLUSION
The aim of this paper is to introduce the concepts of semi generalized open Sets and
generalized semi closed Sets in topological spaces sets and we study some of their properties.
Furthermore, we discuss the conditions which are added to these concepts in order to coincide

with the concept of semi-closed.
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