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ABSTRACT. In this study, three different types of ruled surfaces are defined. The generating lines of these
ruled surfaces are given by points on a curve X in Minkowski Space, while the position vector of X have
constant slope with respect to the planes (¢,y), (¢,n),(n,y). It is observed that the Lorentzian casual
characters of the ruled surfaces with constant slope can be timelike or spacelike. Furthermore, striction lines
of these surfaces are obtained and investigated under various special cases. Finally, new investigations are

obtained on the base curve of these types of ruled surfaces.

1. Introduction

A ruled surface is a special surface which is formed by moving a line along a given curve in 3-dimensional
Minkowski space. The line is called the generating line and the curve is called the direction curve of the

surface. Thus, a ruled surface has a parametrization
M(u,v) = a(u) + vX(u)

where o and X are curves. The curve « is called the directrix or base curve and X is called the director
curve of the ruled surface. Thus, the ruled surfaces in Minkowski space can be classified according to the

Lorentzian character of their ruling and surface normal. Developable ruled surfaces are surfaces which can
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be made isometric to part of the plane. The necessary and sufficient conditions for these surfaces to become
developable are characterized by vanishing Gaussian curvature. In this study “developable” and “torsal”
are used as synonyms, since a surface is developable if and only if it is a torsal ruled surface. Cylindrical,
conical, torse surfaces, a plane and surfaces of polyhedrons are examples of torsal surfaces. These surfaces
can be developed on a plane without any lap break. On the ground that their isometrics with planes are
becoming interesting to discover more ways to use these surfaces in different applications in [5] .

A regular curve in E}, whose position vector is obtained by Frenet frame vectors on another regular curve,
is called Smarandache curve [1]. In this study, it is shown that if developable surface’s generating line is a
Smarandache curve and asymptotic or geodesic curve, then the basic curve is a general helix.

K. Malecek and others defined the surfaces with a constant slope with respect to the given surface
in Euclidean Space in [7]. At the same time in [10], Yavuz, Ates and Yayh investigated surface with a
constant slope ruling with respect to osculating plane by using Frenet Frame according to casual characters
in Minkowski space. By the definition of surfaces with a constant slope ruling with respect to the given
surface in study [7] , in this study new surface definitions are obtained. These surfaces in three types
were studied according to the Darboux frame in Minkowski Space. Furthermore, necessary and sufficient
conditions are given for these surfaces to become developable in Minkowski 3-space. Striction lines of the
surfaces are obtained and investigated under various special cases. Finally, the ruled surfaces with constant

slope ruling visualized of given curves as examples, separately.

2. Preliminaries

A tangent vector v on a semi-Riemanian manifold M is spacelike if g (v,v) > 0 or v = 0, is null if
g (v,v) = 0 and v # 0, timelike if g (v,v) < 0. The norm of a tangent vector v is given by |v| = /]g (v,v)].
A curve in a manifold M is a smooth mapping « : I — M, where I is an open interval in the real line R.
A curve « in a semi-Riemannian manifold M is spacelike if all of its velocity vectors o (s) are spacelike, is
null if all of its velocity vector o' (s) are null, timelike if all of its velocity vectors o (s) are timelike [8].

In this study, the Darboux frames and formulas in the Minkowski space Ej are given with metric
g = —dx? + da3 + dz3.

Let S be an oriented surface in E§ and let consider a non-null curve « (s) lying fully on S . Since the curve
a (s) lies on the surface S there exists a frame along the curve «a (s). This frame is called Darboux frame
and denoted by {t,y,n} which gives us an opportunity to investigate the properties of the curve according
to the surface. In this frame ¢ is the unit tangent of the curve, n is the unit normal of the surface S along
curve « (s) and y is a unit vector given by y = Fn X t. According to the Lorentzian casual characters of

the surface and the curve lying on surface, the derivative formulae of the Darboux frame can be changed as
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follows:
i) If the surface is timelike, then the curve « (s) lying on surface can be spacelike or timelike. Thus, the

derivative formulae of the Darboux frame is given by

t 0 kg, —cky t
v | = | kg 0 et y
n' k, t. O n

t,t)=e=F1,{y,y) = —¢,(n,n) =1

ii) If the surface is spacelike, then the curve « (s) lying on surface is spacelike. Thus, the derivative formulae

of the Darboux frame is given by

t/ 0 kg kn t

y/ 'k:g 0 tr Y

n kn t- O n
where

t,t)=1,{y,y) =1,{n,ny = —1
Here,

is the geodesic curve, k,, is the normal curvature defined by equality
i (5) = {0 () ,n(5))

and ¢, is the geodesic torsion of «(s) defined by

2], 3], [4]-

If u,v € E}, Lorentzian vector product of u and v is to the unique vector by u x v that satisfies
(u x v, wy = det (u, v, w)

where u X v vector product is defined as follows

U Xv= U] Uy U3

U1 V2 U3
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[6].
The relations between geodesic curve, normal curvature, geodesic torsion and x and 7 are given, if both

surface and curve are timelike or spacelike, then
kg = kcosf
k, = ksin0
if surface is timelike and curve is spacelike, then
kg = wcoshf

k, = ksinh0

21, 3], [4]-
Let 7 and 7 be future pointing (or past pointing) timelike vectors in Rj. Then there is a unique real

number 6 > 0 such that

(T, 7)== 77 cos he.

Let 7 and 7 be spacelike vectors in R} that span a timelike vector subspace. Then there is a unique real

number 6 > 0 such that

(@, 7) = 77| cos ho.

Let 7 and 7 be spacelike vectors in R} that span a spacelike vector subspace. Then there is a unique real

number 6 > 0 such that

(T, ) = 17| 7l cosb.

Let 7 be a spacelike vector and 7 be a timelike vector in R}. Then there is a unique real number 6 > 0,
such that

(@, 9) =17 |7l sinh 6.

[9].

3. Ruled Surfaces with Constant Slope Ruling According to Darboux Frame in Minkowski

3-Space

Let M be a ruled surface whose generating lines are given by points on the curve X in Minkowski Space
, while in all points they have the constant slope with respect to the tangent planes to the given surface
.These surfaces will be called ruled surfaces with constant slope ruling with respect to the given surface
in Minkowski Space. In this section, the developable conditions are investigated for the ruled surfaces with
constant slope ruling with respect to the given surface with Darboux Frame {¢, n, y} and the striction lines of

the surface are obtained. At the same time, various relations and special cases about developable conditions
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and striction line of the surfaces are given.

3.1. Ruled Surfaces with Constant Slope Ruling with Respect to the (t,y) Planes. Generating
lines of the surface M are given by points on the curve X (s) and they have the constant slope o with respect
to the (¢,y) planes to the curve at every point on the curve X (s). The surface will be called the ruled surfaces
with a constant slope ruling with respect to the (¢,y) planes. We give the definition of a ruled surface with a
constant slope ruling with respect to the (¢, y) planes according to casual characters in following three cases

in Minkowski space where

(X(s),n(s)) = 0.

Case 3.1. If a(s) is a spacelike curve with the principal spacelike normal vector field n(s), then surface is

spacelike where 1 4+ 02 > 0. Direction vector of generating line of the spacelike surface is given by
X (s) = sinw(s).t(s) + cosw(s).y(s) + on(s)
and the surface is parametrized by

M, (s,0) = a(s) + v (X(s)).

Case 3.2. If a(s) is a spacelike curve with the principal timelike normal vector field n(s), then surfaces is
spacelike where % —1 > 0 and the surface is timelike where ® — 1 < 0. Direction vector of generating line

of the surface is given by
u(s) = coshw(s)t(s) + sinhw(s)y(s) + on(s)
and the surface is parametrized by

M (s,v) = a(s) +v(u(s)).

Case 3.3. If a(s) is a timelike curve with the principal spacelike normal vector field n(s), then surface is

timelike where 0% +1 > 0 and direction vector is given as follows
0(s) = sinhw(s)t(s) + coshw(s)y(s) + on(s)
so the timelike surface is parametrized by
My (5,v) = a(s) + v (5(5))

where the vector t is the direction vector of a tangent to the curve X, n is the direction vector of a normal
to the surface and y = n X t is the direction vector of intersection line of a tangent plane to the surface and

the normal plane curve X at the point.
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Theorem 3.1. The spacelike surface Mi(s,v) is developable if and only if
cosw(s) (sinw(s).ky + cosw(s).t,) = o (sinw(s) (k, — w'(s)) + ot,) .

Proof. The surface M; is developable if and only if det(¢, X, X’) = 0. Thus derivative of the direction vector

of generating lines of the surface is obtained as follows
X'(s) = ((wl(s) - kg) cosw(s) + Ukn> t(s) + (— (w/ (s) + kg) sinw + at,,) y(s)
+ (kp sinw(s) + ¢, cosw(s)) .n(s)
det(t, X, X') = (tAX, X').
And
(tAX, X')
= cosw(s) (sinw(s).k, + cosw(s).t;) — o (sinw(s) (kg — w'(s)) + ot,)
Thus developable condition for surface M (s,v) is given by
cosw(s) (sinw(s).ky + cosw(s).t,) = o (sinw(s) (kg — w'(s)) + ot,) .

O

Corollary 3.1. Dewvelopable surface’s generating line X (s) is a asymptotic and Smarandache curve if and

only if a(s) is a general helix with

T oxq

Kk 12 _—o2
K x5—0

where sinw(s) = x1 = const.and cosw(s) = xa = const.

Proof. If X(s) is asymptotic curve, then k, =0
kp = 0= cos®w(s).t, = o (sinw(s) (k, — w'(s)) + ot,)

2 50 kg = K, t, = 7. If we replace the

and if surface and curve are the same character, then 2 = k2 + kg,

values in the last equation, we get the following equality

T ox1
» 2 _ 2"
5 —0

M, (s,v) developable surface’s generating line X (s) is a geodesic and Smarandache curve if and only if «(s)

is a general helix, so that

T T1T2

2 _ 2
€T3

g
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where sinw(s) = 1 = const.and cosw(s) = xa = const.

Corollary 3.2. M;i(s,v) spacelike developable surface’s generating line X (s) is a line curvature

kn o

k,  cosw(s)

where w(s) = const.

Theorem 3.2. The striction line on spacelike surface My (s,v) is given by
—oky, — (W' (8) —kg) cosw (s)
(W' (s) —kg) (sin® w(s)— cos® w(s))

—20 (kp, cosw (8) +t, sinw (s))

X (s).

+ (kn sinw (s) 4+t cosw (s)) + o2 (fk'?ﬂrt%)

Remark 3.1. If X(s) is a geodesic curve and w (s) = —a/msecw (s)d(s), then striction line of spacelike

surface is equal to base curve.

Remark 3.2. If X(s) is a asymptotic curve and w (s) = //ﬁd (s) where cosw (s) # 0, then striction line of

spacelike surface is equal to base curve.

Theorem 3.3. The spacelike surface My(s,v) is developable if and only if
sinh w(s) (coshw(s).ky, + sinhw(s)t,) — o (coshw(s) (k, + w'(s)) + ot,) =0

where 02 — 1 > 0.

If 0?2 — 1 < 0, then the surface is timelike. So the timelike surface is developable if and only if
e sinh w(s) (coshw(s).ky, + sinhw(s)t,) — o (coshw(s) (kg + w'(s)) + ot,) =0

where € = (t,t) = F1.

Corollary 3.3. If sinhw(s) = x3 = const.and coshw(s) = x4 = const, then generating lines of the surface
u(s) is a Smarandache curve. Let M(s,v) be a spacelike developable surface and if u(s) be a Smarandache

and asymptotic curve, then a(s) is a general heliz, so that

T oxy
% 2 _ 2
53— 0
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if also u(s) is a geodesic, then base curve is a general heliz, so that

T X34

2 _ 2
0? — a3

Corollary 3.4. Let Ms(s,v) be a spacelike developable surface and if u(s) is a line and Smarandache curve,

where sinhw(s) = x3 = const.and coshw(s) = x4 = const.

Corollary 3.5. If sinhw(s) = x3 = const.and coshw(s) = x4 = const , generating lines of the surface u(s)
be a Smarandache curve. Let Ma(s,v) be a timelike developable surface and u(s) be a Smarandache curve ,

if at the same time u(s) be a asymptotic, then base curve is a general heliz, so that

[ )
- 2 _ 52
K €I3 g

if also u(s) is a geodesic, then base curve is a general heliz, so that

T EX3T4
e a2 220
K EX3 g

Proof. If My(s,v) is a timelike developable surface and the base curve is spacelike, then x* = k2 — k2 . So

we replace values k, =0, k4 = k,t, = 7 in condition of developable equation
esinhw(s) (sinhw(s).t,) = o (coshw(s) (kg) + ot;)

exs (£3.7) = 0 (£4.k+ 0T)
- OX4
Kk exi—o?
If u(s) is a geodesic, then we write values kg = 0,k,, = —k,t, = 7 in condition of developable equation for

the timelike surface, we obtained as follows

exs (4. (—K) + 23.7) = 0. (0.7)

T EX3T4

Kk exd—o?

]

Remark 3.3. Let My(s,v) be a timelike developable surface and if u(s) be a line and Smarandache curve,

kn, o

kg ET3

where sinhw(s) = x3 = const.and coshw(s) = x4 = const.
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Theorem 3.4. The striction line on spacelike surface Ma(s,v) is given by

—ok, — (w' (s) — kg) sinhw (s)

B =a(s) — X (s)
(W' (s) —kg)* + 02 (—k2+t2)
+ (20 (v’ (s) — kg) (—ky sinhw (s) +t, coshw (s)))
— (ky, coshw () +t, sinhw (s))?
where 02 — 1 > 0, and striction line on timelike surface is given by
F=als) - —ok, — (W' (s) — kg) sinhw (s) X (s)

(w' () =kg)* + 0* (k5 +1)
+ (20 (w' (s) — kg) (—kpn sinhw (s) +t, coshw (s)))
+€2 (ky, coshw (s) +t, sinhw (s))*

where 0% —1 < 0, e = (t,t) = F1.

Remark 3.4. If u(s) is a geodesic curve and

wis) = o [ cisd (o

where 02 — 1 > 0, then striction line of spacelike surface is equal to base curve.

Remark 3.5. If u(s) is a asymptotic curve and

wis)= [ ()

where 02 —1 > 0 and w (s) # 0, then striction line of spacelike surface is equal to base curve.

Theorem 3.5. The timelike surface Ms (s,v) is developable if and only if
e coshw(s) (—sinhw(s)k, + coshw(s)t,) — o (sinhw(s) (ky, + w'(s)) + ot,) = 0.

Remark 3.6. If sinhw(s) = x5 = const.and coshw(s) = x4 = const ,generating lines of the surface §(s) be
a Smarandache curve. Let Ms(s,v) be a developable timelike surface and 6(s) be a Smarandache curve , if

at the same time §(s) be a asymptotic, then the base curve is a general heliz, so that

T oxs3

Kk ext—o?’

if also 0(s) be a geodesic, then the base curve is a general heliz, so that

T —EX3T4

2 .
g ETY
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Corollary 3.6. If u(s) be a line and Smarandache curve, then

=

n g

kg —ETy

where sinhw(s) = x3 = const.and coshw(s) = x4 = const.

Theorem 3.6. The striction line on timelike surface Ms (s,v) is obtained as follows
—oky, — (W' (s) — kg) . coshw (s)
= (W' (5) ~kg)* +0® (~h7+17)
+ (20 (v’ (s) — kg) (—ky, coshw (s) +t, sinhw (s)))
(

+€2 (—k, sinhw (s) +t, coshw (s))*

Remark 3.7. If §(s) is a geodesic curve and

w(s):fo/;d(s),

coshw (s)

then striction line of surface is equal to the base curve.

Remark 3.8. If §(s) is a asymptotic curve and

wis)= [rds).

then striction line of timelike surface is equal to the base curve.

3.2. Ruled Surfaces with Constant Slope Ruling with Respect to the (t,n) Planes. Generating
lines of the surface M are given by points on the curve X (s) and they have the constant slope o with respect
to the (t,n) planes to the curve at every point on the curve X (s).The surface will be called the ruled surfaces

with constant slope ruling with respect to the (¢,n) planes where
(X(s),y(5)) = 0.

Case 3.4. If a(s) is a spacelike curve with the principal spacelike normal vector field n(s), then surfaces is

spacelike character where 1 4+ o2 > 0. Direction vector of generating line of the spacelike surface is given by
X (s) = sinw(s).t(s) + cosw(s).n(s) + o.y(s)

The surface with constant slope ruling Ml parametrization obtained by

M, (s,v) = a(s) + v ()?(s)) )
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Case 3.5. If a(s) is a spacelike curve with the principal timelike normal vector field n(s), then surfaces is
spacelike character where 0 —1 > 0 and the surfaces is timelike character where 0® —1 < 0. Direction vector

of generating line of the surface is given by
u(s) = coshw(s).t(s) + sinhw(s).n(s) + o.y(s)
and the surface is obtained by

My (s,0) = o (s) + v ((s)) .

Case 3.6. If a(s) is a timelike curve with the principal spacelike normal vector field n(s), then the surface

is timelike where o +1 > 0 and direction vector is given as follows

0(s) = sinh w(s).t(s) + coshw(s).n(s) + o.y(s).

The surface is parametrized by

Ms (s,v) = a(s) + v (5(5)) .
Theorem 3.7. The spacelike surface Ml (s,v) is developable if and only if
cosw(s) (sinw(s)k, + cosw(s)t,) — o ((kn, — w'(s)) sinw(s) + ot,) = 0.

Corollary 3.7. Developable surface’s Ml (s,v) generating line )Z'(s) is an asymptotic and Smarandache

curve if and only if a(s) is a general helix with

T 1T

= 5 _ 2
)

g

where sinw(s) = x1 = const.and cosw(s) = xg = const.

Corollary 3.8. Z\,Zl(s,v) developable surface’s generating line )?(s) is a geodesic and Smarandache curve

if and only if a(s) is a general heliz, so that

ox1

-
Kk r2_o2
K x5—0

where sinw(s) = x1 = const.and cosw(s) = xo = const.

Corollary 3.9. )?(s) is a line and Smarandache curve if and only if

where cosw(s) = xo = const.
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Theorem 3.8. The striction line on spacelike surface Ml (s,v) is given by

y oky — (W' (8) + ky) . cosw (s) X(s).

—w' (s)? 2w () kn+ko (sin® w(s)— cos? w(s)) + o2 (—k2+12)

—20 (kg. (W' (8) + kpn) .cosw(s) —t,.sinw (s).(—w' (s) + kp))
+ (sinw(s).k:ng cosw (s) .tr)

Corollary 3.10. If X’(s) is an asymptotic curve and

w(s):U/Ld(S)a

cosw (s)

then striction line of surface is equal to the base curve.

Corollary 3.11. If X(s) is a geodesic curve and

ws) = [r(s)

where cosw (s) # 0, then striction line of the surface is equal to the base curve.

Theorem 3.9. The spacelike surface Mg (s,v) is developable if and only if
sinh w(s) (coshw(s).ky + sinhw(s)t,) — o (coshw(s) (k, + w'(s)) + ot,) =0

where 2 —1 > 0.

If 02 — 1 < 0, then the surface is timelike ruled surface. So the timelike surface is developable if and only if
sinhw(s). (coshw(s).ky + sinhw(s)t,) — o (coshw(s) (—eky, + w'(s)) + oet,) =0

where e = (t,t) = F1.

Remark 3.9. If sinhw(s) = x5 = const.and coshw(s) = x4 = const , generating line of the surface u(s) be
a Smarandache curve. Let Mg(s, v) be a developable spacelike surface and u(s) be a Smarandache curve , if

at the same time u(s) be an asymptotic, then the base curve is a general heliz with

T T34

» 2 _ .20
L3

g

if also u(s) be a geodesic, then the base curve is a general heliz, so that
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Remark 3.10. If sinhw(s) = x5 = const.and coshw(s) = x4 = const,generating lines of the surface u(s)
be a Smarandache curve. Let Mg(s,v) be a developable timelike surface and u(s) be a Smarandache curve ,
if at the same time u(s) be an asymptotic, then the base curve is a general heliz with

L3Tq

-
Kk 13—eo?

if also u(s) be a geodesic, then the base curve is a general helix with

T eoxy
Kk eo?— a3
if u(s) be a line curvature, then
k, —eo
[l

Theorem 3.10. The striction line on spacelike surface Mg(S,’U) is given by

Bea- okg — (w' (s) + ky) sinhw (s) X (s)

(W' (s) +kn)? + 02 (—k;—i—t%)
+ ((20 (W' (s) + kn) kg sinhw (s) +t, coshw (s)))

+ (kg coshw (s) +t, sinhw (s))*
where 0 — 1 > 0, and striction line on timelike surface is given by
—oky — (w' (s) + ky) sinhw (s)

B=a-— X (s)
w' (5)? +k2—2.k,.' (s) (sinh® w(s) — e cosh® w(s)) +02 (k2+t2)

+20 (kg sinhw (s) . (w' (s) + kn) +e.t, coshw (s) . (W' (s) — €ky))
+ (kg coshw (s) +t, sinhw (s))?

where 02 —1 < 0, ¢ = (t,t) = F1.

Remark 3.11. If u(s) is an asymptotic curve and

wis) =0 [ i)

sinh w (s)
where 0% — 1 > 0, then striction line of spacelike surface is equal to the base curve and

kg
wi(s) = _U/ sinhw (s) d(s)

where 0® — 1 < 0, then striction line of timelike surface is equal to the base curve.

Remark 3.12. If u(s) is a geodesic curve and

wis) =~ [ k()
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where 02 — 1 > 0 then striction line of spacelike surface is equal to base curve and

ws) = [hnd(s

where 0> — 1 < 0 and sinhw (s) # 0, then striction line of timelike surface is equal to base curve.

Corollary 3.12. The surface Mj (s,v) is torsal if and only if
coshw(s) (sinh w(s)k, + coshw(s)t,) — o (sinhw(s) (—ek, + w'(s)) +eot,) =0

where e = (t,t) = F1.

Corollary 3.13. If sinhw(s) = x5 = const.and coshw(s) = x4 = const, generating lines of the surface 5(3)
is a Smarandache curve. Let Mg(S,’U) be a developable timelike surface and g(s) is a Smarandache curve ,

if at the same time g(s) be a asymptotic, then basic curve is a general helix, so that

T T3X4

T 2 2
o g

if also 0(s) be a geodesic, then base curve is a general heliz, so that

K ox4
if 3(s) be a line curvature, then

kn  —eo

kg o T4

such that e = (t,t) = F1.

Theorem 3.11. The striction line on timelike surface Mg}(S,’U) is given by

Fea- —oky— (W' (s) + ky) . coshw (s) X (s).

- (w’ (s)? +ki) —2w' (s) k. (cosh® w(s) + e sinh® w(s))

2

+0? (k2+1t2) + (sinhw(s).ky + coshw (s) .t,.)

Remark 3.13. If generating line is a asymptotic curve on timelike surface Mg (s,v) and

w(s) = —a/md(s)

then striction line of surface is equal to base curve.
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Remark 3.14. If generating line is a geodesic curve on timelike surface Mg(s, v) and

wis) =~ [ k)

then striction line of the surface is equal to the base curve.

3.3. Ruled Surfaces with Constant Slope Ruling with Respect to the (n,y) Planes. Surface M is
given by points on the curve X (s) and they have the constant slope o with respect to the (n,y) planes.The
surface will be defined the ruled surfaces with constant slope ruling with respect to the (n,y) planes to the

curve where

(X(s),t(s)) = 0.

Case 3.7. If a(s) is a spacelike curve with the principal spacelike normal vector field n(s), then surface is

spacelike where 1 4+ 02 > 0. Direction vector of generating line of the spacelike surface is given by

X (s) =sinw(s).n(s) + cosw(s).y(s) + ot(s).

The surface with constant slope My is parametrized by

M (s,v) = a(s) + v (X(s)) .

Case 3.8. If a(s) is a spacelike curve with the principal timelike normal vector field n(s), then surfaces is
spacelike where * —1 > 0 and the surface is timelike where ® — 1 < 0. Direction vector of generating line
of the surface is given by

u(s) = coshw(s).n(s) + sinhw(s).y(s) + ot(s)

and the surface is obtained as follows

Mo (s,v) = a(s) +v(a(s)) .

Case 3.9. If a(s) is a timelike curve with the principal spacelike normal vector field n(s), then the surface

is timelike where 0® +1 > 0 and direction vector is defined as follows

0(s) = sinhw(s).n(s) + coshw(s).y(s) + ot(s).

The surface parametrization is given as follows

M3 (s,v) = a(s) +v (d(s)).

Theorem 3.12. The spacelike surface M (s,v) is developable if and only if

t,(sin® w(s) — cos® w(s)) + o (cosw(s)k, + sinw(s)k,) —w'(s) = 0.
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Corollary 3.14. Developable surface’s generating line X (s) is a asymptotic and Smarandache curve if and

only if a(s) is a general heliz, so that

T ox1
T2 2
Ty — 7

where sinw(s) = x1 = const.and cosw(s) = x9 = const.

Corollary 3.15. M (s,v) developable surface’s generating line X (s) is a geodesic and Smarandache curve

if and only if a(s) is a general heliz, so that

T 0T
T 2.2
Ty — X7

where sinw(s) = x1 = const.and cosw(s) = xa = const.

Corollary 3.16. X(s) is a line and Smarandache curve

kn Z2

kg I

where sinw(s) = x1 = const.and cosw(s) = xa = const.

Theorem 3.13. The striction line on the spacelike surface M1(s,v) is given by

B a- kn.sinw(s) — k. cosw(s) X(s).

(w'(s) — t2) (sin® w(s) — cos® w(s)) — 2t,.w'(s) + o2, (k2 + k2)

+ (kp.sinw(s) — k. cos w(s))?

Remark 3.15. If

o~

n

%y = —cot w(s),

then the striction line on the surface M1(s,v) equal to the base curve.

Theorem 3.14. The spacelike ruled surface with constant slope Mo (s,v) is developable if and only if
sinhw(s) (coshw(s).k, + esinhw(s)k,) — o (coshw(s) (¢, + w'(s)) + oky) =0

e ==1. If 62 —1 > 0, the surface is spacelike and e = —1. If 0> — 1 < 0, the surface is timelike and & = +1.
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Corollary 3.17. If sinhw(s) = x3 = const.and coshw(s) = x4 = const,generating line of the surface u(s)
is a Smarandache curve. Let M3 (s,v) be a developable surface and u(s) be a Smarandache curve , if at the
same time u(s) is an asymptotic, then the base curve is a general helix with

T  exd—o?

)
OT4

if also u(s) is a geodesic , then the base curve is a general helix with

T & (0'2 — I3I4)

T2V 7 52 150
K 0%y
if u(s) is a line curvature, then
kn T3x4
kT o2 — ex?’
ky 0% —exy

Remark 3.16. The striction line on the spacelike surface Mo(s,v) is given by

ky,.coshw (s) — kg.sinhw (s)

B=a(s)+ X (s)
(W' (s) +t,)°. (sinh® w (s) + cosh® w (s)) + o2 (k§+ki)
+ (20 (W' (s) + t;) (kn.sinhw (s) +kg. coshw (s)))
— (kn.coshw (s) —kg.sinhw (s))?
where 02 — 1 > 0, and striction line on the timelike surface is given by
F—al(s) - ky,.coshw (s) + kg.sinhw (s) X (s)

(W' (s) + t,)° +02 (kg—kk;i) + (k. coshw (s) + kg.sinhw (s))*
+ (20 (W' (8) + ) (€.kp.sinhw (s) +kg. coshw (s)))

where 0% —1 <0, ¢ = (t,t) = F1.

Theorem 3.15. The spacelike surface M3 (s,v) is developable if and only if
sinhw(s) (sinhw(s) (¢ + w'(s)) + oky) — coshw(s) (coshw(s) (et, + w'(s)) — eoky,)

where € = (t,t) = F1.

Remark 3.17. If sinhw(s) = x3 = const.and coshw(s) = x4 = const, generating line of the surface 5(s) is
a Smarandache curve. Let M3(s,v) be a developable timelike surface and 6(s) be a Smarandache curve , if

at the same time 5(3) be an asymptotic, then the base curve is a general heliz, so that

T ox3

T 2.2
K Exj— T%
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fore=1,

T
— =0X3
K

if also §(s) is a geodesic, then base curve is a general heliz, so that

T —&0
ka3 —ex?
fore=1,
S
if 6(s) is a line curvature, then
/{in —EX4
kg I3

where € = (t,t) = F1.

Theorem 3.16. The striction line on timelike surface M3(s,v) is given by

F=als)- k. sinhw(s) + kg. coshw(s)

S 5 X (s).
— (coshw(s). (e.t, +w'(s)) —eo.ky)” + (sinhw(s). (¢, +w'(s)) +0.kgy)

2
+ (kn. sinhw(s) + k. cosh w(s))
4. Some Numerical Examples
In this section, we give examples of the surfaces with a constant slope ruling according to Darboux frame

in Minkowski Space with respect to the given planes.

Example 4.1. The curve a(s) given by

.8 5 s
a(s) = (rsin—,rcos —, —
r r’r

and ruled surfaces with constant slope ruling is parametrized by
M (s,v) = a(s) + v(sinw(s)t(s) + cosw(s)y(s) + on(s)).

Surface is visualized in following figure for w(s) = 5,7 = 10,0 = 2.
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FIGURE 1.
Example 4.2. Ruled surfaces with constant slope ruling with respect to the {t,n} planes

M;(s,v) = a(s) + v(sinw(s)t(s) + cosw(s)n(s) + oy(s)).

is shown following figure for w(s) = 2,r = 2,0 = V3.

FIGURE 2.
Example 4.3. The curve B(s) is given by

B(s) = (7“ cosh f, rsinh f, f)
r ror

and the timelike surface with a constant slope ruling is shown following figure for w(s) = 37“, r=10,0 = %,

s€ (—5, ”TZ) , ue (—1,1).
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FIGURE 3.
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