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ABSTRACT. Theories of fuzzy set and rough set are powerful mathematical tools for modelling various
types of uncertainty. In this paper, we introduce the notions of bi-hyperideal, fuzzy bi-hyperideals of
hyperquantales and their related properties is given. Furthermore we introduce the notion of generalized
rough fuzzy bi-hyperideals. Moreover, we will describe the set-valued homomorphism and strong set-valued

homomorphism of hyperquantales and some related properties will be study.

1. INTRODUCTION

The theory of rough sets was introduced by Pawlak [15,16], to deal with uncertain knowledge in information
systems. The rough set theory has been emerged as another major mathematical approach for managing
uncertainty that arises from inexact, noisy or incomplete information. It has turned out to be fundamentally
important in artificial intelligence and cognitive sciences, especially in fields such as machine learning, knowl-
edge acquisition, decision analysis, expert systems, pattern recognition. With the development of rough set
theory, possible connections between rough sets and various algebraic systems were considered by many au-

thors. Inspired by the construction of Pawlak rough set algebras and the investigation in algebraic properties
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of rough sets in [17,18]. As a combination of algebraic structures and partially ordered structures, the theory
of quantales was initiated by Mulvey [20] to study the spectrum of C-algebras and the foundations of quan-
tum mechanics. Wang and Zhao [22,23] proposed the concepts of ideals and prime ideals of quantales. Yang
and Xu [24], considered quantales as universal sets and introduced the notions of rough (prime, semi-prime,
primary) ideals and prime radicals of upper rough ideals of quantales. Wang in [21] studied prime radical
theorem in quantales. The concept of fuzzy sets was introduced by Zadeh [19] in 1965. The theory of fuzzy
sets has been developed fast and has many applications in many branches of sciences. Luo and Wang in [25],
studied roughness and fuzziness in quantales. Davvaz et al. in [6] applied Atanassov’s intuitionistic fuzzy
set theory to quantales. In [29,30], Saqib and Shabir studied relationship between generalized rough sets
and quantale by using fuzzy ideals of quantale.

Algebraic hyperstructures represent a natural extension of classical algebraic structures and they were orig-
inally proposed in 1934 by a French mathematician Marty [1], at the 8* Congress of Scandinavian Mathe-
maticians. One of the main reason which attracts researches towards hyperstructures is its unique property
that in hyperstructures composition of two elements is a set, while in classical algebraic structures the com-
position of two elements is an element. Thus algebraic hyperstructures are natural extension of classical
algebraic structures. Since then, hyperstructures are widely investigated from the theoretical point of view
and for their applications to many branches of pure and applied mathematics (see [2-5,8]). Since then,
there appeared many components of hyperalgebras such as hypergroups in [9], hyperrings etc in [10, 11].
Konstantinidou and Mittas have introduced the concept of hyperlattices in [12], fuzzy ideal of hyperlattices
have been introduced in [7]. The notion of hyperlattices is a generalization of the notion of lattices and there
are some intimate connections between hyperlattices and lattices. In particular, Rasouli and Davvaz further
studied the theory of hyperlattices and obtained some interesting results [13,14], which enrich the theory of
hyperlattices. In [28], Estaji and Bayati studied rough Sets in terms of Hyperlattices. In [26], Khan et al.
introduced the notions of hyperideals and fuzzy hyperideals of hyperquantales.

In this paper, we introduce the notions of bi-hyperideal and fuzzy bi-hyperideals of hyperquantales and give
several characterizations. In addition, we will introduce the notions of generalized rough fuzzy bi-hyperideal

in hyperquantales and some new properties will be obtain.

2. PRELIMINARIES

A map *: 5 x S — P*(9) is called hyperoperation or join operation on the set S, where S is a non-empty
set and P*(S) = P(S)\{0} denotes the set of all non-empty subsets of S.

A hyperstructure is called the pair (S, *) where * is a hyperoperation on the set S.
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Definition 2.1. (see [26]). A hyperquantale is a complete hyperlattice Q with an associative binary operation

x satisfying x * (\/ielyi) =V (z*xy), (\/ xl) xy =V (zixy) for all x,y,z;,y; € Q (i € I) where I is
iel iel iel

an index set.

A hyperquantale @ is called commutative if x xy =y x x for all x,y € Q.

Throughout this paper, we denote the least and greatest elements of a hyperquantale denoted by | and

T respectively.

Definition 2.2. (see [26]). Let Q be a hyperquantale. A non-empty subset A of Q is called a left (resp.
right) hyperideal of Q if it satisfies the following conditions:

(1) z,y € A implies z V y C A.

(2) Vz,ye Q) z € Aand y <z imply y € A.

3)VzeQand a € A, we have x xa C A (resp. axx C A).

A non empty subset A of @ is called a two sided hyperideal or simply a hyperideal of @ if it is both a left
hyperideal and right hyperideal of Q.

Definition 2.3. Let Q be a hyperquantale. A non-empty subset B of Q is called a bi-hyperideal of Q if it

satisfies the following conditions:

(1) z,y € B implies z Vy C B.

(2) z,y € B implies x xy C B.

(3) (Va,ye Q) z € B and y <z imply y € B.
(4)

4HVyeand x,z € B, we have x xy x 2 C B.

Example 2.1. Let Q = {L,e1,e2,e3, T} and define x and V by the following Cayley tables:

L L L L
er [ {L} [ {ea} | {es} | {ea} | {ea}
ex | {1} | {ex} | {ea} | {en} | {e2}
es | {L} [ {ea} | {es} | {es} | {es}
T AL} | {ea} | {e2} | {es} | {T}
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and

V| L el e es T

L {L} [{ead | {e2} {es} {7}

e | {ea} [{Liea} | {L,ea} | {L,es} {L, T}

ea | {ea} | {L,e2} | {L,er,ea} | {L, T} {L,es, T}

es | {es} | {L,es} | {L, T} {L,er,es} | {L,ea, T}

TIA{TE [ {L, T} | {L,es, T} | {L,e2, T} [ {L,e1,ea,e3, T}
Thus all bi-hyperideals of Q are {1}, {L,e1}, {L,e1,ea}, {L,e1,e3} and Q.

For A,B C Q, we have Ax B:=J{axb:a € A, b€ B} and
AVB:=|J{aVvb:ac A, be B}.
For A C Q,we denote (A] :={a € Q:a < for some b € A}.

3. FUzzY HYPERIDEALS OF HYPERQUANTALE

Let @ be a hyperquantale. A function f from a nonempty set X to the unit interval [0, 1] is called a fuzzy
subset of Q.

Let @ be a hyperquantale and f be a fuzzy subset of Q). Then for every ¢ € [0,1] the set
U(fit)y={z|z€Q, f(z) =1t}
For x € Q, we define A, ={(y,2) € @ x Q |z < yxz}.

Definition 3.1. (see [26]). Let Q be a hyperquantale and f, g are any two fuzzy subsets of Q. We define the
product fog of f and g as follows:

V {fWAg)}, if Ax #0
(fog)(x) =< W2EA

0, if Ay =10
For two functions f and g then f C g if and only if f (z) < g(x).

Let @ be a hyperquantale and # # A C Q. Then the characteristic function y 4 of A is defined as:

lifze A
Oifz ¢ A

Xa:Q —1[0,1],— xa (x) =

Definition 3.2. (see [26]). Let Q be a hyperquantale. A fuzzy subset f of Q is called a fuzzy subhyperquantale
of Q if it satisfies the following conditions:

(1) (Vz,ye@) A flo)

> f
acT*y
> f

2) Vo,ye@) A f(B)

BexVy

(@) A\f(y).
@)\ f ().
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Definition 3.3. (see [26]). Let Q be a hyperquantale. A fuzzy subset f of Q is called a fuzzy left (resp.

right) hyperideal of Q if it satisfies the following conditions:

acT*y acTxy

(2) (Vo,y € Q) Be/\v F@) =z @A)

(3) (Vz,y € Q) z <y then f(x) > f(y).

(1) Vz,yeQ) A f(a) = f(y) (resp. A [fla) = f(x))
> f

4. Fuzzy BI-HYPERIDEAL OF HYPERQUANTALE

In this section, we introduce the notion of fuzzy bi-hyperideal of hyperquantale and investigate some

related properties.

Definition 4.1. Let Q be a hyperquantale. A fuzzy subset f of Q is called a fuzzy bi-hyperideal of Q if it

satisfies the following conditions:

1) (Veye@ A J@= @A),
(2) (va,y € Q) B/\f B)2 F @A ).

® (e A FOZIEASE
(4) (Va,y € Q) x <y then f(x) > f(y).

Example 4.1. Let Q = {L,e1,e2, T} and define * and V by the following Cayley tables:

x [L |le |e |T

L {4 {
e | {1} [ {ea} | {1} [ {er}
ex | {1} | {L} | {e2} | {ea}
T | {ead | {e2} | {T)

and

V| L e1 €2 T

L [ {ear [ {e2} [ {T}

er | {ea} | {Lea} | {T} {e2, T}
ez | {ea} [ {T} {L,ea} | {e1, T}
T AT [{e2, T} [ {er, T} @

Let us define a fuzzy subset f: Q — [0,1] as follows:
1 ifx=_1
flx) =
0.4 ifx € {e1,ea2,T}

Then it is easy to verify that f is a fuzzy bi-hyperideal of Q.
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Theorem 4.1. Let B be a non empty subset of a hyperquantale Q. Then B is a bi-hyperideal of Q) if and

only if xB is a fuzzy hyperideal of Q.

Proof. Suppose that B is a hyperideal of Q. Let z,y € Q. If x,y € B then 2 Vy C B and x *y C B. Since

x,y € B, we have xg () = xp (y) =1, forany a € xVy C B, wehave A xp(a)=1=x5x)Axs ).
Also for any f € zxy C B,wehave A x5 (8)=1=x5 @) Axs (y)a.elmfv;clgé Bory¢ B. ThenzVyCB
orzVy ¢ Bandz*xy C Bor xx* yﬂé_mg In all the cases we have xg () Axp(y) =0< A x5 (a) and
X5 @ AXs @) =0< A x5 (8). Let now .y € Q. o < 1. Then xp (a) > xp(y). In fct, f 4 € B, then
x5(y) = 1. Since @ > fcemg*yy € B, by hypothesis we have € B, then xp (z) = 1. Thus xp (z) > x5 (y).

If y ¢ B, then xp(y) = 0. Since z € @, we have xg () > 0 = xp(y). Let z,y and z be any elements
of Q. If x,z € B, then xp(z) = x5 (2) = 1 and since for every a € z xy *x 2 C B, we have xp (o) =
l=xp@Axp(z). Thus A xpla)=1=xp@) Axp(z).Ifz ¢ Borz¢ B, then xg(z) =0 or

aET*Y*2Z

x5 (2) =0, and so we have xp (o) > 0=xp (x) Axs(2). Thus A xB (@) > x5 () A x5 (2). Therefore

QET*kY*z

xB is a fuzzy bi-hyperideal of .

Conversely, assume that xp is a fuzzy bi-hyperideal of Q. Let ,y € B. Then A x5 (a) = x5 (2) Axs (v) =

acxVy
1, and thus o € Vy C B. Since z,y € B. Then for any z € xxy, we have A x4 (2) > xa (@) Axa (y) = 1.
zZET*Y
Implies that A xa(z) =1. Thuszxy C A. If < y and y € B, then xp (z) > x5 (y) = 1, implies that

ZET*Y
x € B. Let z,2z € B and y € S such that for any « € = * y * z, we have Since

N\ xs(@ > xs@@) \xs(2)
= 1/\1

= 1

Hence for each a@ € z * y * z, we have xp (o) = 1, and so a € B. Thus z *xy x 2 C B. Thus B is a

bi-hyperideal of Q). O

Theorem 4.2. Let Q be a hyperquantale. A fuzzy subset f of Q is a fuzzy bi-hyperideal of Q if and only if
for each t €10,1], U(f;t) # 0 is a bi-hyperideal of Q.

Proof. Assume that U(f;t) is a bi-hyperideal of Q. Let =,y € @ such that x < y. If f(y) = 0 then
flx) > fly). If f(y) =t then y € U(f;t). Since = < y and U(f;t) is a bi-hyperideal of @), we have
x € U(f;t). Then f(x) >t = f(y). Since U(f;t) # 0 is a bi-hyperideal of Q. If A f(a) < f(z) A f (v)

aExr*yY

for some z,y € @, then there exists tg € [0,1] such that A f(a) <to < f(z) A f (y), which implies that
acT*y

z,y € U(f;t) and x xy € U(f;t). It contradicts the fact that U(f;t) is a bi-hyperideal of Q). Consequently,
N fla) > f(@)ASf(y) for all z,y € Q. Next we show that A f(a) > f(z) A f(y) for all z,y € Q.

aET*Y BexVy

If there exist z,y € @ and tg € [0,1] such that A f(8) <to < f(x) A f(y). Then z,y € U(f;t) and
BExVY
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BeaxVvyZU(f;t). It is again contradicts the fact that U(f;t) is a bi-hyperideal of Q. Thus A f(8) >
BeExVy

F@)Nf(y). Now let z,y,z € U(f;t). Then z xy * z C U(f;t). Since x,z € U(f;t). Then f(z) >t and
f(z) >1t. So for any o € x xy x z, we have f(a) >t. Thus f () Af(2)=t< A f(«). Therefore f is

QETHY*Z

a fuzzy bi-hyperideal of Q).

Conversely, suppose that f be a fuzzy bi-hyperideal of Q. Let z,y € U(f;t). Then f(z) > t, f(y) > t.
Since f is a fuzzy bi-hyperideal of @, so we have A f(a) > f(z) A\ f(y) = t. Hence f(a) > t for all
a € z*y, this implies a € U(f;t) that is z * yaéiﬁ(f;t). As f is a fuzzy bi-hyperideal of Q). Then

AN fw) > f@)A\f(y) > t. Hence f(w) > t for any w € x V y implies that w € U(f;t). Thus
;evayg U(f;t). Now let z,y,z € U(f;t). Then f(z) > t, f(y) > t and f(z) > t. Since f is a fuzzy

bi-hyperideal of @, we have A f(8) > f(x) A f(z) =t. So f(B) > t. Hence x xyx z C U(f;t). Let
BEXT* Yy*z
xz € U(f;t) and y € Q with y gyz Then t < f(x) < fa(y), we get y € U(f;t). Therefore U(f;t) is a

bi-hyperideal of Q. O

Theorem 4.3. Let {f; | i€ I} be a family of fuzzy bi-hyperideals of Q. Then f = (\;c; fi is a fuzzy bi-
hyperideal of Q where (¢, fi) () = A (fi (@)

el

Proof. Let x,y € Q. Then, since each f; (i € I) is a fuzzy bi-hyperideal of Q,s0 A fi (o) > fi (x) A\ fi (y) -

aczxVy
Thus for any o € x Vy, fi (&) > fi () A\ fi (y), and we have

fla) = <ﬂf> (@)

= ie/\ie&i(a))

> /\ (@A)

= (/\I (fi (17))) A (/\I (fi (y)))
_ (ﬂ fi> (@/\(in) v
= f@A\f),

which implies that A f(a) > f(@)Af(y). Let B€xxyand A fi(5) > fi(x) A fi(y). Thus for any

aczrVy BExxy

Bexxy, fi (B) > fi(x) A\ fi(y). Then
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FB = (ﬂ fi> (8)

= N :8)

icl

A\ (f’i @ N\ i (Z/))

iel

_ (m ﬁ.) (@) \ (ﬂ ﬁ) (v)

i€l el

v

= f@N\fW).

Thus A f(B) > f(x) A\ f(y). Now let z,y,z € Q. Then for any v € = * y x z, we have
BExxy

fo) = (ﬂﬂ)@)

= /S;mn

= A (£ @Af)

- (ie/\lfi(x)>/\<i€/\jfi(2)>
- [)en(ps)e
= @A),

Thus A f()=f@)Af(2).
YETHY*2
Furthermore, if < y, then f (z) > f(y). Indeed: Since every f; (i € I) is a fuzzy bi-hyperideal of @, it

can be obtained that f; (x) > f; (y) for all ¢ € I. Thus

(07)¢

= A i@)

icl

f(x)

> N\ Ww)

el

= (ﬂfz) (v)
el

= f(y).

Thus f = () f; is a fuzzy bi-hyperideal of Q. O
iel
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5. HOMOMORPHISM AND GENERALIZED ROUGH FUZZY BI-HYPERIDEALS OF HYPERQUANTALES

Definition 5.1. (see [27]). Let X andY be two nonempty universes. Let F' be a set-valued mapping given by
F:X — P(Y), where P(Y) is the power set of Y. Then the triple (X,Y, F) is referred to as a generalized
approximation space or generalized rough set. Any set-valued function from X to P(Y) defines a binary
relation from X to'Y by setting pr = {(a,b) | b € F (a)}. Obviously, if p is an arbitrary relation from X to
Y, then a set-valued mapping F, : X — P (Y') can be defined by F, (a) ={b€Y | (a,b) € p} where a € X.
For any set A CY, the lower and upper approzimations represented by F~ (A) and FT (A) respectively, are
defined as

F~(4)

{ac X | F(a) C A},

F¥(4)

{a€X|F(a)nA#0}.

We call the pair (F~ (A),F* (A)) generalized rough set, and F~, FT are termed as lower and upper

generalized approximation operators, respectively.

Definition 5.2. Let (Q1,*1) and (Q2, *2) be two hyperquantales. A set-valued mapping F : Q1 — P* (Q2),
where P* (Q2) represents the collection of all nonempty subsets of Qs is called a set-valued homomorphism

if, for all a;,a, b€ Q1 (i € 1),

(1) F(a) %2 F'(b) C F(a*1 b).
(2) V F(a;) C F(\/ ai> .
i€l i€l
A set-valued mapping F : Q1 — P* (Q)2) is called a strong set-valued homomorphism if we replace C by

=in (1) and (2).

Definition 5.3. Let (Q1,*1) and (Q2,*2) be two hyperquantales and let F' be a set-valued homomorphism.
Let f be any fuzzy subset of Q2. Then for every x € QQ1, we defines

Fr() @)= N fQ),

yEF (z)
Fr(f)l)= V f).
yeF(z)
Here F~ (f) is the generalized lower approximation and F'* (f) is the generalized upper approximation of
the fuzzy subset of f. The pair (F~ (f),F* (f)) is called generalized rough fuzzy subset of Q1, if F~ (f) #

Fr(f).

Definition 5.4. Let F be a set-valued homomorphism. A fuzzy subset f of the hyperquantale Q2 is called
a lower (resp. upper) generalized rough fuzzy bi-hyperideal of Qo if F~ (f) (resp. F¥(f)) is a fuzzy bi-
hyperideal of Q1. A fuzzy subset f of Qo, which is both an upper and a lower generalized rough fuzzy
bi-hyperideal of Q2, is called generalized rough fuzzy bi-hyperideal of Q5.
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Theorem 5.1. Let F' be a strong set-valued homomorphism and let f be a fuzzy bi-hyperideal of Q2. Then
set F~ (f) is a fuzzy bi-hyperideal of Q1.

Proof. Assume that f is a fuzzy bi-hyperideal of @2, then we have A f(«a) > f(z) A f (y) imply that
acxrVy
fl@=f@)Nf(y) Ve,y € Q2 and o € xVy. Also F is a strong set-valued homomorphism, so F (z V y) =

F(x)V F (y) Yx,y € Q1. Therefore for any « € zVy
F-(N@=F (Nevy= A fla= A\ [l
a€eF(zVy) aeF(z)VF(y)
Since a € F (z) V F (y), there exist a € F (z) and b € F (y) such that o € a vV b. Hence

F=(f)(zVvy) = N\ flavb)

aVbEF (z)VF (y)

A (T@Arm)

a€F(z),beF(y)

{( A f(a))/\( A f(b))}
a€F(z) beF (y)

F= (@) NF~ (N ).

v

Hence A F~(f) () = F~ (f) () ANF~ (f) (y) Yo,y € Q1.
acxVy
Again since F is a strong set-valued homomorphism, so we have F (z #1 y) = F (z) 2 F (y) Va,y € Q1.

Thus for any S € x *; y we have,

F-(fl@ay= N rB= N F@®.

BEF (1Y) BEF (z)x2 F(y)

Since 8 € F (z) *2 F (y), there exist a € F (z) and b € F (y) such that 8 € a *2 b. Hence

F=(H)B) = F(f)(@*1y)
= A faxyb)

axobEF (x)*2 F(y)

A (F@Arm)

a€F(x),beF(y)

{( A f(a))/\( A f(b))}
a€F(z) bEF (y)

F=(N @ N\NF(H ).

Y

Hence A F~(f)(B) > F (f) @) ANF~ (f) (y) Vz,y € Q1. Again since f is a fuzzy bi-hyperideal of
BExT*1Y
Q2, so for any v € x *1 y %1 z, we have
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F-(N=F (Hlanynz)= N f@)= A f0).
YEF (wx1y*12) YE(F (z)*2F(y)*2 F(2))
Since v € F () %2 F (y) #2 F (2), there exist a € F (z) and b € F (y) and ¢ € F (z) such that v € a*abx*zc.

Hence

Fo(H () = F(f)(@xy*2)
= /\ f(a*2bxy0)

axabkac€F(x)*2 F'(y)*2 F'(2)

A (F@Ar©)

a€F(x),cEF(z)

= {( A f(a))/\( A f(C))}

= F- (N A\F ().
Hence A F7(f)(7) 2 F~ (N (@) ANF~(f) (2) Va,y,2 € Q1. O

YE(TH1Y*12)

Y

Theorem 5.2. Let F be a strong set-valued homomorphism and let f be a fuzzy bi-hyperideal of Q2. Then
F* (f) is a fuzzy bi-hyperideal of Q1.

Proof. Assume that f is a fuzzy bi-hyperideal of @2, then we have A f(a) > f(2) A f (y) imply that

aczVy
fla)>f@)N\Sf(y) Vo,y € Q2 and « € x Vy. Also F is a strong set-valued homomorphism, so F' (z V y) =
F (z)V F (y) Vz,y € Q1. Therefore for any o € x V y
Fr(H@=F"(Navy =\ fl@= '\ fl),
a€F(zVy) a€F(z)VF(y)

Since a € F (z) V F (y), there exist a € F (z) and b € F (y) such that o € a vV b. Hence

FYr(f)(@) = FF(f)@Vy)
= \/  flavb)

aVbeF (z)VF(y)

Vo (F@As®)

a€F(x),beF(y)

= {( V f(a))/\( V f(b))}
a€F(z) bEF (y)

= Fr(H@ A\F () ).
Hence A F*(f)(a)>F*(f) () AF*(f) (y) Yo,y € Q1.

acxVy
Again since F is a strong set-valued homomorphism, so we have F' (z *; y) = F (x) %2 F (y) Vz,y € Q1.

Y

Thus for any 8 € = %1 y we have,
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FrH@=rFt(Heay= \ rB= \ r@.
(z)*o F

BEF (zx1y) BEF (v)

Since § € F (z) %2 F' (y), there exist a € F'(z) and b € F' (y) such that 8 € a *2 b. Hence

FT(HB) = Fr(f)(@=y)
= \/ f(a*gb)

ax2bEF (2)*2 F(y)

Vo (@A)

a€F(z),beF (y)

= {( V f(a))/\( V f(b))}
a€F(x) beF (y)

= Fr() @ AF () W).

Y

Hence A FT(f)(B) > FT(f) (@) ANFT(f)(y) Vz,y € Q1. Again since f is a fuzzy bi-hyperideal of
BEXT*1Y
@2, so for any v € x %1 y %1 z, we have

Fr(f) () =F"(f)zxyxz)= \/ f()= \/ fFn).

YEF (x*1y*12) YE(F(z)*2F(y)*2F(2))

Since v € F (x) %o F (y) 2 F' (2), there exist a € F (z) and b € F (y) and ¢ € F (2) such that v € axabxqec.

Hence

Fr(f)(y) = FT(f)(@xy*2)

= \/ fa*2bxg0)

axobkocE(F(x)*xa F(y)*2 F(2))

Vo (f@Ar©)

a€F(x),ceF(z)

v o)Ay so))
a€F(z) cEF(2)

FT(f) () NFT(f) (2).

v

Hence A FT(f)(y) 2 F*(f) (@) AFT(f) (2) Vo,y,2 € Q1. O

YE(T*1y*12)

Proposition 5.1. Let F be a strong set-valued homomorphism and let {f;}

hyperideal of Q2. Then F~ (/\ (fl)> is a fuzzy bi-hyperideal of Q1.
iel

i1 be a family of fuzzy bi-
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Proof. Since every f; is a fuzzy bi-hyperideals for every ¢ € I, and for every =,y € @1,

B (/\ (fz-)> (@)

iel

F- (/\ (f») (zVy)

= </\F‘ (fi)) (zVy)

= NF (f)@vy)

icl

Y

A (F- @ AP (1) )

i€l

_ {</€\IF_ (ﬁ)) (@) \ </€\1F‘ (fi)> (y)}
- F- (/\fl> (@) \F~ (/\ﬁ) (y).

i€l i€l

tewe N (A R) @z (AR)@AF (ML) W) ey e

acxVy i€l iel iel
Now,

F- (/\ (f») (B)

icl

F= </\ (fi)) (z*1y)

el
- (/\ P (ﬂ)) (241 9)
el

= /\F_(fi)(l"*ly)

i€l

A(F- @@ AF (1) W)

icl

_ { < AF m)) @A (/\ P (ﬂ-)) <y>}
- F </\fl-> (@) \NF~ </\fi> (y) -

el i€l

v

towe A (A L)@z (AR)@AF (A5) ) oy e

BeExx1y i€l il il
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Again since F' is a strong set-valued homomorphism, and f is a fuzzy bi-hyperideal of @2, so for any

v € x *1 Yy *1 2, we have,

- (/\ (fi)> (7)

icl

(F_ A (fi)) (w1 y* 2)

icl

= /\Fi(fi)(w*ly*lz)

1€l
> A(E @A)
el
= A w)en(pro) o)
el el
e (/\ fi> (@) \F~ </\ fi> (2)
el el
Howe AP (/QI fi) () > F- (/QI fi) () AF- </Qz f,») (2) Va.y.2 € Q1. 0

For the following Theorem we define the set f, where a € [0, 1] as following

fo={ze Q| f(z) za}.

Theorem 5.3. Let F' be a strong set-valued homomorphism and f be a fuzzy bi-hyperideal of Q2. Then
F=(f) (resp. FT(f)) is a fuzzy bi-hyperideal of Q1 if and only if for each o € [0,1], F~ (fa) (resp.
FT(fa)), where fo # 0, is a bi-hyperideal of Q1.

Proof. Assume that F'~ (f) is a fuzzy bi-hyperideal of @)1. We need to show that F'~ (f,) is a bi-hyperideal
of Q1. Let z1,20 € F~ (fa). Then F~ (f)(z1) > a and F~ (f) (x2) > «. But since F~ (f) is a fuzzy
bi-hyperideal, so A F~(f)(z) > F~ (f) (@) AF~ (f) (x2) > «. Implies that F~ (f) () > «. Hence
1 Vay C F~ (f:)ewlva‘E y € F~(fa), x € @1, and x < y. Then F~ (f)(x) > F~ (f)(y) > «. Hence
F~(f)(x) > o. Hence x € F~ (fa). Let y1,y2 € F~ (fa), then F~ (f) (y1) > a and F~ (f) (y2) > «a. Since
F~ (f) is a fuzzy bi-hyperideal of @1, so we have A F~ (f)(2) > F~ (f) (1) AF~ (f) (y2) = . Hence
F~=(f)(2) > «, for all z € y; #1 yo, this nnpheszetyfl;lth € F~ (fa). Hence y; *1 yo € F~ (fo). Now let
u,v,w € F~ (fa). Then F~ (f) (u) > a, F~ (f) (v) > aand F~ (f) (w) > a. Again since F'~ (f) is a fuzzy
bi-hyperideal of @)1, so we have AN F(HB)ZF (f)(wAF (f)(w)=a. Hence F~ (f) (8) > «a.
Thus u 1 v* w C F~ (fa).- Thgfe?;}ve*ll;u* (fa) is a bi-hyperideal of Q.

Conversely, assume that F~ (f,) is a bi-hyperideal of Q1. We shall show that F~ (f) is a fuzzy bi-
hyperideal of ;. For any z,y € Q1,let a = F~ (f) () AF~ (f) (y) € range(F~ (f)). Then F~ (f) (z) > «
and F~ (f) (y) > a. Soz,y € F~ (fo). Hence xVy C F~ (f,).

Consider



Int. J. Anal. Appl. 18 (6) (2020) 1012

F-(Hevy= N &= N f@.

z€F (zVy) 2€F (x)VF(y)

Since z € F (z) V F (y), there exist a € F (z) and b € F (y) such that z € a V b. Hence

F=(f) (= Vy)

N f(aVvb)

aVbEF (z)VF (y)

A (F@Ar®)

a€F(x),beF(y)

A r@ AL A ro

a€F (z) beEF (y)
x) /\ F~

Hence A F7(f)(2) = F~ (f) (@) ANF~ (f) (y) Y,y € Qv

zexVy
Now for z,y € F~ (fa), we have x x1 y C F'~ (f,). Hence for 8 € x %1 y, we have F~ (f) (8

) =
z,y € F~ (fa), 50 F~(f) (x) 2 aand F~ (f)(y) = o Thus A\ F~(f)(8) = F~ (f) (@) ANF~ (f) () -

IV

a. Since,

Let z,y € Q1 such that x < y. If F~ (f) (y) = 0 then F~ (;)egl)yz F~(f)(y). If F~ (f)(y) = « then

y € F~ (fa) . Since x < y and F~ (f,) is a bi-hyperideal of Q1, we have x € F~ (f,). Then F~ (f) (z) > a =

F~=(f)(y). Nowlet z,y,2 € F~ (fa). Then zx1y*12 C F~ (fy). Since z,z € F~ (fo) . Then F~ (f) (z) >

and F~ (f) (z) > a. So for any v € x %1 y %1 2, we have F~ (f) (v) > a. Thus F~ (f) () AF~ (f) () =a <
A F~ (f) (7). Therefore F~ (f) is a fuzzy bi-hyperideal of Q. O

vE(T*1Yy*12)
6. CONCLUSION

In the present paper, we introduced the notion of bi-hyperideals of hyperquantales. Furthermore we
introduced the notions of fuzzy bi-hyperideals and generalized rough fuzzy bi-hyperideals of hyperquantales
and their related properties is provided. Finally we discussed the strong set-valued homomorphism and set-
valued homomorphism of hyperquantales and generalized rough fuzzy bi-hyperideals and shown that how
they are related. In our future study of hyperquantales, we will apply the above new idea to other algebraic

structures for more applications.
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