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1. INTRODUCTION
Igbal et al., (2017) [1] defined the Libby-Novick Kumaraswamy (LNK) distribution. The
probability density function (pdf) and cumulative distribution function (cdf) are respectively

defined as
x""‘l(l——x"")b_l
[1-(1-c)x]™
1-x° i
(0 =+ @

The Libby-Novick Kumaraswamy (LNK) distribution is a continuous probability distribution

f(x) = abc

0<x<1 abc>0 1)

with double-bounded support. It is very similar, in many respects, to the Libby-Novick Beta
(LNB, 1982) [2] distribution and Kumaraswamy (Kum, 1980) [3] distribution. The Kum
distribution is a two parameter distribution like Beta distribution Where as M.C. Jones (2009) [4]
find out numerous benefits of the Kum distribution over classical beta distribution.The Kum
distribution is a special case of McDonald’s (1984) [5] generalized Beta of the first kind
distribution. One key difference between the Kum and Beta distributions is the availability for
the former, but not for the latter, of an invertible closed form cumulative distribution function
presented by Mitnick (2013) [6].

The two distributions LNK and LNB are very flexible and can take approximately the
same shapes and the former distribution is also a generalized distribution of Kum distribution.
There are, however, important realistic differences between LNB and LNK distributions. On the
one hand, the availability for the LNK, but not for the LNB distribution, of an invertible closed-
form cumulative distribution function makes the LNK distribution much better suited than the
LNB for activities that require the generation of random varieties, in particular simulation
modeling and simulation-based model estimation. In contrast, the lack of tractable-enough
expressions for the mean and variance of the LNK distribution has stalled its utilization for
modeling purposes; in spite of the advantages that the availability of an invertible closed-form
cumulative distribution function entails, the LNK distribution may use rather sparingly in the
modeling of stochastic phenomena and processes. Libby-Novick (1982) [2] derived two new

multivariate probability density functions, which are the generalized forms of beta distribution
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and F distribution. They proved that these distributions that seem to be suitable in utility
modeling. They reproduced the same distributional form in the cases of marginal and conditional
distributions. Chen and Novick (1984) [7] used the Libby-Novick (1982) [2] univariate generalized
beta distribution as a prior and estimated the parameters of Bernoulli and Binomial distributions.
These expressions are the generalized forms of the standard beta class. Ristic et al., (2013) [8]
derived new family of skewed distributions such as Libby and Novick’s generalized beta
exponential distribution and found some useful properties of this family of distributions.
Cordeiro et al., (2014) [9] defined a family of distributions, named the Libby-Novick beta family
of distributions, which includes the classical beta generalized and exponentiated generators. This
extended family gave reasonable parametric fits to real data in several areas because the
additional shape parameters controlled the skewness and kurtosis simultaneously. Ali (2019) [10]
worked on new form of Libby-Novick (NLN) distribution and explored some properties of NLN
distribution. This model was compared with other distributions by fitting them to a real data set.
Rashid et al., (2020) [11] derived different entropy measures and characterized Libby-Novick
generalized Beta (LNGB) distribution through various methods. Igbal et al., (2021) [12] derived
mathematical properties of LNGB distribution and applied it to modeling on three real data sets.
In this paper we derive basic and advanced properties of LNK distribution and find applications
of LNK distribution to three real data sets. In Section 2, a detailed remarks about the graphs of
pdf, hazard rate function, reverse hazarz rate function and survival function are provided.

Section 2 also contains the derivation and results of some important mathematical properties of
LNK distribution. Maximum likelihood estimators of three parameters of LNK distribution are
derived in section 3. In section 4, a simulation of the parameters is carried out for different sample
sizes. A number of deduced models are shown in section 5. In section 6, LNK distribution is
compared with some other models through three data sets. Some concluding remarks are

presented in section 7.

2. MATHEMATICAL PROPERTIES
1.1 Shape properties of the pdf
The LNK density function defined in (1) has real flexibility and it is shown through graphs

w.r.t. some different combinations of values of the parameters.



Int. J. Anal. Appl. 19 (3) (2021)

408

f(x)
a4

w
Tedhanan e |

¢

a=0.5,b=05,c=1
a=5.0,b=1.0,c=1 ’
a=1.0,b=3.0,c=1 .
a=2.0,b=5.0,c=1 R4

a=2.0,b=20,c=1 p

f(x)
N R TR a=05,b=05,c=15
40 .
: % e - a=50,b=10,c=15 :
s === a=10,b=30,c=15 s
3+ N a=20,b=50,c=15 PO
: . ’ :
- * a=20,b=2.0,c=15 R :
B . 4 :
oo . " :
2- % N ’’ -
Foo s\ "’ :
[ ‘s e N
L4 .
L i s~ N ..“
1r ‘. e K ot
Y A <AL F I ® 4 .
-------- Yo roa i N oot
EE
J4 =v=ms =" - ‘\— | ik X
02 04 06 08 10

(%)
35

30

25

a=05,b=05,c=05

..
a=50,b=1.0,c=05 [
a=10,b=30,c=05 -
a=20,b=50,c=05 ro
a=20,b=20,c=05 ;




409

Int. J. Anal. Appl. 19 (3) (2021)

f(x)
4y R a=05,b=05,c=0.1 -
] a=5.0,b=1.0,c=0.1 -
. ~---- a=10,b=30,c=01 i
' a=2.0,b=50,c=0.1 ’
i a=2.0,b=2.0,c=0.1 -~
s . Ng
T - A
2 ] ,'¢ :_ A
. 7 P -
. z (4 -
1t oy
A ok
" | i n L L L I ¥ L L L L L L L L x
0.2 0.4 0.6 0.8 1.0
f(X)
: memeeee a=0.5 ,b=0.5 ,c=05
a “ a=5.0,b=1.0,c=05 :
L -
\‘ - === g=1.0,b=3.0,c=2.0 -
“ e 8=2.0 ,b=2.0,¢=3.0 :
a=2.0,b=5.0,c=0.1
X

Figure 2.1 pdf Graph of LNK distribution

Shapes of pdf

(i)
(i)
(i)

Fora>0,c>0and 0 <b <1 then LNK distribution is U-shaped.
ForO0<a<1,b>1and0<c <1 then LNK distribution is S-shaped.
Fora=b=2,c21(c<1)andif c - o (c - 0) then LNK distribution increases its positively

skewed (negatively skewed) from the symmetric with decreasing mode (increasing

mode).
For a=b =c =1, the LNK distribution is uniform distribution.

Fora > 2, b >2and c 21 the LNK distribution is unimodel positively skewed with

decreasing mode when c— co.
Fora>2,b=1,0<c<1, the form of LNK distribution is an increasing.
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(vii) Fora>2,b=1,1<c <35, the LNK distribution increase but it increases slowly when ¢
increases in the interval and for c > 3.5 the LNK distribution again turns to unimodel.

(viii) For b =c =1, the LNK distribution is Power distribution.

(ix)  Fora=c=1, the LNK distribution is LNKis a special case of Kum-distribution or reflected
exponentiated distribution.

1.2 Distribution function

The cumulative distribution function (cdf) of LNK distribution is

Cot(L-e)

F(x) = abc — dt 3)
o [1-(1-c)tr]™
. S a CZ
By making substitutions t* =z and U= ———
1-z+cz (4)

And after some simplification we have the expression of cdf as shown in (2)

s 320.5,0=0.5,6=0.5
a=5.0,b=1.0,c=0.5
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Figure 2.2 cdf Graph of LNK distribution
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2.3 Quantile Function

The quantile function of LNK distribution is given by:

F(X)=p Where0<p<1

Andit X=F(p)

1-x° ’
trge) o

After simplification we find the quantile function of the LNK distribution as under;

O Y e
Q(“a’aq‘{l—a—ma—pwél"(QD

Where Q( p; a, b, C) is the inverse of LNK function or quantile of LNK function at p. Clearly, the

function has explicit form and it can be numerically solved through software for different set of

parameters’ values.The graph can also be used to illustrate the behaviour of quantile function of

LNK distribution.

i. Fora>1,b>1 by increasing ¢, the quantile value of the LNK distribution decreses

comparatively.

ii. For a<l c¢>1,and for any value of b, the quantile value of the LNK distribution increases

slowly for p<0.5 and for p > 0.5, the quantile value sharply increases.

iii. For ¢ > 0, the quantile value of the LNK distribution increases sharply.

24 Hazard Rate Function

The hazard or instantaneous rate function is denoted by h(x). The hazard function of x can be

interpreted as instantaneous rate or the conditional probability density of failure at time x, given

that the unit has survived until x. The hazard rate function of LNK distribution as

abex®?

D ) = o )
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Figure 2.3 hazard rate function Graph of LNK distribution
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The hazard rate function of LNK distribution is of Bath-Tub shape, increasing shape and
decreasing shape for specific sets of values of parameters.

2.5 Reverse Hazard rate function
The reverse hazard can be interpreted as an approximate probability of failure in
[X, X+ d] , given that the failure has occurred in [0, X]. The reverse hazard function

I‘(X; a,b, C) of LNK distribution is defined as
abex® ™ (1—x*)**

(t-@-ope)((2-@-op*) - (1-x"))

r(x;a,b,c) =

r(x)

30+
[ |
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Figure 2.4 reverse hazard rate Graph of LNK distribution
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2.6 Survival Function
The survival function or reliability function of LNK distribution is defined as
b
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Figure 2.5 survival function Graph of LNK distribution
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2.7 The rth Moment

The rth moments about origion of the LNK distribution is defined as
1
E(x") :jxf f (x)dx
0

By Substitution (4) becomes

_ j bey? (1 y)*
o[1-@-c)y]™

= I'(r/a)k!

b & F(r/a+k)£ 1

k
E(x") = 1-=1| B(r/ k+1b
) c”akzzc; I'(r/a)k! cj (r/a+k+1b)

Corollary

= F(l/a+k)( 1

b k
E(x) = E 1-=| B(1/ k+1b
(x) cle & F(l/a)k! cj (1/a+k+1b)

E(x*) =

b @F(2/a+k)( 1
C

k
cz’akz(; F2ia)k 1—-) B(2/a+k+1b)

2.8 Moment generating function

The moment generating function of the LNK distribution about zero is

M, (t) =E(e")

& ber & (r 1\ _(r (tr) e X
_gr(rjgr(gﬁ'kj(l—gj B(g"‘k'i‘l,bjm € —rzzc;r!

a

o | L
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2.9 Factorial Moments

This section devotes to inceasing and decreasing factorial moments of LNK distribution as
under:
29.1 Decreasing Factorial Moments of LNK distribution

The decreasing factorial moments of the LNK distribution is defined as:

E[(X), | =E[X(X-1)(X-2) ... (X-n+1)]
= Zn:S(n rE(X") = ii—s(n' ) bcé‘rl"[£+kj(l—ljk B(L+k+1 b)
- ( jkl a c a '
- <!
Where s(n, I’) are the Stirling’s numbers of first kind.
2.9.2 Increasing Factorial Moments of LNBD

The increasing factorial moments of the LNK distribution is defined as:

E[ X | =E[X(X+1)(X+2) ... (X+r-1)]

n

=>d(n, r)E(X")
- iimbc;‘rl“(£+kj(1—1)k B(£+k+1,bj

rZOk_OF(rjk! a C a
a

Where d (n, I’) can be deduced from the relation

_,
1
o

s(n,r)=(-1)""d(n,r)

2.10 Negative Moments

The negative moments of the LNK distribution is defined as:
1

E(X) = [x"f(x ab)dx
0

By applying the substitution (4), we have

E(X) =bc;i[m(_1)k (1-%)k B(—£+ k +1,bj

k=0
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211 Incomplete Moments

The Incomplete moments of the LNK distribution is defined as:
X

¢,(x) = [ x"f (x)dx
0

_ fx‘abex*t(L-x*)"t

[1-a-ox]"

( +kj 1 K a
_bsla ) (1——) —% T ikip)

= F( jk, c) 1-x'+cx*'a
a

212 Scaled Total Time for Aging Properties

dx

O'*-.

The scaled total time of the LNK distribution is defined as:

-
0

f (t)dtdy

O Ly <
< C—

1
7,

&(F(x))%(x [F () dv]
> :iﬂl (1-c)y* dy

2.13 Conditional Moments

The conditional moments of the LNK distribution is defined as:

<
I

E[xr

X > x]
1 1
M! = ij.t f(t)dt
By applying the substitution (4) and after some simplification, we have

M! = —(1_(1_C)§a)b uii@

a

k
(1—% I—2 . Lik+1b)
C 1-x"+cx® a

214 Mean Residual Function

The mean residual function of the LNK distribution is defined as:
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=E[X-x|X>x]

=E[X|X>x] - x

—1+k+1b) —X
1-x*+cx® a

b & F(iJrkj 1Y) cx?
—12—(1 jl

c

215 Vitality Function
The vitality function of the LNK distribution is defined as:

V(x) =E[X [X>x]

k a
—(1—1j I—% ki)
C 1-x*+cx? a

216 Geometric Vitality Function

The Geometric vitality function of the LNK distribution is defined as:

logG (x) = E[log X |X > x|

logG (x) =

[EEN

1
[logt f (t)dt

1
-F(x)
1 ! x
= 1_F(X)u‘|0gt f (t)dt-}[log tf (t)dtj

:F(X) a(l//(l)—l//(lJfb)) Inc b.zll(l_ _ji i+1,b) —Ilogtf(t)dtJ

1 Inc 1 prt -

) g(y/(l)—y/(1+b)) bzl 1- = |B(i+1b) -~ j L-u)>*(Inu)du
L i=1 i 0

1-F(x o

( ) bl—(l—c)xa

2 _[ (1-u)"*In(c+u—uc)du

0
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217 Characteristics Function

The characteristic function of the LNK distribution is defined as:

#(t) =E(e™)

,
I

o
=

-r k - r
> a & it « o X
=y be ZF(£+ kj(l—lj B(£+ k+1, bj(—) DY
rzor(rjkzo a c a kir! !
a
218 Information generating function
The information generating function of the LNK distribution is defined by P(s) and found

from

P(s)=E(f*")

S

X (1-x? )bfl
1-(1-c) xa] "
By applying the substitution (4), we have

s ApsAa(s-1)/aNe F((a+1)(1—s)/a+i
Pls)=ab'c ZO I((a+1)(1—s)/a)i!

:l abc [

) (1_ ljl j‘u(a—l)(s—l)/a (1_ u)s(b—l)uidu
C 0

_ as_lbsC(s_l)/ai F((a +1)(1-s)/a+ i) (1_ l)l j‘u(a_l)(s—l)/aJri (1- u)s(b—l)du
= I'((a+)@-s)/a)i! c)y

= T((a+D)@A-s)/a+i 1Y .
=a bty (@+D-s) : )(1——j B((a-1)(s-1/a+i+Ls(b-1)+1)
= I'((a+)H(L-s)/a)i! C
2.19 Some Other Measures of Averages
2191 Harmonic Mean
This section contains Harmonic mean of x for the LNK distribution

The Harmonic mean of x is as under:

sz—l

5

1 1
Consider E(—j = .[
X 0

X | =

f (x)dx
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Cl Xa—2 (1_ Xa)b—l
. [1_ (1_ C)Xa]1+b

By substituting X* = Y, we have

dy

Ibcy (1
o [1-(1-c) Y]l+b

After substitution (4), and simplification, we have

tbu? (1 u)'”1
=]

[c+u-— uc]a

-1

1 1
= J'bu;(l— u)**(c+u—uc)?du
0

i—o \l

1) te(tay 17, -1
E(—jzbc Z(i j_—(l—g)} B(Z+|+1,b)

X i-0

=bc;ju;(1—u)bli 1 aj[—(l—%)u} du

H = 1 for a>1.

bcaZ(ll a}[ (1—)} B(—+ i+1,b)

|OI

Corollary

If c=1, Then H K= :i-
bB(_

—+1b

is the Harmonic Mean of Kum distribution
a j

2.19.2 Geometric Mean

The logarithm of the geometric G, of a distribution with random variable X is the arithmetic

mean of (In X ), or, equivalently, its expected value ING, =E(In X).

E(Inx) = j(ln X) f (x)dx
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dx

£l :1| abex® (11— x?)"
(inx) = inx) o

By substitution X = Y and (4), after simplification, we have

izt C

G, :expE(w(l)_y,(ub))_ '”?%bil(l - EJiB(m, b)]
2.19.3 Mode

Mode is obtained by solving di f(x)=0
X

¢t x*(1- x)b_l
B(a, b) [1-(1-c)x]"

Mode of LNK distribution is obtained by solving

f(x)=

d
S T(0=0
v g1 a-1)x** a@+b)(c-1)x**
P09 == ) (0] H(X)
a-1 ab-)x*' a@l+b)(c-1x*"
X (@1-x)  [D-@1-ox]

Multiplying both sides by x

1 a(b-1)x* a@+b)(c-1x* _
1-x%) [1-(1-c)x*]

Put X* =y

41— ab-1)y a@+b)(c-1) 0
1-y 1-(-c)y

(a-Dd-y)d-y+cy) —{a(b-1) y(d-y+cy)}—{all+b)(c-1)y(1-y)}=0

—2a(l-c)y*+(2-c(ab+1))y+(a-1)=0
Ay*+By+C=0
_ -B = B’ - 4AC

y= 2A
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1/a
- (- B+ B - 4Ac]

2A

Where y = X*
A=-2a(l-c)
B=2-c—abc
C=(a-)

2.20 Points of Inflection

The points of the inflection of the LNK distribution are found from

f (X) =0 under f (X) # 0 or equavalentally as

2 3
d Inf(x)zoandd Inf(x)io

dx’ dx®

Where as

d?In f(x) _—(a-1) a ~D)x**[(a—1) + x*] .
ax? X2 (1-x%)?

a(l+b)L—c)x*2[(a-1) + (1-c)x*]
[1-@A-c)x*]’

So

—(@-1) a(b ~Dx*’[(a—1) + x*] .\ a(l+b)(L-c)x*?[(a—1) + (L—c)x?] 0
X’ (1—x?)? [1-(1-c)x*T

After some Simplification

Ay* +By’+Cy*+Dy+E =0

Where y = X*

A=—(a+1)(L—c)?
B=(@1-c)[(2-c)(a+2—a’)—abc(l+a)]
C =(1-c)(4a* —6) —abc(c —2) —c?
D=(a-1[(c-2)(a+2)+abc]
E=(@-1
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Table 2.1 Points of inflection of LNK distribution

A B C Point (s) of inflection
1 2 0.1 0.8482

1 2 0.2 0.6585

1 2 0.3 0.4146

1 2 0.4 0.0894

1 3 0.1 0.7318

1 3 0.2 0.3965

2 3 0.1 0.4432 , 0.8678
2 3 0.2 0.5681, 0.6607
2 4 0.1 0.4625, 0.8089
2 5 0.1 0.4888, 0.7454
2 6 0.1 0.5342, 0.6644
3 4 0.1 0.5492, 0.8741
3 5 0.1 0.5665, 0.8335
3 6 0.1 0.5897, 0.7881
3 7 0.1 0.6294, 0.7273

2.21 Bonferroni Curve
The Bonferroni curve of the LNK distribution is as:
1
B. (F(x))= . F(x)-([yf (y)dy
- ( o kj AN
2y (1_c) (1—xa+cxa’g+k+l'b)

A

(e

2.22  Lorenz Curve

The Lorenz curve of the LNK distribution is as:

L(F(x))=F (x)B(F (x))

k
j B(1+k+1,b)
a
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. F(1+kj K a
Za(l—lj I L1

1-x*+cx? a

2.23  Gini Coefficient
The Gini coefficient of the LNK distribution is explained as:

G=1- ,u’ll(l— F(x)) dx

0

1 1 1 a 2b
po\1-(1-c)x
2.24 Mean deviations

The mean deviation of the LNK distribution from arithmetic mean and median are

denoted by 8,(Y) and 8, (Y ) respectively and are found from

3,(V) = [|y-s | ()

= fﬂf(y)dy = Tyf(y)dy+ jyf(y)dy - jﬂf(y)dy

0

=2uF(4) - 23(n)

1
_ 1-2 ) b < r(aJrkj 1) cut 1
=2u 1—(WJ -~ Z?ZT@“} | (——F——;=+k+1h)

1- 4 +cu® a

The mean deviation about median

3,() = []y-M |1 (y)dy

M

= [Mf(y)dy - hfyf(y)dy+jyf(Y)0|y - jM f(y)dy

0
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+k+1 b)

1
- zﬁir(a+kj(l 1jk oM

o) I MTroM® 3

3. ESTIMATION

Here, we consider

3.1 Maximum-likelihood estimation

The likelihood function of random sample Xl’ X2 peeny Xn of observation is given by

f (X, Xy,..0r X ;8,0,C) = Hf(x,,abc)

L(xi,a,b,c):ﬁf(xi,a,b,c)

e 1] (-]
(H(l— (1—c)xia)jl+b

i=1

L(x,a,b,c) =

Taking In both sides

InL=nlnabc +(a— 1)Z|nx + (b— 1)Zln(1 x*) — (1+b)ZIn(1 1-0)x*)

i=1 i=1
It follows that the maximum-likelihood estimates (a, b, C) , say (&HB, C) , are the simultaneous

solutions of the equations:

o _n B aInx L-c)x*Inx
_a+ZInx (b— 1)2(1_ )2(1 X )

oL
ab_g Zln(l x%) — Zln(l L-0)x?)

i=1
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%:ﬂ_(1+b)zx+

oc ¢ ='1-(1-c)x°
For the ML estimators, we solve the following three equations simultaneously we have
Aokt
da b ac

Since the equations are of implicit and have the complicated forms. Therefore, for numerically

solution of the equations we can use differenent softwares like The R Mathematica 10.2 etc.

Table 1 The Bias, MSE values for the LNK model when a=b=c=2.0

4. SIMULATION STUDY

n=10 n=20 n=30 n=50 n=70 n=100
Bias(a) 0.6789 0.2966 0.1591 0.0732 0.0398 0.0134
Bias(b) 148.4399 98.1754 80.9118 56.4929 42.0678 37.0448
Bias(c) 519.4312 63.2427 5.1913 0.3873 -0.1171 -0.6091
MSE(a) | 2.3026 0.7537 0.3908 0.1723 0.1132 0.0843
MSE(b) | 45131.8214 22559.3813 17215.8524 9705.1161 5973.0134 5221.2081
MSE(c) | 47298521234 | 592121.2123 17854.2713 33.3845 15.21264 4.6655

n=150 n=200 n=300 n=500 n=700 n=1000
Bias(a) 0.0165 0.0013 0.0025 -0.0071 -0.0157 -0.0134
Bias(b) 25.9659 17.9847 12.0603 6.9705 5.6428 4.7767
Bias(c) -0.7730 -0.9022 -0.9606 -0.9643 -0.9604 -0.9707
MSE(a) | 0.0578 0.0445 0.0286 0.0179 0.0123 0.0081
MSE(b) | 2688.8471 1429.0832 685.7248 176.8713 80.2722 36.4003
MSE(c) | 2.2229 1.8662 1.5139 1.3256 1.2007 1.1071
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Table 2 The Bias, MSE values for the LNK model when a=b=c=2.5

n=10 n=20 n=30 n=50 n=70 n=100
Bias(a) 0.7101 0.1423 0.0226 -0.0336 -0.0764 -0.0892
Bias(b) 148.6944 83.5053 70.3768 49.9135 40.9383 28.8218
Bias(c) 908.6814 240.0717 101.7437 6.0567 3.3570 1.6298
MSE(a) 2.5889 0.6457 0.4488 0.2476 0.1627 0.1103
MSE(b) 46025.2324 | 19184.2612 | 13459.1232 | 7983.5764 5993.6893 3566.5871
MSE(c) 8932954 2172753 858508 1049.3921 181.7757 45.5042

n=150 n=200 n=300 n=500 n=700 n=1000
Bias(a) -0.1165 -0.1040 -0.1170 -0.1267 -0.1286 -0.1309
Bias(b) 16.4083 11.5937 8.2968 4.7545 3.6887 3.1612
Bias(c) 0.9505 1.0242 0.6185 0.4136 0.4096 0.2923
MSE(a) 0.0804 0.0619 0.0491 0.0373 0.0310 0.0282
MSE(b) 1369.2381 | 791.9238 402.1093 108.3226 41.8772 16.9204
MSE(c) 15.8173 13.1791 6.4383 3.0282 2.2463 1.4012

Table 3 The Bias, MSE values for the LNK model when a=b=c=3.0

n=10 n=20 n=30 n=50 n=70 n=100
Bias(a) 0.4603 0.0535 -0.0688 -0.1884 -0.2438 -0.2725
Bias(b) 139.5197 81.7559 59.6459 39.1355 28.2413 16.5283
Bias(c) 1318.3864 | 540.5148 167.8884 61.5224 12.9443 9.0277
MSE(a) 2.1234 0.9155 0.6307 0.3236 0.2394 0.2077
MSE(b) 43208.6434 | 18732.8834 | 11124.5823 5996.8751 | 3686.9514 | 2041.9723
MSE(c) 12800727 4713924 1058158 285476.4 1760.2651 | 455.9306

n=150 n=200 n=300 n=500 n=700 n=1000
Bias(a) -0.2895 -0.3107 -0.3037 -0.3063 -0.3198 -0.3133
Bias(b) 10.2456 6.4328 3.8052 2.2502 1.5573 1.3494
Bias(c) 7.5233 7.4066 5.9516 5.0419 5.2533 49514
MSE(a) 0.1698 0.1596 0.1384 0.1194 0.1204 0.1101
MSE(b) 845.9625 368.9467 139.7221 35.0732 8.4393 3.1515
MSE(c) 238.0884 154.0213 83.8912 46.6563 42.8393 34.4719
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5. SOME TRANSFORMED DISTRIBUTIONS

5.1 Following table show the dffierent transformation of LNK distribution:

Sr. No. a b c Transformation Resulting Distribution
1 a b 1 X Kumaraswamy distribution (1980)
Corderio (2012) distribution
b
2 a | b |1 1-x F(x) = 1-(1—(1—x)a) ;
0<x<1, ab>0
B(1,b) and Kum(1,b)
3 1 (b |1 X R
Power distribution
B(a,1) and Kum (a,1)
4 a |1 1 X R
Power distribution
5 a |1 1 -logx Exp(a)
6 1 |b 1 -log(1-x) Exp(b)
7 a |b 1 X Kum(a,b) or G Bl (a,1,1,b)
1
X F(x) =1- b
8 1] b |1 — (1+x)
1+X
O<x<oo, b>0
cX F(x) :1—(1—x)b;
? b ¢ 1—x+cx 0<x<1 b>0
10 1 1 1 X Uniform (0,1)

5.2 Asymptotes and Shapes

The asymptotes of (1.1), (1.2) and (3.1) as x — 0,1 are given by

pdf f(x) hrf h(x)

X —0 abcx*wherea,b,c<1 abcx**wherea,b,c<1
- abc

X—1 abc(l—xa) where a,b,c <1

) where a,b,c <1

(1— X2
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6. APPLICATION

In order to prove that LNK distribution can be a better model than the Power distribution,
Beta distribution with (a = 1), Beta distribution, Kumaraswamy distribution, let us use three real
data sets.

The following tables show the numerical values with MLEs and their corresponding
standard errors (in parentheses) of the model parameters including loglikelihood, Kolmogorov-
Smirnov test (KS), Akaike information criterion (AIC) and Consistent Akaike information
criterion (CAIC) for comparing LNK distribution with the Power distribution, Beta distribution
with (a =1), Beta distribution, Kumaraswamy distribution. It is quite evident from the reports that
LNK distribution is better. The plots of the fitted distributions to real datasets are shown in
figures.

Data Set 1:

The following right to skewed dataset presented by Cordeiro and Brito (2012) [13] is obtained
from the measurements on petroleum rock samples. The data consists of 48 rock samples from a
petroleum reservoir. The dataset corresponds to twelve core samples from petroleum reservoirs
that were sampled by four cross-sections. Each core sample was measured for permeability and
each cross-section has the following variables: the total area of pores, the total perimeter of pores
and shape. We analyze the shape perimeter by squared (area) variable and the observations are:
0.0903296, 0.2036540, 0.2043140, 0.2808870, 0.1976530, 0.3286410,

0.1486220, 0.1623940, 0.2627270, 0.1794550, 0.3266350, 0.2300810,

0.1833120, 0.1509440, 0.2000710, 0.1918020, 0.1541920, 0.4641250,

0.1170630, 0.1481410, 0.1448100, 0.1330830, 0.2760160, 0.4204770,

0.1224170, 0.2285950, 0.1138520, 0.2252140, 0.1769690, 0.2007440,

0.1670450, 0.2316230, 0.2910290, 0.3412730, 0.4387120, 0.2626510,

0.1896510, 0.1725670, 0.2400770, 0.3116460, 0.1635860, 0.1824530,

0.1641270, 0.1534810, 0.1618650, 0.2760160, 0.2538320,  0.2004470.

Data set 2

The symmetric behavior of the following dataset, discussed by Dasgupta (2011) [14], consists of
50 observations relates to holes operation on jobs made of iron sheet. This dataset is as follows:
0.04, 0.02, 0.06, 0.12, 0.14, 0.08, 0.22, 0.12, 0.08, 0.26, 0.24, 0.04, 0.14, 0.16, 0.08, 0.26, 0.32, 0.28, 0.14,
0.16, 0.24, 0.22, 0.12, 0.18, 0.24, 0.32, 0.16, 0.14, 0.08, 0.16, 0.24, 0.16, 0.32, 0.18, 0.24, 0.22, 0.16, 0.12,
0.24, 0.06, 0.02, 0.18, 0.22, 0.14, 0.06, 0.04, 0.14, 0.26, 0.18, 0.16.



Int. J. Anal. Appl. 19 (3) (2021) 430

Data Set 3:

The following second data set presented by Cordeiro and Brito (2012) [13], displays the skewed
symmetric trend of data. This data discusses the total milk production in the first birth of 107
cows from SINDI race. These cows are property of the Carnatba farm which belongs to the
Agropecudria Manoel Dantas Ltda (AMDA), located in Taperoa City, Paraiba (Brazil). The data of
proportion of total milk is as under:

0.4365, 0.4260, 0.5140, 0.6907, 0.7471, 0.2605, 0.6196, 0.8781, 0.4990, 0.6058, 0.6891, 0.5770, 0.5394,
0.1479, 0.2356, 0.6012, 0.1525, 0.5483, 0.6927, 0.7261, 0.3323, 0.0671, 0.2361, 0.4800, 0.5707, 0.7131,
0.5853, 0.6768, 0.5350, 0.4151, 0.6789, 0.4576, 0.3259, 0.2303, 0.7687, 0.4371, 0.3383, 0.6114, 0.3480,
0.4564, 0.7804, 0.3406, 0.4823, 0.5912, 0.5744, 0.5481, 0.1131, 0.7290, 0.0168, 0.5529, 0.4530, 0.3891,
0.4752, 0.3134, 0.3175, 0.1167, 0.6750, 0.5113, 0.5447, 0.4143, 0.5627, 0.5150, 0.0776, 0.3945, 0.4553,
0.4470, 0.5285, 0.5232, 0.6465, 0.0650, 0.8492, 0.8147, 0.3627, 0.3906, 0.4438, 0.4612, 0.3188, 0.2160,
0.6707, 0.6220, 0.5629, 0.4675, 0.6844, 0.3413, 0.4332, 0.0854, 0.3821, 0.4694, 0.3635, 0.4111, 0.5349,
0.3751, 0.1546, 0.4517, 0.2681, 0.4049, 0.5553, 0.5878, 0.4741, 0.3598, 0.7629, 0.5941, 0.6174, 0.6860,
0.0609, 0.6488, 0.2747.

Estimated Parameters by MLE with their S.E. and Goodness of Fit

Data set 1
Model a B 7 -In(L) | KS AIC CAIC
Power 0.63 -6.0118 | 0.4295 | 14.0237 | 14.1107
(0.0909)
Beta 3.9643 - 0.9156 | 62.4412 | 62.5281
(A =1) (0.5722) 30.2205
Kumaraswamy 44.6597 | 2.7187 - 0.1533 | 108.9831 | 109.2497
(17.5894) | (0.2937) 52.4915
Beta 5.9417 21.2057 - 0.1427 | 115.2004 | 115.4671
(1.1825) | (4.3513) 55.6002
Libby Novick 5.5040 0.7469 | 10.4007 - 0.0852 | 121.588 | 122.1334
Kumaraswamy (0.6078) | (0.2042) | (130.7012) | 57.7939
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Figure 6.1: pdf, cdf and Q-Q graphs of the densities for data set 1
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Estimated Parameters by MLE with their S.E. and Goodness of Fit
Data set 2
Model é B ; -In(L) | KS [AIC CAIC
Power 0.5033 -15.0139 | 0.4364 | 32.0279 | 32.1113
(0.0711)
Beta 5.4693 -44.0998 | 0.8786 | 90.1997 | 90.2831
(a =1) (0.7735)
Kumaraswamy 33.1367 2.0773 -56.0686 | 0.0902 | 116.1374 | 116.3927
(13.9342) | (0.2551)
Beta 2.6825 13.8656 -54.6066 | 0.1214 | 113.2133 | 113.4686
(0.5074) | (2.8295)
Libby Novick 2.0376 226.0664 0.1342 -56.2244 | 0.0900 | 118.4489 | 118.9707
Kumaraswamy (0.2687) (980.0583) | (0.5945)
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Figure 6.2: pdf and cdf graphs of the compitators distributions for data set 2
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Figure 6.3: Q-Q plots of the densities for data set 2
Estimated Parameters by MLE with their S.E. and Goodness of Fit data3

Model a ﬁA’ 7 —In(L) [ KS [AIC | CAIC

Power 1.1123 -0.58545 | 0.2418 | 3.17090 | 3.209
(0.1075)

Beta 1.4181 -5.8304 | 0.9669 | 13.6608 | 13.6989

(a =1) (0.1371)

Kumaraswamy 3.4363 | 2.1948 -25.3946 | 0.0769 | 54.7893 | 54.9047
(0.5822) | (0.2224)

Beta 24125 | 2.8296 -23.7772 | 0.0816 | 51.5544 | 51.6698
(0.3145) | (0.3745)

Libby Novick Kumaraswamy | 1.7588 | 18.3624 0.1044 | -27.2446 | 0.0698 | 60.4892 | 60.7222
(1.0411) | (201.0970) | (1.2976)
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6 CONCLUSION
The LNK distribution has some properties like the LNB distribution but, there are numerous
benefits of the LNK distribution over LNB distribution: the LNK distribution has simple closed
form of both its cdf and quantile function and that’s why it is easy to use in simulation studies.The
distribution and quantile function of LNK do not involve any special functions. To compare the
proposed model with other models, we apply these models to three sets of real data from different
tields of science and engineering and it is examined by using well-known statistics. We conclude
that the LNK distribution is better than the power, Beta with (a=1), Beta distribution and

Kumaraswamy distribution.
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Appendix 1: Quantile values of LNK distribution

a h c 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.99 0.999
05(105] 0.1 | 049155 | 0.72089 | 0.83237 | 0.89632 | 0.93652 | 0.96296 | 0.98050 | 0.99171 | 0.99798 | 0.99998 1
05|05 0.2 | 0.29135 | 0.54420 | 0.70361 | 0.80797 | 0.87890 | 0.92795 | 0.96158 | 0.98353 | 0.99597 | 0.99996 1
05|05 0.6 | 0.07899 | 0.23413 | 0.40237 | 0.55900 | 0.69444 | 0.80539 | 0.89110 | 0.95181 | 0.98798 | 0.99988 | 0.99999
05(05| 1.0 | 0.03610 | 0.12960 | 0.26010 | 0.40960 | 0.56250 | 0.70560 | 0.82810 | 0.92160 | 0.98010 | 0.99980 | 0.99999
05]05] 1.5 | 0.01828 | 0.07438 | 0.16780 | 0.29416 | 0.44444 | 0.60493 | 0.75831 | 0.88581 | 0.97037 | 0.99970 | 0.99999
05|05 3.0 | 0.00525 | 0.02493 | 0.06634 | 0.13845 | 0.25000 | 0.40495 | 0.59472 | 0.79012 | 0.94204 | 0.99940 | 0.99999
05|05 6.0 | 0.00141 | 0.00734 | 0.02185 | 0.05224 | 0.11111 | 0.21777 | 0.39386 | 0.64000 | 0.88898 | 0.99880 | 0.99998
05]05| 10 | 0.00052 | 0.00283 | 0.00888 | 0.02278 | 0.05325 | 0.11851 | 0.25277 | 0.49827 | 0.82493 | 0.99800 | 0.99998
1.0|1.0| 0.1 | 0.52631 | 0.71428 | 0.81081 | 0.86956 | 0.90909 | 0.93750 | 0.95890 | 0.97561 | 0.98901 | 0.99899 | 0.99990
10|10 | 0.2 | 0.35714 | 0.55555 | 0.68181 | 0.76923 | 0.83333 | 0.88235 | 0.92105 | 0.95238 | 0.97826 | 0.99798 | 0.99980
1.0 [ 1.0 | 0.6 | 0.15625 | 0.29411 | 0.41666 | 0.52631 | 0.62500 | 0.71428 | 0.79545 | 0.86956 | 0.93750 | 0.99397 | 0.99940
1.0| 1.0 | 1.0 | 0.10000 | 0.20000 | 0.30000 | 0.40000 | 0.50000 | 0.60000 | 0.70000 | 0.80000 | 0.90000 | 0.99000 | 0.99900
1.0 1.0 | 1.5 | 0.06896 | 0.14285 | 0.22222 | 0.30769 | 0.40000 | 0.50000 | 0.60869 | 0.72727 | 0.85714 | 0.98507 | 0.99850
1.0 | 1.0 | 3.0 | 0.03571 | 0.07692 | 0.12500 | 0.18181 | 0.25000 | 0.33333 | 0.43750 | 0.57142 | 0.75000 | 0.97058 | 0.99700
1.0 10| 6.0 | 0.01818 | 0.04000 | 0.06666 | 0.10000 | 0.14285 | 0.20000 | 0.28000 | 0.40000 | 0.60000 | 0.94285 | 0.99403
1.0 | 1.0 | 10.0 | 0.01098 | 0.02439 | 0.04109 | 0.06250 | 0.0909 | 0.13043 | 0.18918 | 0.28571 | 0.47368 | 0.90825 | 0.99008
20120 0.1 |0.59248 | 0.73576 | 0.81319 | 0.86269 | 0.89751 | 0.92368 | 0.94444 | 0.96184 | 0.97764 | 0.99449 | 0.998371
20120| 0.2 | 046139 | 0.60921 | 0.70282 | 0.76984 | 0.82120 | 0.86253 | 0.89722 | 0.92775 | 0.95673 | 0.98907 | 0.99675
20|20 | 0.6 | 0.28757 | 0.40544 | 0.49548 | 0.57148 | 0.63906 | 0.70143 | 0.76103 | 0.82049 | 0.88475 | 0.96824 | 0.99034
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20120 1.0 [ 0.22653 | 0.32492 | 0.40415 | 0.47476 | 0.54119 | 0.60625 | 0.67251 | 0.74349 | 0.82690 | 0.94868 | 0.98406
20120 1.5 | 0.18656 | 0.27009 | 0.33935 | 0.40308 | 0.46517 | 0.52843 | 0.59585 | 0.67213 | 0.76838 | 0.92582 | 0.97637
20|20 3.0 [ 0.13308 | 0.19456 | 0.24718 | 0.29735 | 0.34831 | 0.40283 | 0.46458 | 0.54018 | 0.64719 | 0.86602 | 0.95434
20120 6.0 [0.09452 | 0.13889 | 0.17751 | 0.21507 | 0.25412 | 0.29715 | 0.34781 | 0.41330 | 0.51469 | 0.77459 | 0.91442
2.0 | 2.0 | 10.0 | 0.07334 | 0.10800 | 0.13838 | 0.16815 | 0.19943 | 0.23435 | 0.27618 | 0.33167 | 0.42164 | 0.68824 | 0.86823
2525 1.0 | 0.27941 | 0.37373 | 0.44615 | 0.50896 | 0.56705 | 0.62340 | 0.68063 | 0.74227 | 0.81622 | 0.93330 | 0.97426
3.0[30] 01 | 064095 | 0.75811 | 0.82327 | 0.86619 | 0.89717 | 0.9210 | 0.94038 | 0.95702 | 0.97268 | 0.99101 | 0.99632
3.0[3.0] 02 | 053323 | 065307 | 0.72871 | 0.78371 | 0.82677 | 0.86225 | 0.89283 | 0.92060 | 0.94813 | 0.98233 | 0.99270
3.0[3.0] 0.6 | 038309 | 048491 | 0.55810 | 0.61822 | 0.67111 | 0.71995 | 0.76713 | 0.81531 | 0.86978 | 0.95043 | 0.97871
3.03.0] 1.0 | 032557 | 0.41540 | 0.48216 | 0.53897 | 0.59088 | 0.64085 | 0.69143 | 0.74602 | 0.81222 | 0.92230 | 0.965489
3.0[3.0] 1.5 | 0.28551 | 0.36582 | 0.42659 | 0.47932 | 0.52858 | 0.57723 | 0.62799 | 0.68488 | 0.75764 | 0.89138 | 0.94991
3.0 (3.0 3.0 | 022749 | 0.29276 | 0.34308 | 0.38769 | 0.43040 | 0.47385 | 0.52089 | 0.57626 | 0.65255 | 0.81847 | 0.90856
30|30 6.0 | 018092 | 0.23334 | 0.27416 | 0.31075 | 0.34627 | 0.38301 | 0.42366 | 0.47297 | 0.54441 | 0.72284 | 0.84343
3.0 3.0 10.0 | 0.15271 | 0.19714 | 0.23187 | 0.26316 | 0.29369 | 0.32550 | 0.36102 | 0.40471 | 0.46950 | 0.64388 | 0.77952
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Appendix 2: Variance, Skewness and Kurtosis of LNK distribution

Following table shows the skewness and kutosis alongwith variance of LNK distribution

a b C Variance Skewness Kurtosis
0.5 0.5 0.1 0.05296 —1.90608 6.01753
0.5 0.5 0.2 0.07621 —1.27182 3.53694
0.5 0.5 0.6 0.11146 —0.46476 1.80245
0.5 0.5 1 0.12190 —0.13530 1.5386
0.5 0.5 1.5 0.12589 0.11638 1.50603
0.5 0.5 3.0 0.12346 0.54039 1.77633
0.5 0.5 6.0 0.11145 0.97311 2.46619
0.5 0.5 10.0 0.09890 1.30763 3.28243
1.0 1.0 0.1 0.04264 -1.82849 5.97880
1.0 1.0 0.2 0.05954 —1.19142 3.56560
1.0 1.0 0.6 0.08049 —0.35626 1.95722
1.0 1.0 1 0.08333 0.00000 1.80000
1.0 1.0 1.5 0.08152 0.28209 1.89855
1.0 1.0 3.0 0.07109 0.78491 2.56442
1.0 1.0 6.0 0.05508 1.34776 4.06188
1.0 1.0 10.0 0.04264 1.82849 5.97880
1.5 1.5 0.1 0.03501 -87.1461 386.365
1.5 1.5 0.2 0.04780 -40.6365 139.708
1.5 1.5 0.6 0.06162 -13.6714 32.6900
1.5 1.5 1 0.06205 —0.04546 2.00878
1.5 1.5 1.5 0.05922 0.21997 2.1023
1.5 1.5 3.0 0.04919 0.68276 2.73117
1.5 1.5 6.0 0.03603 1.18148 4.11004
1.5 1.5 10.0 0.02662 1.58988 5.82322
2.0 2.0 0.1 0.02935 —1.80078 6.22199
2.0 2.0 0.2 0.03939 —1.20368 3.91541
2.0 2.0 0.6 0.04923 —0.43784 2.35643
2.0 2.0 1 0.04888 —0.12530 2.18005
2.0 2.0 3.0 0.03789 0.50497 2.69308
2.0 2.0 6.0 0.02764 0.89112 3.64976
2.0 2.0 10.0 0.02052 1.17422 4.71545
25 25 0.1 0.02502 -694.098 3782.96
2.5 2.5 0.2 0.03311 -273.261 1177.61
2.5 2.5 0.6 0.04050 -278.916 868.895
2.5 2.5 1.5 0.03761 0.00355 2.3443
2.5 2.5 3.0 0.03094 0.33237 2.64818
2.5 2.5 6.0 0.02295 0.62511 3.25548
2.5 2.5 10.0 0.01744 0.81623 3.85719
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