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ABSTRACT. The main objective of this manuscript is to discuss some coupled coincidence point (ccp) results
for generalized a— admissible mappings which are f(1,p)— contractions in the context of b—metric spaces
(b-ms). Also, an example to support the obtained theoretical theorems is derived. Ultimately, an analytical

solution for nonlinear integral equation (nie) is discussed as an application.

1. INTRODUCTION AND ELEMENTARY DISCUSSIONS

Fixed point techniques plays an enormous role in many applications of mathematics. During the past
thirty years various extension of a metric space have been discussed. The Banach contraction principle is a
popular tool helps to solve problems in nonlinear analysis. A number of publications are interested to the
study and solutions of many practical and theoretical problems by using this principle [1-8].

Bakhtin [9] in 1993 and Czerwik [10] in 1998 introduced the concept of (b-ms). Since then, several papers
have been published on the fixed point theory of both classes of single-valued and multi-valued operators in

(b-ms). [11], [12], [13-16].
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Definition 1.1. [10] Let T’ be a nonempty set and s > 1 be a given real number. A function vy : T X T' —
[0,00) is a b-metric (b-m) iff, for all e,r,{ € T, the stipulations below are fulfilled:

(b1) w(e,r) =0 e=r;

(b2) vp(e,r) = vp(r, e);

(b3) vp(e,r) < slwp(e, ¢) +vp(C, 7).

The pair (T', 1) is called a (b-ms) with a constant s > 1.

Example 1.1. Let T' = [0,00). Define the function v, : Y2 — [0,00) by vy(e,r) = (e —1)2.

Then (T, 1) is a (b-ms) with a constant s = 2.

Definition 1.2. [10] Suppose that (I',vp) is a (b-ms). So a sequence {en} in T is called:
(i) convergent if there is e € I' so that vp(en,e) — 0 as n — oo.
(i1) Cauchy sequence iff limy, oo Vp(€m,€n) — 0 as n,m — co.

(i4i) the pair (T, vy) is called a complete iff every Cauchy sequence {e,} in T converges to e € T.

Lemma 1.1. [11] Let (T',v) be a (b-ms) with a coefficient s > 1, {e,} and {r,} be a convergent to points

e,r € I', respectively. Then we have

—wp(e,r) < liminfvy(en, r,) < limsup vp(en, ) < s*uy(e,r).
S n—00 n— o0

In particular, if e = r, then lim,, o vp(€n, ) = 0. Moreover, for each § € I, we have
1
gyb(e,é) < liminf vy(ey,d) < limsup vy(ey,, d) < svp(e, d).

n—00 n—00

Lemma 1.2. [12] Let {e,} be a sequence in a (b-ms) (I',vp) so that

Vb<ena enJrl) S )\Vb(enfla en)a
for some A\,0 < A < %, and for each n € N. Then {e,} is a Cauchy sequence in T.
The idea of coupled fixed point initiated and studied by Guo and Lakshmikantham [17]. After that, the

monotone property is studied by Bhaskar and Lakshmikantham [18]. Many works are made to generalized

this concept in various spaces under certain conditions, the reader can shed light on [19-23,25, 26].

Definition 1.3. [18] An element (e,r) € T x Y is called a (ccp) of the mappings T : T xT' — T and
A:T =T ifY(e,r) = Ae and Y(r,e) = Ar.

Definition 1.4. [27] An element (e,7) € T' x I' is called a (ccp) of mappings T,A : T' x T — T if
Y(e,7) = A(e,r) and Y(r,e) = A(r,e).

Example 1.2. Let T,A : R xR — R be defined by Y(e,r) = Ar and A(e,r) = 2(e+7) for all (e,r) €T xT
. Note that (0,0), (1,2) and (2,1) are (ccp) of T and A .
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Definition 1.5. [27] Let Y,A: T x ' = I'. We say that the pair (T,A) is generalized compatible if

Uy (T(A(en, ) Ay en)), AM(Y(en,mn), T(rn,en))) — 0asn — oo,

(T (A(rn, en), Alen, rn)), A(X(1n,en), Y(en, 7)) — 0asn— oo,

whenever {e,} and {r,} are sequences in I' such that for all t;,t3 € T, we have

nlgr;oT(en,rn) = HILHQOA(en,Tn) =11,
A T(rmsen) = lim Alrasen) =t

Definition 1.6. /28] Let T :T' = T and a: T'x T — [0, +00). We say that T is an a— admissible mapping

if a(e,r) > 1 implies a(Ye,Yr) > 1 for all e,r € Y.

Ansari [29] initiated the remarkable of C'—class functions. This contribution covers a large class of con-

tractive conditions. Here, we denote C-class functions as C.

Definition 1.7. [29] A C-class function is a continuous mapping f : [0,00)%> — R which fulfills the
stipulations below:

(1) fe.r) < e,

(2) f(e,r) = e implies that either e =0 or r =0 for all e,r € [0, 00).

Example 1.3. The functions below f : [0,00)* — R are elements of C, for all e,r € [0,00) :

(1) fle,r) =e—r;

(2) fle,r)=Xe,0 <A< 1;

(3) fler) = a0 € (0,00);
(4) fle,r) = Hrte) o> 1.

Here in this manuscript, we refers to:
o U = {1 :9:]0,00) = [0,00) is a strictly nondecrasing and continuous function, ¥(t) = 0 < ¢ = 0}.
e An ultra altering distance function ® = {¢ : ¢ : [0,00) — [0,00)} is a continuous, non-decreasing mapping
such that ¢(t) > 0 for t > 0 and ¢(0) > 0.

The goal of this paper is to obtain some new (ccp) results for a certain class of f(1), p)- contractive via
generalized a— admissible mappings in (b-ms). Ultimately, to support our work we present an example and

application to find an analytical solution to the (nie).

2. MAIN RESULTS

We begin this part with the definition below:
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Definition 2.1. Let T,A : T2 = T and a : T2 xT'?2 — R be given mappings. We say that Y is a generalized

a-admissible with respect to (w.r.t.) A if

a((Ale,r), A(r, €)), (Mg, ), Ak, p))) = 1 implies a((T(e, ), T(r,€)), (Y(p, 5), T(k, 1)) > 1,

for all (e,r), (u, k) € T2.
Now, we present the first main theorem:

Theorem 2.1. Let (I', 1) be a complete (b-ms) (with parameter s > 1), and Y, A : T? — T be two generalized
compatible mappings such that Y is a generalized a— admissible mapping w.r.t. A and A is continuous. Let

there is f € C, ¢ € W, p € ® so that the stipulation below holds

(Ale,r), Alre)), (A K), A, 1)),

(03 [e3

o Vb(A(eﬂ’),A(#,N));rl/b(/\(ne)J\(H,u)) )

)

< f

SD( Vb(A(E)T)rA(N’H));Vb(A(Tve)tA(N»H’)) )

(2.1) +p,
for all e,r,p,x €T,0,p >0, and o : (T2 x T'?) — [0,00). Assume that
(i) T(I'?) € A(T?),

(3) there is eg, 79 € T s0 that

a((A(eg,r0), Aro, €0)), (Y(eo,70), T(ro,€0)))

IV
\’b—‘

O‘((A(T(Jv 60), A(807 TO))v (T(TOa 60)7 T(eO, TO))) > L

Also, suppose either
(iv) T is continuous, or

(v) {en}, {rn} are two sequences in T so that
a((ent1,7nt1), (€n,mn)) = 1 and a((rn, en), (rni1, €nt1)) 2 1.
for alln e NU{0}, and e,, = e,7, = 1 asn — 00, e,r € ', we have
a((e,r), (en,m)) = 1 and a((rp, en), (r,e)) > 1.

Then Y and A have a (ccp).

Proof. Let eg,r9 € T, so by condition (ii), we have

a((A(eoﬂro)ﬂA(TOaGO))v(T(607r0)7T(T0760))) Z ]-7

a((A(rg, en), Aleo,70)), (Y(r0,€0), Y(eo,70))) > 1.
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According to (i), define two sequences {e,},{r,} in T by

Y(en,mn) = Aent1,mnt1)s Y(rn,en) = A(rnt1,ent1),Vn=0,1,2,....

Since T(I'?) C A(T'?), then we can write

a((A(eo, 7o), A(ro, €0)), (Aler, 1), A(r1,e1)))

= CM((A(E(), TO)? A(TO’ 60))7 (T(607 7"0)7 T(TOa 60))) > 1,

a((A(ro,e0), Aleo, 0)), (A(r1,e1), Aler, 1))

= a((A(?"(), 60), A(eo7 7’0)), (T(’I’o, 60)7 T(eo, 7’0))) Z 1.

Again, since Y is a generalized a-admissible mapping w.r.t. A, then we have that

a((Y(eo,r0), Y(ro,e0)), (T(e1,71), Y(r1,e1))) > 1,

and

O[((T(’I’(), 60)7 T(eo,ro))7 (T(Tl, 61), T(el,rl))) Z ].

By induction, we get for all n € NU {0},

a((Alent1,n+1), AMrn1; ens1)), (T(entr, 1), T(rn1, ens1)))
= a((T(en, ), Y(rn,en)), (Y(ent1,7n41)s LT (rnt1s €nt1))) > 1,
and  a((A(rn+1; €nt1), Alent1, 7n41)), (T(rng1; €ns1), Tlens1, rng1)))
= a((Y(rn,en), Y(en,mn)), (T(rnt1, €nt1), T(€nt1,mn41))) = 1.

(2.2)

Denote

)\n = Vb(A(env’rn)vA(en-i-larn-i-l)) + Vb(A(Tnyen)aA(Tn-i-lv en+1))7n cNuU {0}

We suppose that A, > 0,Vn € N because if not, (e,,r,) will be a (ccp) and the proof is finished.

We claim that (s A41) < ¥(An). Using (2.2) and letting e = ey, r = ry, t = €pq1, and & = 141 in (2.1),
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we get

Y (s"vp(Alent1, Tnv1), Alent2, Tni2)) +p

= 1/J(Sﬂl/b('f(ean),T(en_,_l,?“n_,_l))—l—p

IN

(1/1 (sgyb(T(en, Tn), T(6n+1, Tn+1)) + p)#n )

¥ (Vb(A(en 3Tn)sA(€nt1,7n41))+V6 (A(rn,en) A(rnt1,ent1)) )
2

)

IN

f +p

© (”b(A(emrn)»A(en+1:Tn+1))+Vb(A(Tnaen),A(Tn+17€n+1)) )
2

An An
(2.3 = 1(sCpreCp) 40
Hn = a((A(en, T‘n), A(Trn en))v (T(env rn)» T(Tnv en))) X
a((A(ent1,n41)s Arnsts ent1)), (Y(ent1;mnr1), Y(rngt, €ns1)))-
Similarly, we have
P (87 (A(rng2, ent2), A1, ent1)) +p

= (sgz/b(T(Tn_,_h €n+1), T(Tnyen)) +p

< (1/1 (Sgyb(T(Tn+lv €n+1)a T(rnv en)) + p)un )
¢ (Vb(A(Tn+1ye'rt+1)7A(Tnxe'rt))+Vb(A(e'rt+17T'n+1)7A(e'an))) ,
< f ° +p
@ (Vb(/\(7'n+17en+1)aA(7'm€n))+Vb(A(€n+1arn+1),/\(€nﬂ'n)))
2
A A
(2.4) = [l 050 ) +p
2 2
where
pn = a((A(rny1sent1); Aenst, Tng1)s (Y (rng, ent1), Y(entt; Tnr1)) X

a((A(rp, en)s Alen, ), (Y (rn, en), Y(en, ™).

Summing (2.3), (2.4), and since 1 is nondecreasing, we get

(25) 66" An) 1 (90003 ) < 0P

since 7 is nondecreasing. By inequality (2.5), one can write

1
Ant1 < — .
S

Hence, by Lemma 1.2, the sequence A, is b—Cauchy in I' and then {A(e,,r,)} and {A(r,,e,)} are also

Cauchy sequences in I'. By the completeness of I, there exist e, € I" so that

(2.6) lim A(en,rn) = Y(en,mn) = A, and  lim A(r,,en) = Y(rn,e,) =1

n—oo n— oo
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Since the pair (T, A) satisfies the generalized compatible, by (2.6), we can write

(2.7) nlggo vo(T(Alen, ), Arns en)), A(T(en, 1), Y(rn, en))) = 0,
(2.8) Jim v, (Y(A(rn, en), Alen, 7)), A(X (1, ), T(en, 7)) = 0.

Now, if (z) holds, that is T is continuous and A is already continuous from the hypothesis of the theorem,

then in view of triangle inequality, we have

vo(A(e; ), T(A(en, ), Mrnsen))) < slvp(Ae,r), AT (en, 70), Y(rn, €n)))

+ w(A(Y(en,rn), T(rn,en)), T(Alen, ), A(Tn, €r)))]-

Passing n — oo in the above inequality and using (2.6), (2.7), and the continuity of T and A, we get
A(e,r) = Y(e,r). Similarly, by (2.6), (2.8), we can show that A(r,e) = Y(r, e).

Next, assume that (i) holds. Since the pair T ,A satisfies the generalized compatible and A is continuous,
we have

lim A(A(Bn,Tn),A(Tnyen)) = A(G,T)

n—oo

= lim A(T(€n7rn)7r(rnven))

n— oo

(2.9) = lim Y(A(en,7n), A(rn,en)),

n—oo

lim A(A(rp,en),Alen,m)) = A(r,e)

n— oo

= lim A(T(Tnaen)7r(enarn))

n— oo

(210) = lim T(A(Tna en)a A(en7 Tn))

n— oo

Then, we have

a((A(Alen, ), e(rn, €n)), A(A(rn, €n), Alen,mn))), (Ale, ), Ar,e))) = 1,

and

a((AA(rnyen), Aen, ) A(A(en, Tn), AlTn, er))), (A(r,e), Ale,r))) > 1.
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Applying (2.1), we get

Y(wp(Lle,r),e(e,r))) = Um (vp(Lle,r),e(T(en,mn), Y(rn,en))))

n—oo

< Tim (0, T(elen 7). Alren)))) +
< lim (@(s7m(Y(e,r), Y(e(en, ) Alra,e)))) + p)",
(Vb(A(eﬂ")aA(A(enﬂ“n)aA(Tn&n)))*‘”b(A(T‘ve)71\(/\(%7%)»1\(%%))))
. 2 bl
< lim f +p,
n—o00 o (l/b(A(e,r)yA(A(en7T71)7A(T'n,76'”)));'1/!)(A(Tve)7A(A(T’"r76")7A(e77/r"))))
where
fPn = O[(A(E,T‘),A(T, 6)), (T(@,’I’),T(T’, 6)) X
(A(A(rn, €n), Alens ), A(A(en, ), AT, €n))),
«

(T(A(’I’n, en))v A(ena Tn)a T(A(Bn, TTL))’ A(Tnv en))
Using (2.9),(2.10), we get ¥(v(Y(e, ), Ale,r))) = 0 implies that Y(e,r) = A(e,r). Similarly, we can prove
that Y(r,e) = A(r,e). O

Theorem 2.2. Let (I',v;,) be a complete (b-ms) (with parameter s > 1), and Y, A : T2 — T be two generalized
compatible mappings so that Y is a generalized a—admissible mapping w.r.t. A and A is continuous. Let
there is f € C and ¢ € U, p € ® so that the stipulation below holds:

(7w (T(e,m), Y (1,5))
(Ale,r), Alre)), ) [ (Al k), Als, ),

(T(e7r)7T(T7 e)) (T(/%“LT(”):U))
+1

vy (A(e, ), A, 1)) +vp (A(r,e) Ak, vy (A(e, ), A, 1)) +vp (A(r,e) Ak,
W b (Ale,m), Alp ))2 b (A(re),AC M))#/’( p(Ale,m) Alp ))2 b (A(r,e),A( u)))>

Y

(2.11) < o

for all e,r,p, 5k € T, p,0 >0, and o : (T? x I'?) — [0,00). Assume that
(1) T(r?) C A(T?),
(9) there is eg, 70 € I' so that
a((A(eo,m0), A(ro, €0)), (T(eo,0), Y(ro,€0))) > 1,

a((A(rg, en), Aleo,70)), (Y (r0,€0), Y(eo,70))) > 1.

Also, suppose either
(iv) T is continuous, or

(v) {en}, {rn} are two sequences in T' such that

a((ent1,mnt1), (€n,mn)) > 1 and a((rn, en), (o1, €ny1)) > 1.
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for alln e NU{0}, and e, — e,7,, = 1 asn — oo, e,r € I', we have

a((e,r), (en,mn)) > 1 and a(rn,en), (r,e)) > 1.

Then T and A have a (ccp).

Proof. As in Theorem (2.1), we can conclude that for all n € NU {0},

a((Alent1,n+1), ATnt1, ens1))s (T(€nt1, Tns1), L(rng1, €ns1)))
= a((T(en,mn); Y(rn,€n)); (Y(€nt1,mnt1), L(rns1, ens1))) = 1,

and a((A(rnt1, €nt1); Aent1;mnr1)), (T(rnt1s €ng1), T(€ntt, )
= a((Y(rn,en); Yen, ), (Y(rnt1, ent1), T(ens1,mn41))) = 1.

(2.12)
Denote
)\n = l/b(A(en,’l"n),A(€n+1,7“n+1)) + Vb(A<rnaen)aA(Tn+17 €n+1))7n eNU {0}

We suppose that A\, > 0,Vn € N because if not, (e, r,) will be a (ccp) and the proof is finished.

We claim that ¥(s7Ant1) < ¥(A,). Using (2.12), letting e = e, r = 7, bt = €pt1, and K = 141 in (2.11),

we have
¥ (s7vp(Alent1,nt1),M(ent2,n42)) — 9U(s7vb(T(en,mn), T (ent1,mn+1))
S ( + )w(é Vb(T enarn) T(en+177n+1))
’l/) (Vb(/\(enﬂ“n) Alent, 7n+1))+1/b(/\(7"m€n) A(Tn+176n+1))>
© (ub(A €n,Tn), A(en+1,r71+1))+ub(A(rn,en) A(rpnt1, en+1))>
<
(2.13) — Qf(w(%)#ﬂ(%b))’
where
pn = a((Alen;mn), A(Tn, en)), (T(en, mn), T(rn, en))) X
a((A(ent1,7n41)s Arnsts ent1)), (Y(eny1s mnr1), Y(rngt, €ny1)))-
Thus, we get

Y (Vo(Alent1,Tnt1), Alent2, Tng2)) < f (1/)(?)7@()\2”)) )
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Similarly, we have

9¥(s7vp (A(Tn+2,n42),M(Tnt1,6n41)) — 9Y(s7Vb(T(Trt1,6n41),T(Tnsen))

< (fn+1) Y(s7vb(T(rnt1,ent1), Y (rn.en))
¥ ( o (A(Tnt1ent1) A(rn, en))+Vb(A(87z+177“n+1)71\(8n,rn))) 7
. o (Vb(A Tnt1,ent1),A(rn, en));Vb(A(enJrlv"'n+1)vA(en»7"n)))
(2.14) = 2f(w<%>7sa<%“>)7
where
pin = ((A(Tn41, €ns1), Aent1, Tn1)), (T(rag1, enva), Tlens1, mns1))) X
al((A(rp, en), Alen,mn)), (T(rn, en), T(en, ).
Thus, we get
(215 DA sz, Al enen)) < (9050050 )

Summing both inequalities (2), (2.15), and since v is nondecreasing, we have

An

(2.16) ¢ (" Ang1) < f (w<2),w<2”>) < w(A—’U,

since 7 is nondecreasing and from inequality (2.16), one can get

1
Ant1 < — .
S

Hence, by Lemma 1.2, the sequence A, is b—Cauchy in I' and then {A(e,,r,)} and {A(r,,e,)} are also

Cauchy sequences in I'. By the completeness of I, there exist e, € I" such that

(2.17) ILm elen,mn) = Y(en, ) =€, and ILm e(rn,en) =Y(rn,en) =r.

Since the pair (T, e) satisfies the generalized compatible condition, then by (2.17), one can write

(2.18) nll_)ﬁgo Vb(T(A(em Tn)s A(7n, en))7 A(T(em ), T(rn,en))) =0,
(2.19) nhﬁn;O Up(T(A(rn, en), AMen,mn)), A(T(rn, en), T(en, ) = 0.

Now, if (i) holds, we apply the same steps of Theorem (2.1), and we get A(r,e) = T(r,e).

Now, assume that (i¢) holds. Since the pair T,A satisfies the generalized compatible and A is continuous, we
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have

lim A(A(en,rn),e(rn,en)) = Ale,r)

n— oo

(2.20)

and

= lim A(Y(en, ), T(rn,en))

n—oo

= lim Y(A(en, ), Ae(rn,en)),

n—oo

lim A(A(rp,en),Alen, ) = A(r,e)

n— oo

(2.21)

Then, we can write

= lim A(T(Tn,en),T(en7rn))

n—o0

= lim T(A(’/’n,en),A(&urn))'

n— oo

a((A(A(en; mn), A(rn, en)), A(A(rn; en), Aen, m))), (Ale, ), Ar,e))) = 1,

and

a((AA(rnyen), AMen, ), A(A(en, Tn), AlTn, en))), (A(r,e), Ale,r))) > 1.

Applying (2.11), we get

¥ (v (Y(e;r),Ale,r)))

where

IN

IN

lim Qw(ub(T(e,T),e(T(en,T'T,,),T(Tn,en))))
n—oo

lim 29 @ (X (), X (e(enrn) Alra,en))))

n—oo

lim (j1 4 167 (0@ T(elenrn). Alrnen))),

n—oo

lim Qf(w(xn)»%’(Xn))7

n—roo

Hn = a(A(e,r),A(r,e)),(T(e,r),T(r,e))><

a( A, en)s Aens 7n))s A(A(Ens ), Alrn, en)), )
(T(A(rn,en),A(en,rn)),T(A(en,rn),A(rn,en)))

and

Vb(A(ev T)’ A(e(ena rn)a A(Tnv en))) + Vb(A(r7 e)a A(A(rna en)’ A(enrn)))

Xn =

2

Using (2.20),(2.21), we get ¢ (vp(Y (e, 1), Ae,7))) = 0 this leads to Y(e,r) = A(e,r). Similarly, we can prove

that Y(r,e) = A(r,e).

O
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Theorem 2.3. Let (I', 1) be a complete (b-ms) (with parameter s > 1), and Y, A : T? — T be two generalized
compatible mappings such that Y is a generalizeda— admissible mapping w.r.t. A and A is continuous. Let
there is f € C, ¢ € U, o € ® so that the stipulation below holds:
(Ale,r), A(r,e€)), (A, &), Ak, 1)),
o a P(s7vp(T(e,r), T(u, k)))
(T(e,r),T(r.e)) (Y(p, 5), Y (K, 1))

vy (Ale,r),A(p,k vy (A(r,e), Ak,
W( b(Ale,r), Ay ));— b(A(r,€),A( M)))7

(222) < f

o Vb(A(€7T)7A(lt7ﬁ));—l/b(A(Tve)yl\(ﬁyu)) )

forall e,r,p,k €T, p,0 >0,, and o : (T? x T'?) — [0,00). Assume that
(i) T(I?) € A(I?)
(i7) there is eg,ro € I so that
a((A(eo, m0), A(ro, €0)), (Y(€o,70), Y(ro,€0))) > 1,
Oé((A(TO, 60>7 A<607 TO))7 (T<T07 60)7 T(€07 TO))) Z 1.
Also, suppose either

(iv) T is continuous, or

(v) {en}, {rn} are two sequences in T so that
a((en+1,rn+1)7 (ena Tn)) > 1,
a((rn, en)7 (T‘n+1,€n+1)) Z 1.
for alln e NU{0}, and e,, = e,7,, = 1 asn — oo, e,r € I', we have
a((e,r), (en,mn)) = 1,
a((rp, en), (r,e)) > 1.

Then Y and A have a (ccp).
Proof. Again, as in Theorem (2.1), we can conclude that for all n € N U {0},

a((Alen+1,mn41), Alrna1; €nt1)), (Y(ent1, Tng1), Yot €ng1)))
=a((Y(en,n); Y(rn,en)), (Y(ent1,7n41), T(rn1, €nt1))) = 1,and
a((A(rn+1; €nt1), Alent1,7nt1)), (Y(Tns1, eng1), Ylent1, mng1)))

= a((T(rn,en); Yen, ™)), (Y(rat1, ent1), T(ent1,mn41))) = 1.

(2.23)
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Denote

An = Vb(A(en»Tn)a A(€n+1,7”n+1)) + Vb(A(rna en)aA(rn+1»en+1))vn eNU {0}

We suppose that A\, > 0,Vn € N because if not, (e,,r,) will be a (ccp) and the proof is finished.
We claim that ¥(s%Ant1) < ¥(A,). Using (2.12), letting e = ey, r = 7, ft = €pt1, and K = 141 in (2.22),

we have
(0 (SUVb(A(eTL+17 rn+1)a A(en+27 Tn+2>)
= 9 (SUVb(T(env Tn)7 T(en—i-lv Tn+1))
< (7vp(Y(en, mn), Y(ent1, Tng1))
1/} (Vb(A(ean):A(enJrl77'n+1))+Vb(A(7'nven)»A(Tn+1a€n+1)))
< f ’ ’
© (”b(A(envrn)vA(enJrl77"n+1))+Vb(A(7'nven)vA(Tn+1ven+1)))
2
A"L >\7l
2.24 = n n
(224) (v,
where
Hn = a((A(en; Tn), A(Tna en))7 (T(@n, ’I"n), T(T’ru en))) X
a((Alent1,mnt1), Arntrs €nt1))s (T(ent1,mn41), T(rntr, €ng1))).
Thus, we get
o An An
(2.25) ¥ (s7vp(Alent1,mnt1), Aenta, mnva)) < F (), 0(50) ) -

Similarly, we have

1/} (SUVb(A(Tn+27 €n+2); A(Tn+1, en—i—l))

= '(/1(SUVb(T(Tn+1,€n+1>,T(Tn,en))

S /’an (SUVb(T(’/‘n_;’_l’ €7L+1)7 T(T’fh en))
v (Vb(A(?”n+1,€n+1),A(T’men))+l/b(1\(6n+1,Tn+1),1\(6m?”n)))
< f ’ ’
© (Vb(A(T‘rrl»l7€7L+1)7A(T'n.ye'rt))+yb(A(e'rL+l7T1L+1)7A(€7L7T7L)))
2
An An
(2.26) = f (1/}(2)7 @(2)> )

where

pn = ((A(rn1s ent1); Aent1, Tns1))s (Y (rns1, ent1), Y(ent1,mnt1))) X

a((A(Tm en)7 A(em rn))> (T(Tna en)» T(en; Tn)))
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Thus, we get
o An An
(2.27) 66"z ens) Al i) < 1 (902003
By inequalities (2.25), (2.27), and since 4 is non-decreasing, we have
An An An
(2.28) 06 A) £ (500 ) < U

since 9 is nondecreasing and by inequality (2.28), we get
1
)\n+1 S 87)\77,

Thus, by Lemma 1.2, the sequence A, is b-Cauchy in T’ and then {A(e,,r,)} and {A(r,, e,)} are also Cauchy

sequences in I'. By the completeness of I', there exist e,r € I' such that

(2.29) lim A(en,rn) = Y(en, ) =€, and lm A(ry,e,) = Y(rp,e,) =1

n—oo n—oo

Since the pair (T, e) satisfies the generalized compatible condition, then by (2.29), one can write

(2.30) nhHH;O Up(Y(Alen, ), Arn,en)), A(T(en, ), Y(rn,en))) =0,
(2.31) nhﬁn;o Up(T(A(rn, en), Aen, 1)), A(X(rn, en), T(en, ) = 0.

Now, if (i) holds, we apply the same steps of Theorem (2.1), and we get A(r,e) = T(r,e).
Now, assume that (i¢) holds. Since the pair YT, A satisfies the generalized compatible condition and A is

continuous, we have

lim A(A(en,7n), A(Tn,en)) = Ale,r)

n—0o0

= lim A(T(en,rn)aT(rnven))

n— 00
(2.32) = ILm Y(Alen, ), Arn,en)),
and

lim A(A(rp,en),Alen,m)) = A(r,e)

n—oo

= lim A(T(Tnaen)vr(enarn))

n— oo

(2.33) = lim Y(A(rn,en), Alen, rm)).

n— oo

Then, we have

a((AMA(en, rn), A(rn,en)), A(A(rn, en), Alen, ), (Ale,r), A(r,e))) > 1,

and

a((AMA(rn, en), Aen, )y A(A(en,s Tn), A(Tn, €n))), (A(r,e), Ale,r))) > 1.
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Applying (2.22), we get

Y(wp(T(e,r), Ale,r))) = lim P (vp(T(e,r), A(Y(en, ), L(rn,en))))

= lim (Y (e,7), Y(Alen, 7)s Alras en))
< T}i_{goﬂnw(Vb(T(eﬂ")aT(A(emrn)aA(rmen))))’
< lm f(P(xn); e(xn))
where
wn = a(A(e,r),A(r,e)), (T(e,r),L(r,e)) x
X ( (A(A(En, )y Ay €n))s AA (s €n), Alen, 7)), ) |
(Y(Alen,mn), A(Tn, en)), T(A(Tn, en), Alen,m4)))
and
Xn = Vb(A(ea 7’), A(A(ena Tﬂ)a A(Tna en))) + Vb(A(Tv 6), A(A(Tna en)ﬂ A(enrn)))
n 2 .
Using (2.32),(2.33), we get ¢ (vp(Y(e,r), Ale,7))) = 0 implies that Y(e,r) = A(e,r). Similarly, we can prove
that Y(r,e) = A(r,e). O

Theorem 2.4. Suppose that all requirements of Theorems (2.1) or (2.2) or (2.3) are fulfilled. In addition,

let the stipulation below holds:

(vi) If A(e,r) = Y(e,r) and A(r,e) = Y(r,e)
then
a((Ale,r), A(r,e)), (T(e,r), T(r,€))) > 1,
and
a((A(r,e), Ale, ), (Y(r,e), (e, 7)) > 1.

Then A and Y have a unique (ccp).

Proof. From Theorem (2.1) or (2.2) or (2.3), we know that the set of (ccp) of A and T is nonempty. Let
(e,r) and (e*,r*) are (ccp) of A and Y, this yields

Ale,r) =T(e,r), Alr,e) =T (r,e),
and

Ale*,r*)y =T (e*,r"), A(r*,e*)=7T(r",e").
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We will prove that A(e,r) = A(e*,7*) and A(r,e) = A(r*, e*).

It follows from (vi) that

a((Ale,r), A(r,€)), (T(e,r), Y(r,e))) > 1

a((A(r,e), Ale, 7)), (X(r,e), Y(e,r))) = 1,
and

a((Ale*,r*), A(r*,e")), (T(e*,r*), T(r*,e*))) > 1

a((A(r™,e"), Ale”, 7)), (Y(r™, e"), Y(e,r7))) = 1,
From Theorem 2.1, using above inequalities, we have

(0 (Vb(A(e’ T)a A(e*’ T*)) +p

< ¢(SUV5(T(6,T)7T(€*,T*)) +p
< (W (Tw(Y(e,r), Y™ ™)) +p)"
1/}( vy (Ae,r),A(e” ™)) +vy (A(r,e) , A(r*,e*)) )
(2.34) < f . B B2
s0(1/1,(A(e,7‘),/\(e 7))+ (A(r,e),A(r™ e )))
2
where

pin = a((Ale, ), Ar,€)), (Y(e, ), L(r,€))), al (Ale”,r7), A(r™, e)), (Y(e®, r™), L(r", e%))).
From Theorem 2.2, we have

oY (vo(Ale,r),A(e™7))) < 9v(sw(T(e,r), Y (e",r™)))

IN

(pin + 1)¢(S“Vb(T(e,r),T(e*»T*)))

vp(Ale,r), Ae™,r™)) vy (A(r,e) A(r™,e™)) vy (A(e, ), A(e™,r™)) dug, (A(r,e) A(r™e™))
(2.35) of (1 : e : )

IA

From Theorem 2.3, we have

Y(p(Ale,r), Ale™, 7)) < P(s7w(T(e, ), T(e™, 7))
(Mn + l)w(sayb(’r(e’ ’/‘), T(e*v 7‘*)))
; ( 1/](ub(A(e,r),A(e*,r*))—gub(A(r,e),A(r*,A*))), ) |

( vp(Ae,r),A(e”,r* ));ub (A(r,e),A(r*,e*)) )

IN

(2.36)

IN

14

From (2.34), (2.35) and (2.36), we have

f (w(Vb(A(@ 7“), Ae”, T*))7 @(Vb(A(e’ T)a A(e*7 T*)))) = Y(vp(Ale, T)’ A(e*7 T*»
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By the hypotheses of f,, ¢, we get either (v (A(e,r), A(e*,r*)) = 0 or p(vp(Ale,r), Ale*,7*))) = 0. Thus
we have A(e,r) = A(e*,r*). Similarly, we can prove that A(r,e) = A(r*, e*). O

An example below support Theorems 2.1, 2.2, 2.3, and 2.4.

Example 2.1. Let f(e,r) =7e, 0 <7 <1 and T = [0,00) endowed with
2
vp(e,r) =(e—r)

foralle,r € T. It is clear that (I',v}) is a complete b—ms with a coefficient s = 2. Assume that T, A : T xT —
I by
e—r e>r e+r e>r

T(e,r) = - and Ae,r) =
0 otherwise 0 otherwise

)

It is obvious that Y(T'?) C A(T'?) and the mapping Y is continuous. Define o : T'? x T2 — [0, +00) by

2, e>u, r<K

a((e,r), (1K) =

0, otherwise
Then for each eo,ro € ', we find that
af(A(eo,70),A(ro,€0)), (T (€0,70), T (1o,€0))] = 2>1,
af(A(ro,e0),A(€0s70)), (T (ros€0), T (€0,70))] = 2> 1.

For alln € N, let e, = nL_H and r, = % be two sequences such that
al(A(entr,rnga), Alrn,en))] = 1,
a[(A(rn,en), Alensrmngn))] = 1
Then, limy, o €, = 1 and lim,_,o 7, = 0. Certainly, 0,1 € T and
a[(A0,1),A(rp,en))] = 2>1,
a[(A(1,0),A(en,m))] = 2>1.
Under this sequences, we can write

nhﬁn;() v (YA (en,rn) , A(Tnyen)] s AY (ensn) s T (T, €0)])
= (T [A(l,O),A(O,l)],A[T (170)7T(071)])
= 1, (T (1,0),A(1,0)) =1 (1,1) = 0,

stmilarly, one can prove that

lim vy (Y[A(rn,en), Alen, )], AL (rn,en), Y (en,mn)]) = 0.

n—roo
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whenever e,,r, € I', such that

nh_}ngo'r(en,rn) = T(1,00=1=A(1,0) = nh_{I;OA(@an),
nlgr;oT (rn,en) = Y(0,1)=0=A(0,1) = nlggoA(T"’e”)'

Therefore, T and A are generalized compatible.

Now, fore=xk=1andr =p=0, if
al(Ale,r),A(re)), (A(p, k), Ak, p)] > 1,
this implies that

al(Y(e,r), Y (r,e)), (T (u, k), T (K, 1))]

= al(Y(1,0),Y(0,1)),(Y(0,1),T(1,0))] = «[(1,0),(0,1)] =2>1

for all (1,0),(0,1) € T'2. This prove that Y is a generalized a—admissible w.r.t. A.

Finally, we will try to verify the contractive conditions (2.1),(2.11) and (2.22) of Theorems 2.1, 2.2, and

2.3 respectively. Take ¢¥(0) = & and ¢(0) = 0 for all € [0,00). Putoc =p=1,7 = %,

r=pu= %, then we have

al(Aer),A(re)), (T (er), T (re))]

a[(A (s k), Ak, 1) 5 (T (s k), T (5, )]

(+(3) 2 (02)) (r(24) 1 (5:2))]
i

X

|
Q

X

Q

s r ()
3 (02)][62)-6)

(2.37) = 2x0=0,
I/b(A(e’T)aA(:uv'%))+Vb(A(7ﬂve>7A(KJ’M)>
o z )
(A (G3)AG )t (A (G 3).A (5 1)
v (%,0) + 1 (0,3) 9 3
(2.38) = ¢<b4 D) : 4>:¢(16):16’

(2.39) ¢(ub(A(e,r),A(u,n))—;ub(A(ne),A(n,u))) :¢<9) 9

and
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a0 enren T =2 (1(h2) 7 (L1)) =20 (Lo) =L

1t follows from definition of f and (2.37)-(2.40) that

N (Ae,r),A(re)),
(T (e,r), Y (r,e))
o (A, 5) s A (ks )

(’l/) (Sal/b (T (67T),T(u75)))+p) (ﬁr (/J'a K)>T("$7:u’)>

(-

2 _ - w24
329 32716 "

3.9
- (2, 2) 41
f<16’16)+

" (Vb(A(eﬂ“),A(/Mi))+w;(A(ne),/\(wt)))
2 )

(2.41) =/ + p.

¢ (Vb(A(@vT)»A(#v'{))“’Vb(A(Tve)vA(“vl‘)))
2

Also, we can write

P(s7wp (T (e,r), Y (11,5)))

N (A(e,r), A(r,e)),
(T(e,r), T (r.e))
o | 5] Al ),

(T (1, ), X (K, 1))
+1

(242) _ 2f (w(Vh(A(E»T),A(u,ﬂ));rvb(A(T-,G)VA(N,M)) ) )d)(Vb(A(evr)7A(u’ﬁ));rvb(A(T,E),A(Nau)) ))

Additionally, the contractive condition (2.22) of Theorem 2.3 is directly hold. So, by (2.41)-(2.42) all hy-
potheses of Theorems 2.1, 2.2, and 2.3 are fulfilled, so by Theorem 2.4 the mappings T and e have a unique
(cep), here it is (0,0) € T2

If we put A = I, (where [ is the identity mapping) in Theorem 2.1, we get the important result below.

Corollary 2.1. Let (T,v) be a complete (b-ms) (with parameter s > 1), and Y,I : T? — T be two

generalized compatible mappings such that Y is generalized a—admissible mapping w.r.t. I. Let there is
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felC, eV e d so that the stipulation below holds

((e,r), (re)), ) [ (s 5), (s 1)),
(T(e, ), Y(re)) (T(p, %), Y (5, )

(03

(¢ (Sgljb(’r(ea T)7 T(M? K‘)) + p)
vo ((e,1), (1, 5)) +v3 ((r,€), (K,11))
w( b ((e,r), (p + e), (k.1 )’

< f

vo((e;r), (1 k) Fvp (1,6, (Kopt))
4,0( b 2 5 b 2 )

(2.43) +p,

for all e,r,p, 5k €T, p,0 >0, and o : (T? x I'?) — [0,00). Assume that
(i) T(?) 12,
(i7) there is eg,ro € I' so that
a(((eo;70), (T0,€0)), (Y(eo,70), T(r0,€0))) > 1,
a(((ro, €0), (€0,70)), (Y (r0, €0), Y(eo0,70))) > 1.
Also, suppose either

(iv) Y is continuous, or

(v) {en}, {rn} are two sequences in T so that

Y
\'H

a((ent1,Tn41)s (€nyTn))
a((rn,en), (rnt1,€nt1)) = 1

for alln e NU{0}, and e, — e,7, = 1 asn — o0, e,r € ', we have

a((e,r), (en,rn)) > 1,
a((rn7en)7(r7 6)) > 1.

Then Y has a (ccp).

3. AN IMPORTANT APPLICATION

This part is very important in this paper, where the existence solution to a (nie) using Corollary 2.1 is
presented.

Here, we refers to x by the class functions s : [0,00) — [0,00) so that s is an increasing function and
there is ¥ € ¥, ¢ € @, and f € C such that »(k) = %f(z/;(n),gb(ﬁ)) for all k € [0,00). Assume the problem

below:

v

(3.1) j(@) = /(Dl(mg) + 2(@, €)) (T (£, 5(6)) + Ta(£,5(£))) dt,

u

for all w € [u,v]. Suppose that 01,03, 11, 1 are continuous functions which satisfy the hypotheses below:
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(i) for all w,? € [u,v], O1(w, ), 02(w,¥) > 0,
(ii) for all y, z € R with y > z, there is U, ¥ so that

0 < -Il(gvy)__h(eVZ) SU%(y_Z)a

0 < Ty —Talz) <¥x(y—=2),

(iil) we get

v 2

max{0? ¥} { sup /(Dl(w,E)Jng(w,ﬂ))dE <1.

wE[u,v]
u

To discuss the existence of a unique solution of the problem (3.1), we formulate the theorem below:

Theorem 3.1. Under the assumptions (i)- (1) with 01,02 € C([u,v] X [u, v],R) and 71, T2 € C([u, v] X R x
R), the problem (3.1) has a solution in C([u,v],R).

Proof. Let T' = C([u,v],R) be the set of real continuous functions on [u,v] endowed with the distance
w(e,r) = sup (le(w) —r(@)])?, Ve,r €T.
we[u,v]
It’s obvious that, the pair (I',1;,) is a complete b—ms with a coefficient s = 2.

Define mappings Y :I' x I' = T' and o : I'? x I'? = R* by

v

T(e,r)(w) = /Dl(wvﬁ)(71(&6(4))+_|2(&7‘(€)))d5

u

+ / (. 0) (Th (6, e(0)) + Ta(£,7(£))) de,

and

1, e>u, r<k

a((er) (pr) =14
0, otherwise
for all @ € [u,v], (e,7), (1, k) € T2 If the mapping Y has a (ccp) in T, then it is a solution of the problem
(3.1).

Since, for each e,r, u,k € T, a[((e,7), (r,€)), (I (11, &) , I (k, )] = 1 and

« [(T (6,7") T (Tv 6)) ’ (T (/u‘? H) T (’{7#))] =1,

we conclude that T is a generalized a—admissible w.r.t. I and by the continuity of D1, 02, 1, and T, we

have T is a continuous mapping. Also, for any two sequences {e,} and {r,} in T, suppose that

nh_)rréo vy (Y[ (en), I (rp)], T[T (enyn), T (rn,en)]) = 0,
lim v (Y[I (rn),I(en)], T[T (rn,en),Y (€n,m0)]) = 0.

n— oo
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Thus, we have

lim Y (en,r,) = lim Ie, = lim e,, lim Y (r,,e,) = lim r,.
n— o0 n— o0 n—oo n—o0 n—oo

Therefore, the pair (Y, I) is generalized compatible. Again, it follows from the definition of « that if

al(I(e),I(r), (I (n), I (k)] =ale,rpr)=1,
this implies that
al(T(e,r), T (re)), (T (p, k), T (5, 1) =1,
and

(3'2> «@ [(ev T) (T (67 r), T (r, 6))] X o [(:u, H) ) (T (:ua '%) T (’%v M))] =1

Now we are going to verify the hypothesis (2.43) of Corollary 2.1, for all e,r, u,x € T,

vp (Y(e,), T(p, k)

= sup (|T(e,r)(w)— T(Hw‘ﬁ)(w)‘f

wEu,v]

[ r(,0) (k. e(O)) + Tall.r(0)) de + [ Da(e.0) (Ta (6, e(0)) + Tall,r(6))) d )

= sup v v
welu] ( — [D1(w,€) (T (&, u(€)) + Ta (£, 6(£))) dl — [ Da(ew, £) (Ta (£, pu(£)) + T (L, w(£))) dl

fval(w,ﬁ) (a4 e(0)) = T, u(0)) + (T (€, r(£)) = T2(¢, £(£)))] de
= sup Y .
@bl |+ [02(e, €) [(Ta(€,e()) — Ta(l, 1(0))) + (T4, 7(0)) — T2(¢, £(£)))] d€‘

Applying assumption (ii), one can get

vy (Y(e,7), Y, k)

v 2
J01(@, ) [B3e(e(l) — p(0))) + ¥(r(€) — k()] dl )

u

< sup v
weu,v] ( + [ D2(w@, £) [Use(e(l) — p(l))) + ¥s(r(€) — k(£))] de

IN

max{0?, ¥?} x

(3-3) sup ( /(Dl(w,f) + O2(w, 0) [(le(€) — u(O)]) + (|r(€) — w(O)])] de

By using the definition of s¢ and the distance v}, we have

)2.

(3.4) sele(t) — p(0))? < sanle, p) and s |r(0) — k(0)* < s (r, k), Yo € [u, ).
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It follows from (3.3), (3.4) and assumption (iii) that

Vp (T(ev T), T(:uv ’%))

v

< max(0¥%) < [Pnfe ) 4Pl ] x 4 s / (01(,€) + Da (e, €)) dl
< Pule, p) + 72w (r, k) u

L <1/b(e, ) : o, /<;)>

< 2><if(w(VM&M);VMﬁ“0>7¢(VM@M);VMﬂH>>>

_ %f <¢ (Vb(eaﬂ)‘;‘Vb(Ta H)) b (%(@M)é’%(ﬁ@)) .

Thus, for all e,r,u,k € T, we

2 (006, ) < 7 (o (BLE Y (e £ ) )

Add p > 0 to the both sides, we have

(20 (Xlerr), Tl ) 4 9) < 1 (1 (2SO0 g () fnlnnd )

Put ¢(k) = k, for all kK € [0,00), s =2, 0 = 1, and using (3.2), we get

w(saljb (T(e’ T), T(‘LL, K})) + p)a[(e,r),(T(e,r),'r(’r,e))] Xal(pk), (T (1), Y (K, )]
S f (w (Vb(eau) + Vb(ﬁ H)) 7¢ (Vb(@,[l,) + Vb(n K’))) + p.

2 2

Therefore all stipulations of Corollary 2.1 are fulfilled. Then the mapping Y has a (ccp) which is a solution
of the system (3.1) in I. O
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