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ABSTRACT. For a graph G = (V, E), a vertex coloring (or, simply, a coloring) of G is a function C : V(G) —
{1,2,...,k} (using the non-negative integers {1,2,...,k} as colors). In this research work, we introduce a
new type of graph coloring called monotone coloring, along with this new coloring, we define the monotone
chromatic number of a graph and establish some related new graphs. Basic properties and exact values of
the monotone chromatic number of some graph families, like standard graphs, Kragujevac trees and firefly
graph are obtained. Also, we get a characterization for bipartite graphs by defining the monotone bipartite
graph. Exact values of the monotone chromatic number for some special case of Cartesian product of graphs
are found. Finally, upper and lower bounds for monotone chromatic number of the Cartesian product for

non trivial connected graphs are presented.

1. INTRODUCTION

Throughout this research work, by graph we mean finite graph without loops and parallel edges. Any
notations or terminology not specifically defined here, we refer the book [6]. More details about coloring
in graph and its related are reported in ( [3,8]). Two interesting types of coloring are introduced and
studied in ( [1,2,5]). As usual, P,, C,, K,, and W,, are the n—vertex path, cycle, complete, and wheel graph,

respectively, K s is the complete bipartite graph on r+ s vertices and S, is the star graph with »+1 vertices.
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Graph coloring is one of essential concepts in the theory of graphs. It has preoccupied a large number
of people as a distraction puzzle during the 19th century and later in the framework of scientific research,
since this conception exhibits a significant interest from a theoretical and practical point of view. Many
applications are modeled and investigated with the use of graph coloring.

For a graph G = (V, E), a vertex coloring (or, simply, a coloring) of G is a function C': V(G) — {1,2, ..., k}
(using the non-negative integers {1,2, ..., k} as colors).

The huge applications of coloring motivated us to introduce a new type of graph coloring called monotone
coloring of the graph, we define the monotone chromatic number of a graph, complete monotone graph and
monotone clique set of a graph. Some basic properties and relations with the other graph parameters and
exact values of the monotone chromatic number of some graph families, like standard graphs, firefly graph
and Kragujevac trees obtained. Also, we get a characterization for bipartite graphs by defining the monotone
bipartite graph. Exact values of the monotone chromatic number for some special case of Cartesian product
of graphs are found. Lastly upper and lower bounds for monotone chromatic number of the Cartesian

product for non trivial connected graphs are presented.

2. MONOTONE CHROMATIC NUMBER OF GRAPHS

In this section, we define the monotone chromatic coloring and monotone chromatic number of a graph
and give several preliminary results and straightforward facts regarding the monotone coloring of graphs.

Also we found the monotone chromatic number for some families of graphs.

Definition 2.1. Let G = (V, E) be a graph. A path P = [v1,va,...,v541] in G is a monotone path if either
deg(v;) < deg(viy1) or deg(v;) > deg(vit1) for all i =1,2,....k. Any two vertices u and v in G are called

monotone adjacent if there exists a monotone path connected them.

Definition 2.2. A monotone k— coloring of the graph G is coloring the vertices of G with k colors such that
no two monotone adjacent vertices share the same color. The smallest integer k such that G has a monotone
k— kcoloring is called the monotone chromatic number of G and denoted by Xmo(G). A graph G is said to

be monotone k— colorable if it has monotone k— coloring.

Monotone coloring as function we can define as:

Definition 2.3. The monotone coloring function is a function f : V(G) — 1,2,3,....k C N which satisfy

that for any two monotone adjacent vertices v and u, f(v) # f(u).

Proposition 2.1.
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(1) For any path P, with n > 2 vertices,

2, ifn=2;
Xmo(G) =

n—1, ifn>3.

(2) For any connected regular graph G with n > 3 wvertices, Xmo(G) = n.
(3) For any complete bipartite graph K, 5, where 1 <r < s, we have XmolKr s = 2.
(4) For any wheel graph G = W, with r + 1 vertices, Xmo(G) =17+ 1.
(5) For any book graph G = B,,, we have xmo(G) = 4.
(6) For any helm graph G = H,, with 2n + 1 wvertices, Xmo(G) =n + 2.
(7) For any gear graph G with 2n + 1 vertices, we have

Yono(G) = 4, ifn=23;

3, ifn>4.

From the definition of the proper coloring and monotone coloring, it is obviously, that any monotone
coloring is proper coloring but the converse is not true. As any two adjacent vertices in any graph are also

monotone adjacent, then we have the following result.

Proposition 2.2. For any graph G, x(G) < Xmo(G). The equality hold if and only if any two monotone

adjacent vertices are adjacent.

Proposition 2.3.

(1) For any monotone xmo(G)— coloring of any graph G, all the very weak vertices has the same color.
(2) For any nontrivial connected graph G with n vertices, 2 < Xmo(G) < n.

(3) For any graph G = UI_,G;, we have, Xmo(G) = max{xmo(Gi) : i =1,2,..r}.

Remark 2.1. Let G and H be any two graphs such that H is subgraph of G. Then the monotone chromatic

number of G and H are not comparable. That means all the possibilities allowed.

According to the monotone adjacency between vertices, we define the monotone bipartite graph, and

complete monotone graph.

Definition 2.4. A bipartite graph G is called monotone bipartite graph if and only if any monotone path in

G is of length at most one.

The definition of monotone bipartite graph characterize the trees into two families monotone trees and
non-monotone trees The double star graph denoted by B(r, s) with r+ s+ 2 vertices, is a tree that containing

exactly two non-pendent vertices.
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Proposition 2.4. For any double star graph G == B(r,s) with r + s + 2 vertices, such that r < s,
Xmo(G) = 3.

Theorem 2.1. Let G be any graph. Then G is monotone bipartite graph if and only if Xmo(G) = 2.

Proof. Let G be a graph such that x,,,(G) = 2 and suppose contrary that there is monotone path uvw
of length 2, we need at least three colors for monotone coloring of G that means Xmo(G) > 3 which is a
contradiction. Therefore any monotone is of length at most one. Hence G is monotone bipartite graph. To
prove the other direction, suppose, that G is monotone bipartite graph. Then the result coming from the

Proposition 2.2. O
Corollary 2.1. For any monotone tree T,, with n vertices, Xmo(G) = 2.

Proposition 2.5. For any connected graph G with n > 3 vertices , Xmo(G) = 2 If and only if for any vertex

v € V(QG), either v is very strong or very weak.

Proof. Suppose that xmo(G) = 2, and assume in contrary that, there is a vertex v € V(G) which is neither
very strong nor very weak. Then we have two cases:

Case 1 : if deg(v) = 1, then v is very weak which contradict our assumption.

Case 2: if deg(v) # 1, then v must belongs to some path say uvw such that deg(u) < deg(v) < deg(w) or
deg(u) = deg(v) = deg(w) or one of the vertices u, or w has the same degree as v. For all of these cases, it

needs at least 3 colors to monotone coloring which contradicts that x,,.(G) = 2.

Now, suppose that for any vertex v € V(G), either v is very strong and one very weak. So, any monotone
path will contains only two vertices; one of them is very weak and the other is very strong. Hence y,,(G) =

2. ]

Corollary 2.2. A connected graph G = (V; E) is monotone bipartite graph if and only if any vertex v € V(Q)

is either very strong or very weak.

Proposition 2.6. For any connected graph G with n > 2 vertices , Xmo(G) = n If and only G is complete

monotone graph.

Proof. let G be a monotone complete graph with n vertices and suppose that G in contrary not satisfy
the condition G contains at most either one very weak or one very weak vertex. Suppose the vertex set
V(G) = {v1,v2,...,v,}, such that vy is very weak vertex, then if there is another very weak vertex say v;,
then there is no monotone vertex between v; and v; which is a contradiction with the definition of the

monotone complete graph, similarly if there is very strong vertex say v; ,then there is no monotone path
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between v; and at least one of the neighborhood of the vertex v; . The proof in the same way if we suppose

vy is very strong. Hence G contains at most either one very weak or one very weak vertex.

To prove the other direction. Suppose G contains at most either one very weak or one very strong vertex.
then clearly there exist a monotone path containing all the vertices that means between any two vertices

there is a monotone. Hence G is monotone complete graph. (]

Definition 2.5. A subset X C V(G) of size k is called a monotone k— clique of G if between any two
vertices u and v in the set X there is a monotone path. The monotone clique number of G denote by wpo(G)
is the largest positive integer k such that G contains a monotone k— clique. The monotone clique set with

size Wmo(G) is called mazimum monotone clique.

Definition 2.6. ([4]) Let P3 be the 3— vertex tree, rooted at one of its terminal vertices. For k = 2,3, k;
construct the rooted tree By by identifying the roots of k copies of P3 . The vertex obtained by identifying

the roots of P3—trees is the root of By.

Definition 2.7. ( [4]) Let d > 2 be an integer.Let 81, B21, - , Ba, be rooted trees,specified in Definition 2.6,
i.e., B1,B2, -+ ,Ba € {B2.Bs,...}. A Kragujevac tree T is a tree possessing a vertex of degree d, adjacent to

the roots of 81,81, , Ba. This vertex is said to be the central vertex of T, whereas d is the degree of T.

Theorem 2.2. Let G = Kg, ;,, where Kg, , is the Kragujevac tree of degree d > 2 and with branches B,
0 =1,2,..., where every branch Bk, contains k; pendant vertices and if t is the number of branches Bk,

where d = k; . Then

3, if the central vertex is very weak vertex;
4, if the central vertex is very strong vertez;
9, if the central vertex is very typical vertex;

XmO(G) =
d+ 3, if the central vertex is reqular vertex;

t+4, if the central vertex is weak or strong vertex;

t+5, if the central vertex is typical vertex.

Proof. Let G be the Kragujevac tree Kg, ; of degree d > 2 with enteral vertex v and with branches Bk,
i =1,2,--- where every branch B, contains k; pendant vertices and if ¢ is the number of branches By,
where d = k; . we have 7 possibilities for the type of the central vertex v of the Kragujevac tree:

Case 1. The central vertex v is very strong, in this case, we can define monotone coloring function by
partition the vertex set of the tree into 4 classes, first class, the pendant vertices, second class the support
vertices and third class the roots vertices of the branches and fourth class the central vertex and give color

for each class, that means Xmo(G) < 4 and it is not difficult to see that, any set contains the the pendent
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vertex with its support vertex and the root vertex in any branch along with the central vertex v is clique set
with 4 vertices. That means in this case xmo(G) = 4.

Case 2. The central vertex v is very weak, then we can define monotone coloring function C,,, by partition
the vertex set into 4 subsets, Sy is the pendant vertices, S5 the support vertices and S3 be the roots vertices

of the branches and Sy be the central vertex v and giving color for each subset as following:

1, if z € S; and x not the central vertex;
Cno(z) =
1 or 2, ifx is the central vertex.

Therefore, Xmo(G) < 3 and since the set of vertices in any path between the pendant vertex of any branch
and its root vertex is monotone clique set. Hence in this case xmo(G) = 3.

Case 3. The central vertex v is regular vertex, then in this case, let us partition the vertex set into three
subsets; the set of pendant vertices S7, the support vertices So and the set of roots vertices with the central
vertex Sy, we define a monotone coloring function which assign d 4+ 1 different colors to the vertices of S3
and one color to all the vertices of Sy and another different color to the vertices of S, so, we need to d + 3
colors to this monotone coloring function, therefore x,,,(G) < d + 3. Obviously, if we take any pendant
vertex along with its support vertex in any branches along with the set S5 will make monotone clique set of
G of size d + 3. Hence xmo(G) = d + 3.

Case 4. The central vertex v is weak vertex, in this case, let us partition the vertex set into the following
subsets of vertices, S1, the set of pendant vertices, So the set of support vertices, S3 the central vertex and
the set of root vertices of degree equal to d and Sy the set of root vertices with degree greater than d.
Now, |S3| =t + 1, we define monotone coloring function by assigning one color say 1 to the vertices of Sy
and another color say 2 to the vertices of Sy and assign t 4 1 different colors to the ¢ + 1 vertices in S3 and
assign one other color to the vertices in S4. So we need to t 4+ 4 colors in this monotone coloring function
and therefore, xmo(G) <t + 4.

Also, it is obviously to see that the vertices of S3 with one pendent vertex with its support vertex and one
root vertex from Sy will make clique set in G. Hence x,0(G) =t + 4.

Case 5. The central vertex v is strong vertex, in this case let us partition the vertex set into the following
subsets of vertices; S7 the set of pendant vertices, Sy the set of support vertices S3 the central vertex with
the set of root vertices of degree equal to d and Sy the set of root vertices with degree less than d. Now, if
the number of root vertices with degree d is ¢, we define monotone coloring function by assigning one color
say 1 to the vertices of S; and another color say 2 to the vertices of Sy and assign ¢ + 1 different colors to
the t 4+ 1 vertices in S3 and assign one other color to the vertices in S;. So we need to t 4+ 4 colors in this
monotone coloring function and therefore, x.,o(G) < t+4. Also, obviously the set of vertices in S3 with the
pendant vertex and its support vertex from any branch By, with k; = d and the root vertex of any other

branch By, with k; < d make a clique set in G with size t + 4. Hence xmo(G) =t + 4.
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Case 6. The central vertex v is very typical vertex. Suppose there are s root vertex with degree less than d.
Let S be the set of pendant vertices, Sy the set of support vertices S the set of roots vertices with degree
less than d and let Sy be the root vertices of degree greater than d and Ss contains the central vertex. We
can define monotone coloring function by assigning for any vertex x € S; the color i; Cyo(z) = i. That
means Xmo(G) < 5. Also the set which contains one vertex along with its support vertex and the root vertex
in the same branch By, where k; < d and the central vertex and one root vertex from any branch By, where
k; > d is clique set of size 5. Hence in this case Xmo(G) = 5.
Case 7. The central vertex v is typical vertex. Suppose there are ¢ root vertex with degree equal to d. Let
S1 be the set of pendant vertices, So the set of support vertices S3 the set of roots vertices with degree equal
to d and let Sy be the root vertices of degree greater than d and S5 be the roots vertices of degree less than
d, Sg contains the central vertex. We construct monotone coloring function by assigning one color to the
vertices in S and another different color to the vertices in S and ¢ + 1 different colors for the vertices in
S3 and Sg also one other different color to the vertices in S; and one different color to the vertices in Ss.
Therefore Ymo(G) <t + 5.
Now, we have clique set of size ¢t + 5 which contains one pendant vertex, support vertex and root vertex from
any of the branch By, , where k; < d and the ¢ vertices of S3 along with the central vertex, one root vertex
from any branch By, , where k; > d. Hence xmo(G) =t + 5.

O

Theorem 2.3. For any nontrivial connected graph G, with monotone chromatic number xmo.(G), there exist

at least one maximum monotone clique set with size wmo(G) = Xmo(G).

Proof. Let G be any nontrivial connected graph with monotone chromatic number x,,,(G) = s. Suppose to
the contrary, that we have maximum clique set A with size |A| = wyo(G) = t, where either ¢ < s or ¢ > s.
Case 1. If t < s. Then there exists at least one coloring class say B and at least one monotone path
between every two elements one from A and one from B which is contradict that A is the monotone clique
with maximum size.

Case 2. If t > s, then at least we need to t + 1 colors for monotone coloring which is contradict that

Xmo(G) = s. Hence, wio(G) = Xmo(G). O

Theorem 2.4. Let G = Ky, mye.omy » where mp < mg < -+ < my, be any complete k— partite graph and
there are t; partite sets of the same number of vertices \;, where i = 1,2,--- s for some positive integer i.

Then )
Xmo(G) =k + > (X —1).
i=1

Proof. Let G = Ky my--m,, » where my < mg < --- < my, be any complete k— partite graph and there are ¢;

partite sets of the same number of vertices \;, where i = 1,2, --- , s for some positive integer ¢ ,by reordering
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the partite sets which they have different number of elements as
Vi, Vo, - Vieesos i,
we can define a monotone coloring function as the following.
fVI(G) = [k + i:ti(/\i -1,
i=1

by assigning the color 7 for each vertex in V; and assigning for each vertex in the equal parite sets to different

colors that means assign » ;_; t;A; different colors to the vertices in

=1 ti
v—- U W
i=1
Clearly, the function f which defined above is monotone coloring function on G. Therefore,
Xmo(G) < k4> (A —1). (2.1)
i=1

It is not difficult to check that the set which contains the vertices in

i1 ti
U v
i=1
and only one vertex from each V; will make clique set with &+ >_;_, t;(A; — 1). Thus,

Xmo(G) Z k + Zg:tz()\z - 1) (22)

i=1

Hence by inequalities 2.1 and 2.2, we get,
Xmo(G) =k + Zti()\i —-1).
i=1
|

Theorem 2.5. Let G be any connected graph with n > 3 vertices and D 1is the set of distinct degrees of the
vertices. Then G is monotone complete graph if and only if for any set of vertices with the same degree in

G is clique set in G.

Proof. Let G be monotone complete graph with n > 3 vertices, since G is monotone complete, then wy,,(G) =
n. Therefore V(G) is a monotone clique set contains all the vertices of G.

If G is regular, then there is only one clique set containing all the vertices. Suppose the graph is not regular
that means the set D is of size greater than or equal to 2. Let D = {ky, ka,...,k;} for some integer ¢t > 2,
also let Cq,Cs, ..., C; be the sets of vertices of degrees k1, ks, ..., k; respectively. Suppose in contrary, that
there exists one set Cj, 1 < j < ¢ such that C; not a monotone clique set, then there exist at least two
vertices u and v which they are not monotone adjacent in G which is a contradict that V(G) is clique set.

Similarly, let Cy, Cs, ..., C; are monotone clique sets in GG. suppose G is not monotone complete, then there
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exist at least two vertices v and v not monotone adjacent if they are with the same degree, then they will
belong to same set €, 1 < j <t which is a contradiction, similarly we will get a contradiction even if they

have different degrees. O

We recall, that in [7], a firefly graph Fi;; where s > 0,t > 0, n —2s — 2t — 1 > 0 is a graph of order n
that consists of s triangles, ¢ pendent paths of length 2 and 1 pendant edges sharing a common vertex (see

Figure 1).

Proposition 2.7. For any firefly graph G = F, 11, Xmo(G) = 3.

F1GURE 1. Firefly graph

Proof. Let G = F,;; where s > 0,t > 0, n —2s — 2t —1 > 0 be a firefly graph and by labeling the vertices
as in Figure 1. By partition the vertex set into the following sun- sets of vertices, S1 = {w1,wa, ..., ws},
Sy = {wi,wh, ..., wl}, Sg = {v1,v9,...,v}, Sy = {ur,ug, ..., u}, S5 = {uf,ub, ..., u}} and Sg is the central

vertex. By defining the monotone coloring function f : V(G) — {1, 2,3} as following,

1, ifz e S US3USy;
f(x) = 2, if x € Sy U Ss;
3, x is the central vertex.
Therefore, xmo(G) < 3. The set of vertices in any triangle in the firefly graph generate a monotone clique

set, that means X,o(G) > 3. Hence, Xmo(G) = 3.
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The corona product G o Gy of two graphs G; and G, where V(G1),V(G2) are the set of vertices of
G1, G4 respectively, is the graph obtained by taking |V (G1)| copies of G2 and joining each vertex of the i-th

copy with the corresponding vertex u € V(Gy) [6].

Proposition 2.8. For any positive integer a > 3, there exists a graph G such that x(G) = a and Xmo(G) =
a—+1.

Proof. Let G be a graph which construct by the corona product between the complete graphs K, and Kj.
That means G = K, o Ky where a > 3. Then it is not difficult to see that x(G) = a and xpmo(G) =a+1. O

Definition 2.8. A subset S C V is called monotone independent set, if the set S does not contains any
monotone adjacent vertices. The maximum cardinality of the monotone independent set is called monotone
independence number of the graph and denoted by Bumo(G). For example; for any path P, with n > 3 vertices,

Bmo(Prn) = 2. The monotone independence number of any complete monotone graph is one.

Theorem 2.6. Let G be a graph with n vertices and with monotone independence number B,,,(G). Then

n

Bmo(G)

Xmo(G) >
Further, the equality holds if G is complete monotone graph.

Proof. Let xmo(G) = k and let Cy, : V(G) — 1,2,. ..,k be monotone k-coloring function. Let 5,,,(G) be
the monotone independence number of G. We define V; = {v | Cp,o(v) = j} for j = 1,2,..., k. Obviously,

V; is monotone independent set and clearly |V;| < fn0(G) and

k
2 Vil < Bmol(G) = Xomo(G)Bmo(G)- (2.3)

Also since
k
S vl =n. (2.4)
j=1

Thus, from inequalities 2.3 and 3.1

n
n < moG 7“er¥:> moGZ .
< X00(G)o(G) = olG) = 5
Also, if G is complete monotone graph, then £,,,(G) = 1.
Therefore,
n
mo(G) = =n.
Xl @) = 5@
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3. MONOTONE CHROMATIC NUMBER FOR SOME CARTESIAN PRODUCT OF GRAPHS

The Cartesian product G100 G2 of two graphs G; and G, where V(G1), E(G1) and V(G2), E(G2) are
the sets of vertices and edges of G and Ga, respectively, has the vertex set V(G1) x V(G2) and two
vertices (u,u’) and (v,v’) are connected by an edge if and only if either (u=wv and u'v' € E(G2)) or

(v =" and wv € E(Gy)) [6].
Theorem 3.1. Let G = P.L1 P, wherer,s > 3. Then
Xmo(G) = (r—2)(s—1) + 1.

Proof. Let G = PP, where r,s > 3. By labeling the vertices of the graph G from the left to the right the

first line L, of the vertices by v1,1,v1,2,...,v1,s—1,v1,s, the second line of the vertices va 1,v2,2,...,V2,5-1,V2,5
and so on till line L,_1 by vp—1,1,Vr—1,2,...,Vr—1,s—1, Ur—1,s and finally, the vertices of the line L, by
Vr1,Vr2,---,VUrs—1,Urs. let us make partition for the vertex set to the following subsets

Sl = {Ul,lavl,savr,l7vr,s}~
SQZ{U17j11<Z’<T,1§j<S}.
S3 = {Ul,javr,j 1<y < S}

Si=A{vis:1<i<r}

We can define a monotone coloring function as following

1, if V4,5 € S1;

(i—2)8+j+1, if/l)i’jESQ;
flvig) =

f(vj7 1)a if V5,5 € S3 )

f(vj, 1), if v; ; € S4.

Clearly f is a monotone-k-coloring function, where k = (r — 2)(s — 1) 4+ 1. So

Xmo(G) < (r—2)(s—1)+ 1. (3.1)
The set Sz U {v1,1} is monotone clique set with (r — 2)(s — 1) 4+ 1 vertices. Therefore,

Xmo(G) = (r—2)(s—1) + 1. (3.2)
Hence by inequalities 3.1 and 3.2, we get,

Xmo(G) = (r =2)(s = 1) + L.
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Theorem 3.2. Let G = C.0Ps, where r,s > 3. Then

Xmo(G) =1r(s —1).

Proof. Let G = C,.0 Ps, where r,s > 3. By labeling the vertices of the internal and external cycles of G as
the vertices of the internal cycle by vy, v, ..., v, and the vertices of external cycle by uy,us,...,u, see as

Figure 2. Let us partition the set of vertices as following subsets:

U

e 0 00—05
—0 5
e o
o o
o o
oo 0o 9@

O—9 o 0 o
EQ0—Q e o o
O—9 o 0 0

uy

FIGURrE 2. C,.00P;

Sy =A{v;, 1 <i<r}.
SQZ{Ui,lgiST}.

Sg = {wj,wj S V(G) and w ¢ (Sl U SQ)}

By defining a the coloring function, f: V(G) — {1,2,...,r(s — 1)} such that: for any vertex x

i, if x =wv; or x = uy;

j+r, ifw; €8s

Obviously, f is a monotone r(s — 1) coloring function. So
Xmo(G) <r(s—1). (3.3)
The set S1 U S5 is monotone clique set with (s — 1) vertices. Therefore,

Xmo(G) > 1r(s—1). (3.4)
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Hence by inequalities 3.3 and 3.4, we get,

Xmo(G) =1(s —1).

|

The stacked book is defined as the graph which construct by Cartesian product between star S, of r + 1

vertices and path P of s vertices and denoted by B, ;. That means B, ; = S, F;.

Theorem 3.3. For any stacked book graph G = S,.OP;, where r > 3 and s > 2

4, if s =2;
Xmo(G) =
2s—3, ifs>3.
Proof. Let G = S,.0Ps. By labeling the vertices of the graph by using the horizontal lines of the vertices, let

the center line Ly and the outside lines are L, Lo, ..., L,.. By labeling the vertices of lines from the left to

the right according to the line, the vertices on the center line means the vertices on the line L are labeling

as vo1, Vo2, - - -, Vos, the vertices on the line L, are labeling as v11,v12,...,v1s, the vertices on the line Lo
are labeling as vo1, vag, . . ., v2s and so on till the vertices on the line L, are labeling as v,1,vp2, ..., 0.5 (See
Figure 3).

F1GURE 3. Stacked book graph

Let us partition the vertex set of the graph G to following subsets: S1 = {v;j1,vis;1 <7 <1}, So = {vg;;1 <
j<st Sz={vij;2<j<s}, Sa={vig;1 <i<r}, S5 ={v;;52<i<r, and2 < j < s} and Sg = {vos}.

Define a coloring function f: V(G) — {1,2,...,k} such that:
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1, if vi; € 51 ;
j+1, if v;; € So;
flvig) = s+j—2, ifuvy € Ss;
fwor), if vi; € S4 or vi; = vos ;
fv1,), if v;; € 5.

Clearly, f is a monotone (2s — 3) coloring function. So
Xmo(G) < (25 — 3). (3.5)

The set S3US5U{wv1;1} is monotone clique set in G and need (2s—3) colors for monotone coloring. Therefore,

Xmo(G) = (25 = 3). (3.6)

Hence by inequalities 3.5 and 3.6, we get,
Xmo(G) = (25 — 3).

O

Lemma 3.1. Let G and H be any non trivial connected graphs and GUH is the Cartesian product. Then

any two vertices (u,v) and (z,y) are monotone adjacent in GOH, if one of the following satisfy:

(1) x =wu in G and y is monotone adjacent with v in H.
(2) x and u are monotone adjacent vertices in G and y =v in H.

(3) « is monotone adjacent with u in G and y is monotone adjacent with v in H.

Theorem 3.4. For any two graphs G and H,
Xmo(G) + Xmo(H) -1 S Xmo(GDH) S Xmo(G)Xmo(H)

Proof. Let Xmo(G) = k1 and xmo(H) = k2. By Theorem 2.3, wp,o(G) = k1 and wpo(H) = ko. Then there
exist two monotone cliques: C7 = {uj,ug,...,ug, } and Cy = {vy,va,...,v,} in G and H respectively,
with k1 and kg vertices. Therefore, {(u1,v1), (u2,v1), (us, v1), ..., (U, v1), (Uky s V2), (Uky, v3), - -y (Uky, Vis) }

is monotone clique in GOH with ky + ko — 1 vertices.Therefore,
k1 + ke — 1 <wnmo(GOH) = xmo(GOH).

Then,
Wimo(G) + wmo(H) — 1 < xmo(GO H) (3.7)

Now, assume that xmo(G O H) = m, that means wy,,(G 0 H) = m, then there exists at least one monotone

clique set with m vertices, say C = {w,ws, ..., wy,}. By definition of Cartesian product any two adjacent
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vertices w; = (a4, b;), wir+1 = (a;+1,bi+1) either a;a;41 is connected in G with b; = b; 11 or b;b; 1 is connected
in H with a; = a;41. Any sequence of adjacent vertices on C' which they are mutually different in first
component will make correspondence monotone clique in G. Similarly, any sequence of adjacent vertices
which they are mutually different in second component will make correspondence monotone clique in H.
Let the maximum number of vertices for the correspondence monotone clique in G which correspondence
vertices in GOH is s and similarly, the maximum number of vertices for the correspondence monotone clique
in H which correspondence vertices in GO H is t. Then the number of vertices on C' = {wy,wa, ..., wm}

will be at most m = st, since s < wWy,o(G) and t < wyo(H). Then
Wino(G O H) < wimo(G)wmo(H) (3-8)
Thus, by inequalities 3.7 and 3.8,
Xmo(G) + Xmo(H) =1 < Xmo(GOH) < Xmo(G)Xmo(H).
(|
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