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ABSTRACT. Topological indices and domination in graphs are the essential topics in the theory of graphs.
A set of vertices D C V(QG) is said to be a dominating set for G if any vertex v € V — D is adjacent to some
vertex u € D. In this research work, we define a new degree of each vertex v € V(G), called the domination
degree of v and denoted by dg(v), along with this new degree some domination indices based on domination
degree are introduced. We study some basic properties of the domination degree function. Exact values and
bounds for domination Zagreb indices of some families of graphs including the join and corona product are

obtained. Finally, we generalize the domination degree of the vertex and new general indices are defined.

1. INTRODUCTION

In this research article, we assume that G = (V, E) is a connected simple graph. In the field of chemistry,
graph theory has provided many useful tools, such as topological indices. Chem-informatics is one of the
latest concepts which is a join of chemistry, mathematics, and information science.

Topological indices are numerical parameters of the graph, such that these parameters are the same for the

Received September 215%, 2020; accepted October 20", 2020; published November 24", 2020.
2010 Mathematics Subject Classification. 05C69, 05C90, 05C35.

Key words and phrases. domination Zagreb indices; domination degree; minimal dominating set; total number of minimal

domination sets.
(©2021 Authors retain the copyrights
of their papers, and all open access articles are distributed under the terms of the Creative Commons Attribution License.

47


https://doi.org/10.28924/2291-8639
https://doi.org/10.28924/2291-8639-19-2021-47

Int. J. Anal. Appl. 19 (1) (2021) 48

graph which they are isomorphism. Some of the major classes of topological indices are distance based-
topological indices (see [2], [3]) and degree- based-topological indices (see [5], [20], [23]). Degree based-
topological indices are of great significance. The Wiener index W (@) is the old index and the first distance-
based, introduced by chemist Wiener [24] in 1974. After the introduction of the Wiener index, many
another distance-based topological indices, have been proposition and take into consideration in chemical
and mathematical chemical literature. For example, Harary index [17] and eccentric connectivity index [22].
presently a great number of vertex-degree-based graph invariants are being studied in mathematical and
mathematical chemical literature ( [8], [9]). Among them, the Zagreb indices M;(G) and Ms(G) are the
most widely investigated. Those have been inserted more than forty years ago ( [11], [12]), which are defined
as follows:

Mi(G)= > d*w)= > d(u)+d(v)

veEV(G) weE(G)
My(G)= > d(u)d(v).
weB(G)

For properties of the two Zagreb indices see [10] and the papers cited therein. The Zagreb co-indices defined
in [21], and are given by :

M1(G) = > d(u) +d(v) and M3(G) = > d(u)d(v), where uv is not an edge in E(G). The degree of a
vertex u in G, d(u) is the number of edges that are incident to u in G. The maximum and minimum degrees of
vertices of a graph G are denoted by A(G) and 6(G) respectively. G is the complement of a graph G, having
the same vertex set of G so that two vertices of G are neighboring if and only if they are not neighboring
in G. If for every two vertices u,v € V, there exists a (u,v)-path in G, then G is connected, otherwise, G is
said to be disconnected. A set D C V is said to be a dominating set of G, if for any vertex v € V' — D there
exists a vertex w € D such that u and v are adjacent. The domination number v(G) of G is the minimum
cardinality of a minimal dominating set in G. The upper domination number I'(G) of G is the maximum
cardinality of a minimal dominating set in G [4]. For a survey of domination in graphs, refer to ( [14], [15]).
A dominating-set D = {vy,va, ..., v} is minimal if D — v; is not a dominating set. We use T,,, to denote the
number of minimal dominating sets. In [7] a graph has at most O(1.7159™) minimal dominating-sets and
there exist graphs with at leastO(1.5705™) minimal dominating-sets. For more definitions or properties, we

refer to ( [7], [18], [19]).

2. DOMINATION DEGREE IN GRAPHS

In this partition, we sitting the definition of domination degree of the vertex v. We consider the lower

and upper bound for this degree, and we study some basic properties of the domination degree.

Definition 2.1.
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For each vertex v € V(G), the domination degree denoted by dgq(v) and defined as the number of minimal

dominating sets of G which contains v.

The minimum domination and maximum domination degree of G are denoted by d4(G) = §4 and Ay(G) =
Ay respectively, where
dg = min{ds(v) : v € V(G)} and Ay = maz{dy(v) : v € V(G)}.
Let v € V(G) and v’ € G'. Then dyg(v) =dye (v') if G =G

The domination degree function is obviously invariant under isomorphism.

Observation 2.1.

1 < dq(v) < Thn(G), where T, (G) denotes the total number of minimal dominating sets.

Observation 2.2.
Suppose G is a graph of n > 2 wvertices having A(G) = n — 1. Then v(G) = 1 and dg(v) > 1, for any
v € V(GQ). Also, dg(v) =1 if and only if d(v) =n — 1.

Corollary 2.1.
If G =2 K, and G is the complement of G, then

dgca(v) =d; (), and T),(G) = 1.

Observation 2.3.

Let G(V, E) be a graph with minimal dominating sets S1,S2, ..., S;. Then
(G) < Xvev(a) da(v) < tI(G).

We use the notion p(G) =3, cv(g) da(v).

Proposition 2.1.

Let G be the complete bipartite graph K, 5. Then d; (v) = da(v).

Proof. Let the bipartite sets of K, s be A and B, where A contains the vertices of degree s and B contains

the vertices of degree r. Also T5,(G) = rs, such that if v € A = d,5(v) = s. similarly if v € B =

dyalv) =r. O

Observation 2.4.

Let G = U§:1 G; be the disjoint union of graphs Gi, Ga,...,Gt. Then v(G) = 22:1 v(G;) and T, (G) =
[Ty Ton(Gy). For v € V(Gi), dac(v) = dac,(0) Ty Ton(Gy) J # .

Proposition 2.2.

Given H is a spanning subgraph of G with V(H) is the same as V(G). If the domination number of H is
the same as the domination number of G, then Ty, (H) < T (G).
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Proof. Use the first presumption, every dominating set for H is also a dominating set of G. As v(H) = v(G),
its ensured that every minimal dominating set of minimum cardinality for H is also a minimal dominating

set of minimum cardinality for G. O

Definition 2.2.

The graph G is called k—domination regular graph if and only if dg(v) =k for all v € V(G).
Example 2.1. S, and K,, are 1—domination regular graph.

Proposition 2.3.
Let G be the double star graph Sy s . Then

T(G) =4, and any double star graph is 2— domination regular graph.

Proof. Let {v,v1,...,0p—1,w,w1,...,ws_1} be the set of all vertices of G with {v,w} be the center ver-
tices. There are four type of minimal dominating sets as following: {v,w}, {v1,va,...,Up_1, W1, Wa, ..., Ws—1},
{v, w1, wa, ..., ws—1} and {w, vy, v, ..., vr_1}.

= T»(G) = 4. From this we get, dg(v) = 2 for all v € V(G). O

3. DOMINATION ZAGREB INDICES OF A GRAPH

Definition 3.1.
Let G be a simple connected graph, the first domination, second domination Zagreb and modified first Zagreb

indices are define as :

DM(G)= > di(v),

veV(G)
DMQ(G): Z dd(u)dd(v),
wweE(G)
DM = Y [da(u)+ da(v)].
weE(G)

Lemma 3.1.
Tm(Sr) =2 and Tm(Kn) =n.
For all v € V(Sy) or v € V(Ky), we get da(v) = 1.

Proposition 3.1.

(1) For the star graph S, with r + 1 vertices.
DM,(S;)=r+1, DMy(S,)=r and DM;(S,)=2r.

(2) For the complete graph K,

n(n—1)

DM(K,)=n , DMs(K,) = 5

and DM (K,)=n(n—1).
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(3) For the double star graph Sy s

DM;(Sys) =4(r+s+2) DMy(S,s) =4(r+s+1) and DM;{(S,s)=4(r+s+1).

Lemma 3.2.

r+1;
T (Krs) =rs+2 and dg(v) =
s+ 1.

for allv e V(K,.5).

Theorem 3.1.
If G = K, g, then
DM, (G) =r(r+1)% +s(s +1)%,
DM5(G) = (r+1)(s+ 1)rs,

DM{(G) =rs(r+ s+ 2).
Proof. By using the definition of domination Zagreb indices and lemma 3.2, we get the results. O

Corollary 3.1.

Let G be the complete bipartite K, s. Then
(1) DM (G) = My (G) +4rs + (r + s).
(2) DM3(G) = M2(G) + M1 (G) +rs.
(3) DM;(G) = M1(G) + 2rs.

Proof. In the complete bipartite K, 5, we can see that dg(v;) = d(v;) +1foralli =1,2,...,r +s

DMI(G) = Y )= Y (dlv) +1)°

veV(G) veV(G)

=M (G)+4rs+ (r+s)

And,

DMy(G) = Y da(u)da(v) = Y (d(u)+1)(d(v)+1)

wEE(G) weE(Q)
— My(G) + Mi(G) + 75,
DM{(G)= Y lda(u) +da(v)] = Y [(d(u)+1) + (d(v) +1)]
wEE(G) weE(G)

= M (G) + 2rs.

Proposition 3.2.



Int. J. Anal. Appl. 19 (1) (2021) 52

If G = K, g, then

(1) DMy(G) = DM (G) = M (G).

(2) DMs(G) = Ms(G).
Proof. See proposition 2.1. O

Lemma 3.3.

Let G be the Windmill graph Wd2. Then T,,,(Wd:) = (r —1)°* + 1. And
{ 1, if v is the center vertex;

da(v) =
(r—1)*=1  otherwise.

Theorem 3.2.
If G=Wd;, then
DM, (G) =1+ s(r— 1)1,

DM2(G) = S(('I" — ]_)5 + (’I’ _ 1)25—1(%))7

DM (G) = s(r — 1)(1 + (r — 1)%).
Proof.
DMy(G)= > diw)=1+ >  djv)
veV (@) veV(G)—1
— 1+ (= )X (VG - 1)

=1+s(r—1)*"1
Let E; denote the set of all edges which are incident with the center vertex and E5 be the set of all edges of
the complete graph, then

DMy(G) = Y da(u)da(v) = > da(u)da(v) + Y da(u)da(v)

weE(G) uveEq uv€ Eo
= (r =1 Ei |+ s(r — 1) 7| By

r—2

=s((r =17+ =P

)

DM (G)= Y [da(w)+da()] = > [da(d) +da(v)] + Y [da(u)+ da(v)]

weEE(QG) uveEy uv€ Eo

=1+ (r=1)"" B +2s(r — 1) By

=s(r—1)1+(r—1)°%).



Int. J. Anal. Appl. 19 (1) (2021) 53

Proposition 3.3.
If G is K—domination regqular graph with n vertices, and m edges, then

DM;(G) =nK?, DMy(G) =mK? and DM;(G)=2mK.

Definition 3.2.
Let P3 be the 3 vertex tree, is rooted in one of its terminal vertices . For k = 2,3,4, ... build the rooted tree

By by identifying the roots of k-copies of P3. The vertex obtained by identifying the roots of P3—trees is the
root of By, [16].

Definition 3.3.

Let d > 2 be an integer. Let By, fa, ..., Ba be as specified in Definition 3.2 i.e., B1,Pa, ..., Ba € {Ba, Bs,...}.
A Kragujevac tree T is a tree has a vertex of degree d, neighboring to the roots of 51, Ba, ..., Bq. This vertex
be the central- vertex of T, where d is the degree of the tree T. The subgraphs (1, B, ..., Bq are the branches
of T. Recall that some (or all) branches of T may be mutually isomorphic [16].

The branch By has 2k 4+ 1 vertices. Therefore, if in the Kragujevac tree T, specified in Definition 3.3,
Bi & Br,, i =1,2,...,d then its order is n(T) = 1+ Z;izl(Qki +1).

Proposition 3.4.
Let T be the Kragujevac tree of order n(T) =1+ Z?zl(Qki +1) and size m. Then

d
DMy(T) = 4[1 + > (2k; +1)],
=1

DM, (T) = DM;(T) = 4m.

Proof. Tt is easy to see that, in the Kragujevac tree of order n(T) =1+ 2?21(21@ + 1) and size m there are
four types of minimal dominating sets. The set which contains the center vertex and all pendent vertices, the
set which contains the center vertex and all vertices adjacent to the pendent vertices, the set which contains
the roots of By, 3o, ..., 84 and all pendent vertices, and the set which contains the roots of 8, 3s, ..., 84 and
all vertices adjacent to the pendent vertices. Hence, dq(v) = 2 for all v € V(T'). So by using the definition

of domination Zagreb indices we get the result. O

Definition 3.4.

Let Gy and G4 be any two graphs. The Cartesian product G1 x Go is defined as [6] the graph has vertex set
(V(G1) x V(G2)) such that any two vertices u = (uy,us) and v = (v1,v2) are adjacent if and only if either
([ur = v1 and {ug,v2} € E(G2)]) or ([uz = vz and {u1,v1} € E(G1)]).

Definition 3.5.
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Book graph B, is a Cartesian product of a star and single edge Sy4+1 X Py. The generalization of the book
graph to n “stacked“ is the (r, s)—Stacked book graph [13].

Lemma 3.4.

If G = B,, then T,,,(G) = 2" + 3. Further, for any vertex v € V(B,)

3, if v is the center vertex;
dg(v) =

21+ 1, otherwise.
Proof. Let uv be the center edge in book graph such that {u, v} is the set of center vertices. Let {v1,va, ..., v}
be the set of all vertices which are adjacent with the center vertex v. Similarly {uy,us,...,u.} be the set of
all vertices which are adjacent with the center vertex w. There are four types of minimal dominating sets.
First type is{u,v}. Second type is {v,u1,us,...,u,} and {u,vy,ve,...,v.}. Third type is {u, uy,us, ..., ur}
and {v,v1,vs,...,v.}. Fourth type is only those minimal dominating sets which are formed by taking one

vertex from each section other than w and v. So there are 2" — 2 minimal dominating sets of fourth type.

Hence, T,,(B,) = 2" + 3 and for all v € V(B,.) we get
3, if v is the center vertex;

dd(’l}) = |:|
2r=1 + 1, otherwise.

Theorem 3.3.

Let G be a book graph B, where r > 3. Then

DM, (B,) = 2r(2"~ ' +1)* + 18,

DMy(B,) =r2" '+ )21+ 7] +9,
DM;(B,) =2" " r +2r(4+2"71) +6.
Proof.

DMy(B,) = > dj(w)= DO VS N &
)

weV (B weV (Br—{u,v}) we{u,v}

=2r(2" 1 +1)? +18.

There are three type of edges in the book graph.

Let E; denote the set of r edges (u;v;) with initial and terminal vertices of the same domination degree
271 + 1, E, denote the set containing only one edge (uv) with initial and terminal vertices of the same
domination degree 3, and E3 denote the set of 2r edges of initial vertices of the domination degree 3 and

terminal vertices of domination degree 2"~! + 1. Hence,
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DMy(By)= > da(u)da(v)

wweE(By)
= )@ D+ D9+ > 327+
uve Fy un€ Ea uwvEF3

=r 2 D)2+ 7] 49,

DM{(B,)= Y lda(u)+da(v)]

wv€EE(Br)
= ) (@7 HD+ET DI+ D B3+ Y B2 1]
uveFE uve€ Ey uveEFE3

=2t 4 2r(4+ 2771 +- 6.

O
Lemma 3.5.
Let G = Ky ns,....ni- Then
k k
Tn(G) = anni + anni + ot ngoing + k.
i=2 i=3
Theorem 3.4.
If G = Ky ns,...onp» then
k
DM, (G) = My(G) + 4T (G) — k) + > _ni,
i=1
DM (G) = Ma(G) + M1(G) + Tin(G) — k,
DM} (G) = M1(G) 4+ 2(T,,(G) — k).
Proof. Suppose G = Ky, n,....ng, Dote that for any vertex v € G we have dq(v) = d(v) + 1, and |E(G)| =
T.(G) — k. So, by the definition of domination Zagreb indices we get the result. |

Lemma 3.6.

For any connected graph G with ny vertices and my edges. Let H = GoK,,,, where K,, is the complete graph

of na vertices and mo edges. There are (ng +1)™ minimal domination sets in H, and dg(v) = (ng +1)" 71,

Theorem 3.5.

For any connected graph G of ny vertices and my edges, we have
DMl(G o an) = (’I’Ll + nlng)(ng + 1)2(n1—1) ,

DM, (G o K,,) = (ng + 1)*™=V[2m; + na(ng + 201 — 1)],

DM; (G o K,,) = 4(ny + 1) "1 2my + na(ng + 20y — 1)].
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Proof. Note that |V (G o K,,,)| = n1 +nine. Hence, by the definition of first domination Zagreb indices and

Lemma, 3.6, we get
DMl(G © K’I’Lg) = (n1 + ﬂlng)(nQ + 1)2(7‘1_1)'

There are three types of edges in G o K,,,. All edges of G, all edges of K,,, and let E; denote the set of all

edges that connect vertex from G and vertex from K,,,. So, we have

DMy(GoKn)= > da(u)da(v)

uwweE(GoKn,)

> da(u > da(u)da(v) + Y da(w)da(v)

weE(G) quE(KnZ) uveE;

= mi(ng + 1)2M 7D 4 (ny + 1)2 MY |B(K,, )| + nina(ng + 1) =)

ng(ng — 1)

= (n2 + 1)2"1_2[m1 + 2

+ nyno]

= (ng + 1)2("1_1)[2m1 + na(ng + 2ny — 1)),

DM;(Gokn)= Y [da(w)+da(v)]
uww€E(GoKn,)
= > 2+ DM D 2+ )T D 20+ 1)
uwweE(G) uv€E(Kn,) uwvEE;

= 4(n2 + 1)“171[27111 + TLQ(TLQ + 2nq1 — ].)]

Lemma 3.7.

Let H = G o K,,,, where G be any connected graph of order ny. Then

Tp(H) = i (Zl>

i=0
Theorem 3.6.
If G be a graph of order ny and size my. Let H = G o K,,, then

DM, (H) = (Trn(H) — 212 (ny + ning),
DMy (H) = (T (H) — 2~ H)2(my + ning) ,
DM* (H) = (2T, (H) — 2™)(m1 + nins).

Proof. For any vertex v € V(H), it is not easy to see that H = G o K,,, is domination regular graph. Every

v € V(H) is contained in every minimal dominating sets of H except
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("10_1) + (M) + e+ (:1:;) + (:1:}) = 2™ ~! minimal dominating sets.

Hence, dg g (v) = T, (H) — 2"~ and

DM, (H) = (Trn(H) — 212 (ny + niny),

DMy (H) = (T (H) — 2™ 712 (my + ning),

DM (H) = (2T, (H) — 2)(my + nyna) .

O

A join of two graphs G; and Gs is denoted by G + G2, with disjoint vertex sets V; and V5 is the graph

on the vertex set V3 UV, and the edge set E1 U Eo U {ujusg : up € Vi,ug € Va} [1].

Lemma 3.8.
Let G1 and G5 be any non complete graphs of nyi, ne vertices respectively. Then
T (G1 + G2) = T (G1) + Tin(G2) + ning, and

dic,(v) +na, ifveV(Gy);

dig,(v) +n1, ifveV(Ga).

diG,+c,(v) =

Proof. There are three types of minimal dominating sets in G1 + G4 graph:
The minimal-dominating sets of G1, all the minimal dominating sets of GG3 and the sets of size two of all
minimal dominating sets containing one vertex from G; and another vertex from Gs.

Hence, T),(G1 + G2) = T (G1) + T (G2) + ning, and

ddGl(’U)+n2, if’UEV(Gl);
daci+6, (V) = O
dag,(v) +nq, ifveV(Gy).

Theorem 3.7.

Let G1 and G5 be any non complete graphs having ny, ne vertices and my, mo edges respectively. Then

(1)

DM, (G + G2) = DM1(G1) + DM3(G2) + 2n2p(G1)

+ 2n1p(G2) 4+ n1(n3 + nony),

DMQ(Gl + Gg) = DMQ(Gl)(l + 712) + mlng + DMQ(GQ)(l + nl) + mgn%

+ [ning + p(G1)][ning + p(G2)],
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(3)
l)]\4f< (G1 + G2) = DMl* (Gl) + DMT(GQ) —+ 2m1n2 + 2n1m2
+ (,O(GQ) + ng(m + 1))(p(G1) + nlng).
Proof.
DMi(Gi+Ga)= > digia,®)
vEV(G1+G2)
= Y (dac,()+m2)*+ Y (dac,(v) +n1)’
veV(Gy) vEV (G2)
= Z ddGl(v)2+2n2 Z ddGl(’U>+n§ Z 1
veV (Gr) veV(G1) veV(Gr)
+ Y dae@?+2m Y dag,()+nd Y 1
veV(Ga2) veV(Ga) veV(Gr)
= DMy(G1) + DMs(Ga) +2n2 > dac, (v)
’L)EV(Gl)
+2n1 Y dac,(v) +na(n3 +nam)
veEV(Ga2)
= DMl(Gl) + DMQ(GQ) + 2n2p(G1)
+ 2n1p(G2) + n1(n3 + nong ).
And,

DMs(G + G2) Y. dici+a(Wdic+a,(v)

weEE(G1+G2)

= Z ddG1+G2 (u)dd G14+G2 (U) + Z ddG1+G2 (u)ddG1+G2 (U)
wweE(G1) uwweE(Gz2)

+ Z di G, +G5 () da G, +G, (V)

uweV(G1),veV(G2)

We will find every part independently

(1)

Y diciraWdacira,(0) = Y (dag, (w) +n2)(dac, (v) + o)
weFE(Gy) w€EFR(G1)

= DM>(G1)(1 + n2) +min3
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(2)
Y diciraWdicire,(0) = ) (dac,(w) +n1)(dag, (v) + 1)
uwv€EE(Ga) uwweE(Gzy)
= DMy (G2)(1 +ny) + mani
(3)

Z da G1+G2 (u)ddG1+G2 (U) = (ddG1 (ul) + n2)(ddG2 (Ul) + 77,1) + ..
UEV(G1),UEV(G2)

+ (da, (u1) +n2)(da g, (vn,) + 1)

+ (dac, (u2) +n2)(dag,(v1) +n1) + ...
+ (dag, (u2) + n2)(dac, (vn,) + 1)

+ ...

+ (dag, (un,) + n2)(dag, (v1) +n1) + ...
+ (dac, (un,) +n2)(dac, (vn,) +n1)

= (dgg, (u1) + TLQ)[ Z (dng (v) + 774)] + ...
veV (G2)

+ (dac, (uny) +m2)[ Y (dac,(v) + )]
veV (Ga)

=1 Y (dic,(w+m2)ll Y (daca(v) +n)]

u€V(Gy) veV(G2)

=[na+ Y dac,@]mnz+ Y dac, ()]

u€V(Gy) veV(G2)

= [n1ng + p(G1)][n1ng + p(G2)]

Hence,
DM5(G1 + G2) = DM>(G1)(1 + na2) + min3 + DMy(G2)(1 + ny) + moni
+ [nin2 + p(G1)][nin2 + p(Ga)]-
And,
DM{(Gi+G2) = > [dac,+6(u) + dac, 1+, (0)]
weE(G1+G2)
> daciraw) tdicira @]+ Y [dacire (W) + dag,+a, (V)]
uwveE(Gh) uveE(G2)
+ Z [ddG1+G2 (u) + ddG1+G2 (’U)]

ueV (G1),0eV(G2)
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We will find every part independently

(1)
> ldacira (W) +dacira, @] = D (dac, (1) +n2) + (dag, (v) + n2)
weE(G1) weEE(G1)
== DM;(Gl) + 2m1n2,
(2)
> ldaciran (W) +dacire, )] = D (dac,(w) +n1) + (dag, (v) +11)
weE(G2) weEE(G2)
= DM{(GQ) + inmz,
(3)
> [daci+c,(u) + dac,+6, ()] = (dac, (u1) +n2) + (dag, (v1) +n1) + ...

u€V(G1) eV (Ga)
+ (dag, (u1) +n2) + (dag, (vn,) +11)
+ (dac, (u2) +n2) + (dag, (V1) +n1) + ...
+ (dac, (u2) +n2) + (dag, (Vn,) +11)
+ ...
+ (dac, (un,) +n2) + (dag, (v1) +n1) + ...
+ (dac, (un,) +n2) + (dac, (vn,) +11)

= (dac,(u1) +n2)[ Y (dac,(v) +n1)+mngl+ ...
veV (Ga)

+ (dac, (uny) +12)[ D (dac,(v) +n1) + no
veV (Ga)

=[ Y (i () +na(m+ D[ Y (dag, (w)) +nang)]

veV(G2) ueV(G1)

= (p(G2) + n2(n1 +1))(p(G1) + ninz).

Hence,

l)]W{k (G1 + G2) = DMl* (Gl) + DMT(GQ) + 2ming + 2n1mo

+ (,O(GQ) + ng(m + 1))(p(G1) + nlng).
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Corollary 3.2.

DMl(Gl + Gg) S DMl(Gl) + DMQ(GQ) + 2n1F(G1)Tm(G1)

+ 2n1F(G2)Tm(G2) + nl(ng + ’I’Lgnl).
Corollary 3.3.

DMQ(Gl + GQ) < DMQ(Gl)(]. + 712) + mlng + DMQ(GQ)(l + nl) + mgn%

+ [n1n2 + F(Gl)Tm(Gl)][mng + F(GQ)Tm(GQ)]
Corollary 3.4.

DMf(Gl + Gg) S DMI*(Gl) + DMT(GQ) + 2m1n2 + 2n1m2

+ (D(G2)Tin(G2) + na(n1 + 1)) (L(G1)Tin(G1) + nang).

4. SOME BOUNDS OF DOMINATION ZAGREB INDICES

Theorem 4.1.

Let G be a graph of order n. Then

DM (G) > %(p(G))z. Equality hold if and only if G is one-domination reqular graph.

Proof. We have DM:(G) =3, cv(q) d%(v) = d3(v1) + d3(v2) + ... + d%(vy)

We use Cauchy-schwartz inequality on vectors (dgq(v1), dq(ve), ..., dq(v,)) and (1,1,...,1) to get

DM, (G).n = (d3(v1), d3(va), ..., d3(vn)) (12,12, ..., 12)

> (dg(v1).1 + da(v2).1 4 ... + dg(v,).1)?
= (Z dg(v;))?
= (p(G))*.

To prove the equality, suppose G is one domination regular graph = dd(v;) = 1 for all 1 < ¢ < n. And
DM, (G) = n. Conversely if DM (G) = 2(37 da(v;))* = DMi(G).n = (X1, d(v;))?, hence G is one

domination regular graph. a

Theorem 4.2.

Let G be a graph with n vertices. Then

DM (G) < (Y da(v))*.

veV(G)
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Proof. DM1(G) = ev(a) d%(v) = d3(v1) + d3(ve) + ... + d3(vn)

As dy(v1),dq(v2), ..., dq(vy,) is positive integers so, we get

DM (G) < (Y da(v))*.

veV(G)
(Il
Proposition 4.1.
If G be any graph such that |V (G)| = n, then
n < DMy (G) < n(T,,(G))?,
p(G) +n < DM (G) < nTn(G) + p(G)
Proof. see Observation 2.1. O

Theorem 4.3.
Let G be a graph such that G 22 Ko. Then DMy (G) > v(G)T(G)
Equality hold if and only if G = Ps.

Proof. Note that dq(v) = 1, 50, 3, ep(q) da(uw)da(v) = 3, cv (g da(u). From Observation 2.3, we get
DM5(G) > 4(G)Tn(G). o

Theorem 4.4.
Suppose G is a connected simple graph. Then
DM»(G) < T(G)(Tw(G))*.

Proof. We have dq(v) < T, (G), 80 3_ e p(q) da(w)da(v) < Tn(G) 3o ev () dd(w).
By Observation 2.3, DMy (G) < T'(G) (T (G))?. O

Finally, we can generalize the definition of the domination degree of the vertex by using any subset of
vertices with property P like an independent set, independent dominating set, total dominating set, hup set,

edge dominating set, different distance set,... so on.

Definition 4.1.
Let G = (V, E) be a graph and let S be any subset of vertices with property P. Then for any vertex v, the P

set degree of the vertex v denoted by

dp(v) = |{S CV(G) : S has property P and v € S}|.
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And we can define the Zagreb and Forgotten indices as following

PM(G)= Y dp(v),

veV(QG)
PM;(G)= Y dp(u)+dp(v),
uwveE(G)
PMy(G)= > dp(u)dp(v),
weE(G)
PF(G) =} dp(v),
veV(G)
PF*(G)= Y dp(u)+dp(v).
weE(G)

5. CONCLUSION

In this research work, we define new topological indices based on the minimal dominating sets. The

authors are working now in some of the other types of topological indices by replacing the standers degree

of the vertex by the domination degree of the vertex.

Finally we have the following open problems for research:

(1) Is there any relation between the normal degree and domination degree of the graph.
(2) What is the necessary and sufficient conditions in a graph to become domination regular graph.

(3) What is the natural relation between the domination indices.
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