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ABSTRACT. This paper studies the existence of solutions of boundary value problem for fractional differential
equations on the half-line in a special Banach space. The main result is based on Moénch fixed point theorem

combining with a suitable measure of non-compactness, an example is given to illustrate our approach.

1. INTRODUCTION

Fractional differential equations play a very important role in describing some real world problems, for
example, in the description of hereditary properties of various materials and processes. They are also widely
applied in the mathematical modeling of processes in physics, chemistry, aerodynamics, electro-dynamics of
complex medium, polymer rheology, etc. Consequently, the fractional calculus and its applications in various
fields of science and engineering have received much attention and have developed very rapidly (cf. [18,20,23]
for instance).

Very recently, many research papers have appeared concerning the fractional differential equations in Banach

spaces, some of them investigated the existence results of solutions on finite intervals by classical tools from
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functional analysis; see, for example References. [1,3,6-8,19,21,22].

In [4]. A. Arara and M. Benchohra studied the following problem

°Dfy(t) = f(t,y(t), teJ=(0,+00), 1<a<?2,

y(0) = yo, y is bounded on J,

where “Dg, is the Caputo fractional derivative of order «, f:J X R — R is a is a continuous function and
yo € R. The main approach is based on Schauder’s fixed point theorem. my results is to generalize the
previous work.

This article concerns the existence of solutions of boundary value problem for fractional differential equations

on unbounded interval. We consider the boundary value problem

(1.1) D3+y(t) = f(t7y(t))7 te J=(0,400),
(1.2) I57°y(0") =y,
(1.3) Dy y(00) = Yoo

D§. denote Riemann-Liouville fractional derivative introduced, 1 < o < 2. The operator IOQI * denotes
the left-sided Riemann-Liouville fractional integral, the state y(-) takes value in a Banach space E, f :
(0,00) x E — E will be specified in later sections and (yo,yoo) € F X E.

This paper is organized in the following way. In Section 2, we give some general results and preliminaries
and in Section 3, we present existence results for the problem (1.1)-(1.3), using the Monch’s fixed point
theorem combined with the technique of measure of noncompactness. Finally an illustrative example will be

presented in Section 4.

2. PRELIMINARY RESULTS

In this section, we introduce some notation and technical results which are used throughout this paper.
Let I C J be a compact interval and denote by C(I, E) the Banach space of continuous functions y : I — F

with the usual norm
[yllee = sup{|[y(t)[|, t € I}.

L'(J, E) the space of E-valued Bochner integrable functions on .J with the norm

“+oo
11l :/0 £t dt.
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We consider the space of functions

Co([0,00),E) = {y € C(J,E) : lim t*~“y(t) exists and finite}.

t—0+

For y € C,((0,00), E), we define y,, by

t2=y(t), t € (0,00),
Yalt) =
lim; o t2~y(t), t=0.

It is clear that y, € C([0,00), E).

We consider the following Banach space

12y (t
Xo([0,00), E) = {y € Cu(]0,0), E) : tll>nolo Tig) exists and finite}.
A norm in this space is given by
2yl
Y/l =sup — - mo

We begin with some definitions from the theory of fractional calculus. Let oo > 0, n = [a] + 1 (the least

integer greater than or equal to «) and h € C(J, E).

Definition 2.1. [18].

(1) The Riemann-Liouville fractional integral of the function h of order « is defined by

I, h(t) = ga(t) * h(t) = / galt — 5)h(s)ds, >0,

where * denotes convolution and g, (t) = t*~/T(a).
(2) The Riemann-Liouville fractional derivative of the function h of order « is defined by
DG, h(t) = %(Qn—a(t) * h(t)),

for allt > 0. Where T is the gamma function.
For the existence of solutions for the problem (1.1)-(1.3), we need the following auxiliary lemmas.
Lemma 2.1. [26] Let o > 0, then the differential equation
DG+ h(t) =0,
has solutions h(t) = c1t®™ + cot® 2 + ...+ c,t®™ ", for some c; ER, i =1...n, where n=[a]+ 1.
Lemma 2.2. [26] Let o > 0, then
S DS R(t) = h(t) + et et 4 et

for some ¢; €R, i=0,...,n, where n=[a]+ 1.
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Remark 2.1. For a >0, k> —1, we have

N'(k+1) I'k+1) _
IgtF = ———— otk gnd DS tF = —————— k=2 ¢,
T Tlatkrl) M P T DR —at1)
giving in particular D§ t*~™ =0, m = 1,...,n, where n is the smallest integer greater than or equal to c.

Remark 2.2. If h is suitabe function (see for instance [18, 20, 23] ), we have the composition relations
Dg Ig h(t) = h(t), a >0 and D§ IE h(t) = I} h(t), k> a >0, t > 0.

We note that v,v¢ and 7vx, the Kuratowski noncompactness measure of bounded sets in the spaces
E,C(I,E) and X,, respectively. As for the definition of the Kuratowski noncompactness measure, we refer
to references [5,17]. The following properties of the Kuratowski measure of noncompactness and Ménch

fixed point theorem are needed for our discussion.

Lemma 2.3. If H C C(I, E) is bounded and equicontinuous, then v(H(t)) is continuous on I and

tel

e () = maxy(H(1)), 7 ({ [t ae H}) < [woa,
where H(t) = {x(t) : x € H}.

Theorem 2.1. [2,24] Let D be a bounded, closed and convex subset of a Banach space E such that 0 € D

, and let N be a continuous mapping of D into itself. If the implication
V=conuN(V) or V=NV)u{0} = ~(V) =0,
holds for every subset V' of D, then N has a fixed point.

3. MAIN RESULT

We will need to introduce the following hypotheses which are assumed here after.

(H;) There exists a nonnegative functions a,b € C(J,R") such that
£t )| < a(t) +t2=b(t)||u|| for all t € J and u € E,

where
/ (1+ £)b(t)dt < T(a), / a(t)dt < .
0 0
22—«
(Hz) Vte (0,L],Yz,y € E: | f(t,2) — f(t.y)ll < Tz llz —yll-
(H3) There exists nonnegative function ¢ € L'(J,R¥) such that for each nonempty, bounded set Q C

Xo(J, E)
V(D)) < EUAVQY),  forall ¢ € J,
where

/00(1 + 1)) dt < T(a).
0
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Definition 3.1. A function y € X,([0,+00)) is said to be solution of the problem (1.1)-(1.3) if y satisfies
the equation D§,y(t) = f(t,y(t)) and the conditions (1.2 — 1.3).

Lemma 3.1. Let 1 < a <2 and let h : J — E be continuous. A function y is a solution of the fractional

integral equation

(3.1) y(t) = ﬁ[yoo - /OOO h(t)dt]tet + %th + ﬁ /Ot(t — $)*"1p(s)ds
if and only if y is solution of the problem

(3.2) Dgy(t) = h(t), te.J = (0,+00),

(3:3) Lo y(0%) = yo,

(3.4) Dgy(00) = yoo-

Proof. Assume that y satisfies the problem (3.2)-(3.4). We may apply Lemma 2.2 to reduce equation (3.2)

to an equivalent integral equation
(3.5) y(t) = crt® ™t 4 eot® 2 4 IS h(t),
for some c1, ¢ € R. Applying Igja to both side of (3.5), we have
IToy(t) = el 57t + eI FT 72 + LT IS h(D).

From Remark 2.1, we then get

al(a)
I'(2)

t+cl'(la—1)+ ﬁ /0 (t — s)h(s)ds.

IZ7oy(t) =

As t — 0, we obtain

Yo
MNa-1)

Cy =

Applying Dgfl to both side of (3.5), we have
DT y(t) = ex DS 4 o DS 4+ DTG h(Y).
From Remark 2.1 and Remark 2.2, we then get

D y(t) :clf(oz)—i——/o h(s)ds.



Int. J. Anal. Appl. 19 (2) (2021) 244

Hence

Thus, we have

y(t) = %

. i a—1 Yo a—2 L ! —s a—1 s)ds
oyl /0 MO+ +F(a)/0(t )= 1h(s)ds.

Conversely. The proof is simple. O

Consider the operator N : X,([0,00), E) = X,([0,00), E) defined by

1

NGO = 15" e T / £ = (¢ = )] (s, y(s))ds

1 > a—1
— m/ 7 f(s,y(s))ds.

t

The following several lemmas present some properties of the operator N, which are necessary for the proof

of our main result.

Lemma 3.2. Suppose that conditions (Hy) and (Hz) are valid. Then the operator N is bounded and con-

tinuous.

Proof. For y € X,(]0,00), E), it is easy to deduce from (H;), and that Ny € X, (J, E). Furthermore, (H;)

guarantees that

PN _ ol | ol 1 [
Ll < Rl s [T el

Hyoo” ”yO” ”y”a & o L ooa
ST "Ta-1 " p(a)/o (1+t%)b(t)dt + F(a>/0 (t)dt.

Hence, N : X, (J, E) = X,(J, E) is bounded. Next we prove that N is continuous. Let {y,}52; C X, (J, E)
and y € X,(J, E) such that y, — y as n — 0o. Then, {y, }52; is a bounded set of X, (J, E), i.e. there exists
M > 0 such that ||y, |lo < M for n > 1. We also have by taking limit that ||y||o < M. In view of condition

(Hy), for any € > 0, there exists L > 0 such that

/L " ayar < N, /L e < O

and there exists N € N such that, for all n > Kﬂ we have

1£(s,9n(5)) = (s, 9Dl < 77
Therefore, for all t € J and n > N , we can obtain from
2—q 1 t
e IV )0 = NGO < 7 [ 176 (6) = Fls. ) s
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Ift<Landn > N, we can obtain from

1 t
N )0 - N0 < 7o / 1 (5,0 (5)) — £(5,9(5)) |ds
+ T / 1£(5.9m(s)) — F(s,9(s)) s

1
F(a / 1£(ssyn(5)) = f(s,9(s))||ds
() Vt £ (s, yn(s)) — f(S,y(s))”ds—!-/L 1£(5,yn(s)) _f(s’y(s))||d$‘|

L oM 2 o0
/0 15,3 (5)) = £ (5.5 s+ s / (1+ 5%)b(s)ds + afs

|
4
£

e €
<— — —_ =
f3+3+3 €

The case when ¢t > L and n > N is treated similarly. Thus we conclude that

lyn — ylla = 0 as n — oo,
namely, N is continuous and the conclusion of the lemma follows.

emma 3.3. Let condition 1) be satisfied an e a bounded subset of X,(J, E). en
L 3.3. L dition (Hy) b sfied and B b b ded sub f Xo(J,E). Th
(i) % is equicontinuous on any compact interval of J.

(ii) For given € > 0, there exists a constant N1 > 0 such that H W)ta) _ tz "N(w)(ta)

1+to‘ 1+t
t1,to > Ny and y() € B.

Proof. We have

Ny(t) = Yoo — Jo f(t7y(t))dtta_1 L%

|| < e for any

a2 ! t —8)* " f(s,y(s))ds
(@) et | 9 s

In view of condition (H7) and the boundedness of B, there exists M > 0 such that

(3.6) /0 1£(t,y(0)) | dt < M for any y € B.
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In order to prove (i), let the constant r be such that ||y||o < r for any y € B, and without loss of generality,

let [a,b] C J be a compact interval and ¢1,t2 € [a,b] with ¢; < t2. Then

”t?*aN(y)(tl)_fgfaN(y)(tz)‘KHyoo||+M‘ bt | ol 1
T 1113 "= T(a) 146 1+t Tla-1)|1+tg 1+13
t1 to
| =9 s — [t = 9 syt
a) ||Jo 0
T(a) '1+6f 1+t T(a—1)|1+6F 1+13
1 f 1 1
— to — 8)* L — (t; — 8)*~ d
g [ 2= 97 = (= o) s
1 t2 L
+ = ty — 8)Y” s,y(s))||ds
oy L 2= S e
T(a) 1467 1+t T(a—1)|1+6F 1+13
1 h 1 1
— ty — 8)* 1 — (t; — 8)*~ d
tag [ =97 = (= ) ale)ds
’"/t1|< 1 (= N+ (s - < [ (1 — 5 as)
+ — to —8)¥ 7 — (t; — 8) 1+sabsds+—/ to — 8)* “a(s)ds
L(a) Jo ° ' L(a) Jy,
! /t2< (1 + 5%)b(s)d
+ — to —35)* (1 4+ s%)b(s)ds
F(a) t1 ?
T(a) 1465 1+ T(a—1)|1+6F 1+13
a* + b*r b . . a* +brr (12 -1
- ty —8)* 1 — (4, — 5)* 1d - ty — 8)*1d
+ (@) (/0 (ta —s) (t1 —s) s |+ (o) /151(2 s) s
2b*r /t2 . /tl . )
+ to — )4 " s%ds — t1 —8)* "s%ds
['(a) < 0 (t2 ) 0 G )
= T(a) 1+t¢ 1413 T(a—1) |1+ 1+
a*+br oy @ FbT o 20°rB(o,a+1) 5, o
+m(t2—t1 — (t2 —t1) )+m(t2—t1) +W(t§ — 7,

where a* = max;c[q 5 a(t) and b* = maxyc(qp) b(t). As ta — t; the right-hand side of the above inequality

2—«a
tends to zero. Then % is equicontinuous on [a, b].

Next we verify assertion (iz). Let € > 0, we heve

Ht?_“N(y)(tl) _ tg_aN(y)(tz)“ Myl +M | 0 7ol 11
1+ t¢ 1+t5 "= T(a) |1+ 145 T(a—1) |1+t 1+13
1 fg2=o(t —s)ot b2 270ty — 5)!
ds — 2 = ds|| -
s | i s = [ B s gty
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It is sufficient to prove that

t1 12—« — s a—1 to 42—« — s a—1
‘ / B0 = 9% L s))ds — / B M = 9% g y(e))ds
0 0

<e.
1+ t¢ 1+ tg =
Relation (3.6) yields that there exits Ny > 0 such that

(3.7) /N 17yt < & for any y € B

t2’“(t—N0)“’1

On the other hand, since lim;_, 1o

= 0, there exists N1 > g such that, for any ¢;,t5 > N7 and

s € [0, Ng], we have

B =9 = 9)

1+1t§ L+t

€

3M°

(3.8)

Now taking t1,t2 > Ny, from (3.7), (3.8) we can arrive at

t2—ap a1 ta 2-ary _ ga—1
\ / B0 = 9% L s))ds — / B M = % b (e))ds
0 0

L+t 1+t
N, 2—« a—1 2—« a—1
ty “(t2—s) t (t1—s)
< — d
<[t L |1yt s
t 2—« -1 t 2—« r—1
B tl (tl — 8)a / 2 t2 (t2 — S)O(
- d - - d
R R e L e e LCR IO 8
c o0 [e ]
< | s uols 2 [ s lds <.
3M J, N
Therefore, we complete the proof of lemma 3.3. (]

Lemma 3.4. [25] Suppose that condition (Hy) holds and B is a bounded subset of X,(J,E). Then

2—«a
7x, (N(B)) = sup, ey (20
Now we are in a position to give the main result of this work. Let
B ={y € Xa([0,00), E) : [ylla < R}

Theorem 3.1. Suppose that conditions (Hy), (Ha) and (Hs) are valid. If

(Ha)

lyoo |l + (o = Dllyoll + Jy~ alt)dt
L(a) = [JS(1+t)b(t)dt

Then the problem (1.1)-(1.3) has at least one solution.

R >

Proof. First we transform problem (1.1)-(1.3) into a fixed point problem. Consider the operator N :
Xo([0,00), E) = X, (]0,00), E) defined by

NGO = 150 + gt - Fja) / £ = (¢ = )7 (s, y(s))ds

1 - a—1
— m/t 7" f(s,y(s))ds.
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From Lemma 3.1, the fixed points of N are solutions to (1.1)-(1.3). We shall show that N satisfies the
assumptions of Mdnch fixed point theorem (Theorem 2.1).

Then we can derive that N : B — B. Indeed, for any y € B, by condition (H;) we get

27N () (1)
1+te

. o - ~
< T (IIyooll + (a—1)|lyol +/0 (t)dt+R/O (1+t ))b(t)dt> <R

Iyl Mol 1 [
|| 1< B+ e e L vl

I(a)  T(a

Hence, from (Hy) we have |[Ny|o < R, and we conclude that N : B — B. Clearly B is a bounded, convex
and closed subset of X,([0,00), E), together with Lemma 3.2 we know that N : B — B is continuous.

Finally we need to prove the following implication

V ceonv{N(V)U{0}} = vx.(V) =0, for any V C B.

Let V C B such that V C conv{N (V) U {0}} and ¢ € J, we choose £ > 0 and n > 0 such that £ < ¢ < n.

For each y € V, we consider

Nealo)(0) = £yt + gyt iy L 17 €9 s

1 " a—1
+ @ /t (t— )% f(s,y(s))ds.

Then from (H;), we obtain that

£ oo
I New()(t) — N ()] < ﬁ / £ty ()t + ﬁ / £ty () e

1 ¢ ¢ . o0 o )
< () (/0 a(t)dt+R/0 (14t ))b(t)dt—i—/n a(t)dt—&—R/n (14t ))b(t)dt>7

this shows that Hy (tg_ajfi;fv)(t), t2_a111§g)(t)) —0as & —0and n — oo, t € J. Where H; denotes the

Hausdorff metric in space E. By the prorerty of noncompactness mearure we get

3.9) i (N0 _ (N0,

£—0, n—oo 1 —+ te 1 —+ t™

From lemma 3.3, the set {%} C Xa([0,00), E) is equicontinuous on any compact of J. By (Hy), il

is easy to know that {f(.,y(.)) : y € V'} is equicontinuous on [£, n]. Moreover {f(.,y(.)) : y € V} is bounded
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on [¢,n], by (H1). Using Lemma 2.3, Lemma 3.4 and (H3), we arrive at

) (tZ‘;J\fzaV(f)) <o | NEERSOR (twvt(t)) "

" N 2N (V)(t)
< F(o()/5 (1+t2)0(t)y (w) dt

1 n o
< 5w /5 (1 + ) 6() 1, (N (V))dt.

From (3.9), we know that

Thus

Consequently, by condition (Hs). We get vx_ (N(V)) = 0; that is vx_ (V) = 0. From the theorem 2.1, we
conclude that N has a fixed point y € B which is a solution of problem (1.1)-(1.3). O

4. EXAMPLE

We consider the following problem.

P Viyn(t) 2t)
(4.1) DEylt) = ((1 +?%)610t (1+1¢2

)2> , teJ=1(0,400),
n=1

1

(4.2) I y(t) = o,
1

(4.3) D y(o0) = Yoo

Let

E={(y1,--,Yn,.-.) : sup|yn| < oo},

with the norm ||y|| = sup,, |yn|, then E is a Banach space and problem (4.1)-(4.3) can be regarded as a
problem of the form (1.1)-(1.3), with

a= g and f(t,y(t)) = (f(t,11(2),.... f(t,yn(t)),...),

where

V(1) 2t .
F(tyn(t)) = (14 t3)elot + (1 +t2)2’n e
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We shall verify the conditions (H;) — (Hs). Evidently, f is continuous in J x E and

Vit 2t

mlly(t)ll + (

£t y@)] < arer

With the aid of simple computation we find that

—5¢
dt = I'(=) and dt =1 .
/0 ‘ i <) /0 (1+2)2 =
Finally, we verify condition (H3). For any bounded set B C E, we have

t 2t
Vi B

ft, B(t)) = m (t) + {m

1.

Then

<

Y(f(t, B(t)) < WV(B(t))~

Since [ e~'%dt = 0.1 < I'(2), we conclude that condition (Hj) is satisfied. Therefore, Theorem 3.1 ensures
that problem (4.1)-(4.3) has a solution.
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