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ABSTRACT. In this paper, we study global existence, uniqueness and boundedness of the weak solution for
the system (P) which is formulated by two subsystems (P1) and (P-), the first describes the thixotropic
problem and the second describes the diffusion degradation of ¢, using Galerkin’s method, Lax-Milgran’s

and maximum principle. Moreover we show that the unique solution is positive.

1. INTRODUCTION

The phenomenon of thixotropy has recently attracted a great deal of attention. The term was first
applied [3] to an ”isothermal reversible sol-gel transformation”. As the gel state is often merely one of high
viscosity, the definition has been made more general, and the term is then applied [5] to any ” isothermal
reversible decrease of viscosity with increase of rate of shear”.

Colloidal solutions provide the more common examples of thixotropy and may be divided into three important

classes :

e Solutions in Newtonian liquids of lyophilic substances whose molecules are of great length, e.g.,
gelatine, starch and many synthetic polymers.

e Suspensions of solid particles such as pigments in oils, or clays in water.
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e Concentrated emulsions ( [11], [12]) of oil droplets in water; foams of gas bubbles in water (with, of

course, stabilising agents).

Thixotropic fluids are used widely in civil engineering, food, cosmetic as well as pharmaceutical industries,
and impact every aspect of our lives. As emulsions, suspensions, or polymeric gels, they are very differ-
ent from each other compositionally, but most of them have one thing in common, i.e., the existence of
microstructures. The microstructures are changeable and may comprise a network of flocculated colloidal
particles, tangles of polymers, or a spatial arrangement of suspended particles or drops [1].

Thixotropic fluids have a lot of special characters, such as aging, rejuvenation, and viscosity bifurcation [14]
and by rate dependent properties associated to their structural level. The behavior of these substances un-
der rheological tests have been analyzed in many scientific works ( [2], [9], [10], [13], [15]), which was firstly
proposed by Moore [8] in 1959. All of these scientific works were presented a qualitative explanation of the
break down and build-up processes of the structure.

In this paper, we are interested in the study of the global existence and uniqueness of weak positive solution

for the elliptic-parabolic model’s.

Our model is defined as follows:

. V(c—u
ur + Au — Adiv {UM,} +u=ug (t,z) e RT xQ

(P w=0 By
(P) u(0,2) = ug reQ

—Ac+71c=0 2€
()

c=g o0

Where u (t,z) is a function denotes the speed of fluid in the position x € Q C R? or R3, Q is a bounded
convex domain with smooth boundary 02 € H 2 (0), A > 0 is the viscosity of the fluid, 8 > 0 is a parameter
constant, ¢ denotes the concentration of chemical signal that stimulates the fluid. The parameter 7 is a time
constant and it is expressed on the one hand the movement of fluid and secondly the diffusion degradation
of c.

To simplify the solution of the system (P), a decomposition of (P) into two subsystem (P;) and (Ps) are
adopted. Galerkin’s method is very important to help us to demonstrate the existence and uniqueness of a
weak solution for system (P;). To prove the existence and uniqueness of a weak solution for system (P),
we use Lax-Milgram’s theorem and maximum principle. However this theorem can not be applied directly
because it is nonhomogenous system. For this reason an adoptation of Trace theorem it used to simplify the
system(P,) . Therefore we have the existence and uniqueness of a weak solution for system (P). Moreover

we show that the solution is positive.
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The following initial-boundary conditions on ug and g assumptions are used to prove the proposed solution
of (P)
o« Hi: ge Lz (09).
o Hy: ge L (09).
o Hy: ugeL?(9).
e Hy: up>0and g>0.
If the hypothesis H; is satisfies and using the theorem of trace, one can find a lifting of this trace which
we denote R (g) € H} (2). Thus by definition it verefies 7o (R (g)) = g. Now we looking for ¢ having the
form ¢ = ¢+ R (g) reduves the problem (P;) to ¢ .

— —Ac+71¢—AR(9)+7R(9) =0 z€Q
(72)
c=0 on 0f)

Definition 1.1. We say (u,c) € L? (0,T, Hj(Q)) x H}(Q) with u, € L* (0,7, H~(Q)) is a weak solution
of the problem (P) if and only if

(1.1) (ug,v) + B (u,v,t) = (ug,v)
(1.2) a(c,q,t)=1(q)
where

B (u,v,t) = — [, VuVvdz + [, (67¢ + 1) uvdz — § [, uVuoVodz
a(Cqt) = [, (VeVq+ 1¢q) dx
Hq) == Jo(VR(9)Va+TR(g)q) dx

for all (v,q) € (H&(Q))2 ,0<t<T,

(1.3) u(0,2) = up € L? (Q)
and
(1.4) 0= A

VB+IV(e—u)?

Remark 1.1. Note that v € C ([0,T],L*(Q)) as u € L? (0, T, H} () and w, € L? (0,7, H*(Q)) . Then

equation 1.3 makes sense.
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2. EXISTENCE OF WEAK SOLUTION OF THE PROBLEM (P)

In this section, we are interested in the study of the existence and uniqueness of weak solution of the
problem (P;), which its variational formulat is given by equation 1.1 using Galerkin’s method and use the
theorem of Lax-Milgram to study the existence and uniqueness of weak solution of the problem (P;), which
its variational formulat is given by equation 1.2 . So we have the existence and uniqueness of weak solution

of the problem (P).

2.1. Existence of weak solution of the problem (P).

Theorem 2.1. If the hypothesis Hy holds. Then the problem (Pz) has only one solution ¢ € H' () for any
q€ H' (Q).

By applying the theorem of Lax-Milgram, the solution ¢ of the problem 1.2 exists and it is unique. So

(P2) has unique solution.

Remark 2.1. Elliptic reqularity theorem remains valid provided that the boundary condition g is in the space

L2 (8Q) which is the image by the operator trace space H2 (£2) .

Remark 2.2. [17] If c € H?(Q) and ( ¢ is a solution of problem (Py)) this implies that ¢ € Wh4(Q) (
H?2(Q) = Whi(Q) for1<qg<2).

Using the Maximum Principle one can show that the solution of the problem (P.) is positive as follows.

Multiplying the first equation of (P,) by ¢ € Hg (), we obtain other variational formulat for problem (Pz)

(E) /Q (VeVg+ Teq) dz = 0.

Proposition 2.1. [16] If g € L? (9Q) and ¢ € H () NC (Q) then the problem (ﬁ;) have a positive

solution c.

Proof. As OS2 is smooth enough and g € L3 (99) then ¢ € H2 (). And as Q C R2 or R3, by embedding of
Sobolev spaces ( H? (€2) < C (Q) ) this implies that ¢ € C' (Q) . If ¢ = g > 0 on 99, then ¢~ = min (c,0) €
H} (). So, we have

/Qcc*dx:/ﬂ(cf)zdx

VeVe dx :/ (ch)zdx,

Q Q

Since the support of functions ¢~ and ¢t = max (¢, 0) is set A (z) = {z/u(z) =0}.

This implies that Vu =0 on A (z). As ¢ = ¢* + ¢, thus we have
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O—/((Vc )? +7(c7) )d$>mm (L,7) [|e” HHl(Q

Finally, we find ¢~ = 0. (]

2.2. Existence of weak solution of the problem (P).

Lemma 2.1. i) For all v € H} (Q) then B(.,.,t) is continuous in H () x HE (Q), there exists a constant

positive M such that

(2.1) |B (w0, 8)] < M [ull g1 0y 01| g1

i) For any u € H} () and Hy is hold. Then exists a constant positive o such that
2

(2.2) B (u,u,t) > « HUHHg(m .

Proof. i) We use the Cauchy-Shwartz inequality and C € H' () < L4 () for any ¢ € [1 [ with n =2

or n = 3, we obtain i) as follows

1B (u,v, )] < ||Vl 2 (o) [Vl 20y + [|57| lell 2y + 1] ullp2go) vl r2(a)
+ 0] ||“HL2(Q) ||u0||L2(Q) HVU||L2(Q)

< M lull g1y 1Vl 1 q) -

ii) Making use of —Ac + 7¢ = 0 the expression of B (u,u,t) becomes

B(u,u,t) =— [(Vu)’dz+ [ (§7c+ 1) ulde —§ [uVuVude
= [(Vu)ldz + [ (67c+ 1) udda — $ [(Vu)*Vugdz
= [ (-1 - 3Vug) (Vu)’ da + [ (§7c + 1) u’dz
2 HVUH%z(Qy

Finally, by Poincarre inequality yields,

2
B (u,u,t) > « Hu||Hé(Q)
(|

2.2.1. Galerkin approximations. To demonstrate the existence of weak solution of the problem (P;) via the

method of Galerkin, we assume wy = wy, () are smooth function verifying
(2.3) {wr}re, is an arthogonal basis of H}(Q)
and

(2.4) {wi}tre; is an arthonormal basis of L*().
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Consider a positive integer m. We will look for a function w,,: [0,7] — H} (Q2) of the form

(2.5) Up: = Z dr, (t) wy,
k=1
which satisfies
(2.6) dfn (0) = (uo, wi)
and
(2.7) <u;n,wk> + B (tum, wi, t) = (up,wg), 0<t<T and k=1,...m

where u" = u; and here (.,.) denotes the scalar product in L2 ().

Theorem 2.2. (construction of the approzimate solution ) For each integer m, there exists a unique function

Uy, of the form equation 2.5 satisfying equation 2.6 and equation 2.7 .

Proof. Assuming u,, has the structure equation 2.5. Substituting equation 2.5 into equation 2.7 and using

equation 2.4 we obtained

(2.8) dk )+, dL B (w,wy, t) =dE (0), 0<t<T and k=1,...,m

According to standard existence theory for ordinary differential equations, there exists a unique absolutely
continuous functions d, (t) = (d},, d? dm ) satisfying equation 2.6 and equation 2.8. So u,, of the form

ms Ym0 Yms

equation 2.5 satisfies equation 2.6 and equation 2.7 for all ¢ € [0,T]. (]

2.2.2. Energy estimates. We propose now to send m to infinity and show a subsequence of our solutions u,,
of the approximation problems equation 2.6 and equation 2.7 converges to a weak solution of (P;). For this

we will need some uniform estimates.

Theorem 2.3. ( Energy estimates ) [17]. There exists a constant C, depending only on Q, T and ¢, such
that

(2.9) maxo<¢<T ||Um||L2(Q) + ||UmHL2(o,T,Hé(Q)) + ||U/m||L2(o,T,H—1(Q)) <C ||U0||L2(Q) for m=1,2, ..

Proof. (1) Multiplying equation 2.7 by d¥, (¢), summing for k& = 1,...,m, and then recalling equation 2.5

we find

(2.10) (U;n; Um) +B (umvuﬂ%t) = (’LLo,um)
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for all 0 <t < T. From Lemme 2.1, there exists constant o > 0 such that

2
(211) @ ||u7n||Hé(Q) S B (Um, Um, t)

for all 0 <t < T, m = 1,... Furthermore |(ug,un,)| < % ||“0Hi2(§z) +1 HumH%z(Q) ,and (ul,, Upy) =

4 (||um||2Lg(Q)) for a.e. 0 <t < T. Consequently equation 2.10 yields the inequality

d 2 2 2 2
(2.12) o (HumHL2(Q)> + 20 |[um g3 ) < C1 llumllz2 () + C2 uollzz(q)

for all 0 <t < T and appropriate constants C; and Cj.

(2) Now write

(2.13) o (t): = luml7q

and

(2.14) C(t): = lluolfan -

Then equation 2.12 implies

(2.15) ¢’ (t) < Crp () + CaC (1)

for a.e. 0 <t < T. Thus the differential form of Gronwall’s inequality yields the estimate

(2.16) o (t) < et (cp (0) + C /TC (s) ds) 0<t<T).
0

Since ¢ (0) = ||um (0)||2Lz(9) < H’U;OH%Q(Q) by equation 2.6, we obtain from equations 2.13 - 2.16
the estimate
(2.17) max |[tml|2q) < Clluoll 2(q) -

0<t<T

(3) Integrate inequality equation 2.12 from 0 to T and we employ the inequality equation 2.17 to find

T
2 2 2
w22 (0,113 0)) = /0 [tm 3 0 dt < C lluollzzq) -
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(4) Fix any v € H}(Q), with Hv”i’é(ﬂ) < 1, and write v = v! 4 v?, where v! € span (wy)

(vz,wk) =0(k=1,...,m). We use equation 2.7, we deduce for all 0 < ¢ < T that

(u;n,vl) +B (um,vl,t) = (uo,vl)

then equation 2.5 implies

consequently

2
(s 0] < € (1032 ) + lim s ) -

Simce HUlH;g(Q) < Hv||?{é(9) < 1. Thus

2
i1 < © (Il + Nl g )

and therefore

k=m
k=1 >

T T
2 2 2
Il = | Nl @t <€ [ (uoligey + gy ) dt < € ol

and

O

2.2.3. Existence and uniqueness. Next we pass to limit as m — oo, to build a weak solution of our initial

boundary-value problem (P).

Theorem 2.4. (Existence of weak solution). Under hypothesis Hy and Hs, there exists a weak solution of

(Pr).

Proof. (1) According to the energy estimates equation 2.9, we see that the sequence {u., },-_, is bounded
in L2 (0,7, H§()) and {ul,},~_;is bounded in L* (0,7, H~*(f2)). Consequently there exists a
subsequence which is also noted by {um,},._; and a function u € L?(0,T, Hj(2)), with v’ €
L?(0,T,H'()), such that

Um — v weakly in L2(0,T,HYQ

(2.18) Y ( of ))

u, = v weakly in L?(0,T,H (Q)).

m
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(2) Next fix an integer N and choose a function v € C* (0,T, H(Q2)) having the form

N

(2.19) v(t) = d*(t)ws

k=1

where {dk};\;l are given smooth functions. We choose m > N, multiply equation 2.7 by d* (¢),

sum for k =1, ..., N, and then integrate with respect to ¢ to find

T T
(2.20) /0 <u;n,v>+B(um,v,t)dt=/0 (ug,v) dt.

we recall equation 2.18 to find upon passing to weak limits that

(2.21) S !y 0) + B (u,0,t)dt = [ (ug,v)dt Vo€ L*(0,T, H}(R)) .

As functions of the from equation 2.19 are dense in L? (0,7, Hg(f2)) . Hence in particular

(2.22) (u',v) + B (u,v,t) = (ug,v) Vv € HYQ) andvte[0,T],

and from remark 1.1 we have u € C (0,T, L*(Q2)) .

(3) In order to prove u (0) = ug, we first note from equation 2.21 that

T T
(2.23) |~ + Bt = [ o)+ w©).00)

for each v € C* (0, T, H}()) with v (t) = 0. Similary, from equation 2.20 we deduce

T T
(2.24) /0 — (U, V") + B (U, v, t) dt = /0 (up,v) dt + (um (0),v(0)).

we use again equation 2.18, we obtain

T T
(2.25) /0 —<u,v'>+B(u,v,t)dt:/0 (ug,v) dt + (ug,v (0)),

since u, (0) — up in L2(£2). Comparing equation 2.23 and equation 2.25, we conclude u (0)

Theorem 2.5. (Uniqueness of a weak solutions) A weak solution of (Py) is unique.

= Up.

O
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Proof. We suppose there exists two weak solutions u; and us. We put

U:UQ—U1

then U is also a solution of (P;) with Uy = (ug — u1) (0) = 0. Setting v = U in identity equation 2.19 we

have

d (1 9
T (2 U220y + B(U, U, t)) =0.

From Lemma 2.1 we have B(U,U,t) > a||U|%2 0y > 0, 50 % (5 [Ul[72(ry) < 0, then integrate with

respect to ¢ to find

2 2
U220y < 10ollz20ry = 0,

thus U = 0. O

2.3. Global solution of problem (P). Our main results in this paper are stated as follows.

Theorem 2.6. i) if ¢ > ¢o > 0 and B (u,u,t) > [, uoudz. then the solution (u,c) of problem (P) is global.
i) if ¢ > co > 0 and B (u,u,t) > [, uoudz. then the solution (u,c) of problem (P) is global. Furthermore

there exists o > 0 such that ||uHL2(Q) < et HUOHLz(Q) .

Proof. we put

1
(2.26) Z(t) == / u?dx
2 Jo
we derivate the equation 2.26 and we use first equations of (Py) and (Pz) to find
i) we have
dz
— = / woudr — B (u,u,t) <0
a
therefore

Z(t) < Z(0).
ii) we have
92 — [ uoudz — B (u,u,t) = [, uoudz + [, Vuldz — [, (67c+ 1) u?dx + 6 [, uVuVuoda
= [uoudz + [, (1+ 25%) Vulde — [, (§7c+ 1) uldx

< [oreo + 1| |ul 720y = 02 (£) -
This implies that
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Z(t) < Z(0)e".

]

Proposition 2.2. [16] Let ug € L* (Q) and u € C ([0,T]; L* () N L? ([0, T]; Hj ())) is the unique weak
positive solution of (Py). If ug > 0 in Q, then u > 0 in ]0,T[ x Q.

Proof. 1f ug > 0 on 9€2. Therefore v~ = min (u,0) € L? ([0, T]; H{ (Q2)) . We obtain for all 0 < ¢ < T

A Ty C Yy g

Using the Lemma 2.1 and integrating with respect to ¢ from 0 to T, we get

1d (u_)2dx+a/T u (s)||? ds<li/ (u™ (O))zdx—()
2dt Jq 0 Hy @)™ =924t J, e
Since v~ (0) = (up)” =0. Sou™ =0. O
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