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ABSTRACT. In this paper, we introduce a new type of (p;q) exponential function with some properties
and a modified (p;q)-Szdsz-Mirakyan operators by virtue of this function by investigating approximation
properties. We obtain moments of generalized (p;q)-Szdsz-Mirakyan operators. Furthermore, we derive
direct results, rate of convergence, weighted approximation result, statistical convergence and Voronovskaya
type result of these operators with numerical examples. Graphical representations reveal that modified

(p; q)-Szész-Mirakyan operators have a better approximation to continuous functions than pioneer one.

1. INTRODUCTION

Approximation theory is one of the oldest branches of mathematics. To approximate continuous functions
with g-analogue of linear positive operators is significant application of g-calculus in approximation theory.

Ciesliniski [1] established alternative definition of g-exponential function. He defined g-exponential function
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using Cayley transformation. The main advantages of the new g-exponential function consist of better qual-
itative properties i.e., its properties are more similar to properties of e*,z € C [1]. Over the years, many
research papers were developed on g-analogue of various linear positive operators and their approximation
properties.

Recently, in [2] research of Bernstein-Stancu operators on (p;q)- integers were performed and discussed
uniform convergence and direct result of the operators. Eventually, in [3] (p; ¢)-analogue of Bernstein oper-
ators was investigated and developed the same convergence. Acar [5] and Mursaleen et.al [4], [12] proposed
(p; q)-generalization of Szdsz-Mirakyan operators and discussed uniform convergence, rate of convergence,
Voronovskaya result in those papers.

The motivation of recent work is developing a new type of (p;q) exponential function and utilizing this
new exponential function to modify (p; ¢)-Szdsz-Mirakyan operators. We studied uniform convergence and
statistical convergence of modified (p; ¢)-Szdsz-Mirakyan operators. In the first section, we discussed some
sequences and rate of convergence of operators. We also proved Voronovskaya type result. In the last section,

we present some graphical representations.

Consider, 0 < ¢ < p < 1. The definition of (p; ¢)-integer is,

pm_qm
1.1 m =——— meN,
(1.1) {m}p.q P

{O}WI =0,

and (p; ¢)—factorial is

{m}pq! = H{k}p;qv m e N

k=1
(1.2) {0}pig! = 1.
(p; ¢)-exponential function is defined as [6]

0o iG=1

(1.3) pals) = > L

The (p; ¢)-exponential functions have following property:

ep,q(2)Epq(—2) = Epq(2)epq(—2) = 1.
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Another way of defining two (p; ¢)-exponentials as infinite products is

ad 1
= ral2) = ]1;[ (' —¢’(p—q)2)’
(1.6) Epg(2) = [ 107 + ¢ (0= )2).

0

J

2. NEW TYPE OF (p;q)-EXPONENTIAL FUNCTION

New (p; q)-exponential function is determined as

2.1) () = palz/DEpalz/2) = [[ HH L0 =93

P —d(p—a)

)

ol [roe

ep.q(2), Ep 4(2) are usual (p; ¢)-exponential functions.

Theorem 2.1. (p; q)-exponential function &, 4(z) is analytic in |z| < Ry 4

I )
(2.2) Z i 12l < Rpg
]:O pv‘]'
where,
2
(2.3) Ry q = %, q>p.

N 2 L 2
(2.4) [J]pyq = p—q pligt = {J}p,q‘ma
J J i
2 27
(2.5) and  [jp,4! mlpg = {m}pg———— = {itnd .
m:1 ngl P gt Hm o(pm + qm)

Proof. Since (1.5) and (1.6) are absolutely convergent in |z| < 1, multiplying (1.5) and (1.6), we obtain

n(n 1) k(k*l)

ep,q(2/2)Epq(2/2) = Zzp (%)”Jrk
=0 k0 {n}p,q {k}p.q!
p(z K)G—k=1) k(k b 0
(2.6) pa!
Z{J}pq'z {J_k}pq'{k}pq
Using formula for the (p; ¢)-binomial coeflicients [7], we have
j-1 J » G=k)G=k=1) k(k ) G
(2.7) p" +xq") pd!
E) E:O {j— k}p,q {k}pq!
In particular,
J o G=kG=k=1) k(k )
2

{]}pq

(2.8) {j— k}p,q.{k}p,q-

=1+0)p+q.-( "+

7
=
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Substituting (2.8) into (2.6), we obtain (2.2), where [j], ; defined as in (2.4). To get the radius of convergence,

lim
n— o0

zJ

U+ p.q!

‘ lpa!

i z
= lim |————
n—oo | [§ + 1], 4

(17*;1)\2\7 for q < p,

(2.9) -

(g—p)lz|
QTZZ, for ¢ > p.

Applying d’Alembert’s test on (2.9), we obtain (p,q # 1) the radius of convergence (2.3). For p = ¢ = 1,

Ep.q(2) is €7, thus Ry = oo. O

Theorem 2.2. The &, ,(z) satisfies the following properties:
(2.10) L &pq(—2) = (5p7q(3))717 2. [Ep,q(iz)| = 1.

Proof. The first part of above equation (2.10) directly comes from the definition of &, 4(2).

That implies, &, 4(2) = &, 4(2).

Then, \Epyq(ix)\z = &pqlix) &pqliz) =1. O

The above (p; ¢)-exponential function (2.1) has more improved properties similar to function e*.

The definition of (p, ¢)-Szdsz-Mirakyan operators in [5] is

o . i .
(2.11) Apalfir) =3 . 1 e {m}} 4 f( {i}p.a )

=0 pa({m}pq2) {i}p.d! @ {m}p
Acar obtained moments, uniform convergence and Voronovskaya result of the above operators.

We define a different sort of modified (p, q)-Szdsz-Mirakyan operators via new (p; ¢)-exponential function

for f € C[0,00] in (2.1) is

o plk gk
(2.12) Snpalfi7) = 1 Z [ ]p,? . f<[k]p,q>’

Ep,a([n]p,g) =0 (K] p,q! [n]p.q
where 0 < ¢g<p<1l,neN0<z< (pfq)Q[n]p - = pn;;fg:il.

1

Remark 2.1. We choose an x between 0 and % because we want &, 4([n]p.qx) to be convergent.
p q b 9

Remark 2.2. From calculations for every k € N;
klpg _ ("=a") (" '4+q" ")
nlpe = (Pr—gm)(P* 14517

n __ 4N )
Np,q pP"—q
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Then we consider

1 []p.q "

Epa(nlpg®) [Klpq!
Clearly, s,(p,q;z) is positive for 0 < ¢ < p<1,n € N and every 0 < z < W

P,q

(2.13) sn(p, q; ) =

The operator Sy, p 4 is linear and positive.
3. MOMENTS OF Sy, p g
Here, we determine approximation moments of operators (2.12).

Lemma 3.1. Forn e N and 0< g < p < 1. Below equalities are verified:

(3.1) Sppa(liz) =1,
(3.2) Snpq(t;x) =z,
(3.3) Sppq(tx) =22 + )
- []p,q
32 T
3.4 Snpa(t7) = a4 oy Z
( ) vpvq( ) [n]p,q [n]z%,q
Proof. The result is obvious for S, ,, 4(1;x).
Now
s, tix) = P,q P,q
»alti) Ep,a([n]p,e) kZ:;) [Klp.g! \[n)p.q
1
Ep,q([n]p,q) 1 [k = 1]p.q!
= x.
and
S, 2 ) = P.q ( p,q)
wal ) Ep.a([]p,q7) kz:;) [Klp,q [1]p,q
1 i [ ]’;,glx’“' ( 1 ) L1 S [n]f;:fx’“'
Epq([nlp,q2) b1 [k = 1]p.q! \[n]p.q Epq([nlp,q2) 2 [k —2lp.q
= z + ]jz
[n]p,q
Also
1 oo [n]k xk ([k_] )3
S, ) = p,q p,q
pal ) Epq([n]p.qT) kzzo (Klp.q! \[nlpq
_ 1 i [n]];,qzk <[k]g,q - 3[k]]2),q + Q[k]pyq + 3[k]]2),q - 2[’@1’7’1)
Ep,a([n]p,q®) =0 (K] p,q! [n]g,q
3 322 T
=z’ + + 3
[n]p,q [n]p,q
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|
Central moments are:
(3.5) Snpqt—x;x) =0,
9 x
(3.6) Snpa((t —2)%2) = .
[n]p,q
Remark 3.1. From our choice of p and ¢, we know that lim, _,[n]yq = ﬁ. But, to get the uniform

convergence and other results of approximation for S, , . we suppose that sequences g, € (0,0n); Pn € (gn, 1]

such that g, p, — 1 and pYY — a, q711v’ — b as n tending to infinity, i.e., lim,_,o 1/[n]p, = 0.

Now, we have uniform convergence of new kind of operators for all f € Cy[0, c0)

where
Cyl0,00) = {f € C[0,00) : |f(t)] < A(1 +¢)"} for A >0, ¥ >0

and

Hf” = SUPyz>0 ‘ﬁ?z‘-

Theorem 3.1. Let (p,) and (q,,) be the sequences such that p, — 1, ¢, — 1 and pY — a, qT]y/ —basn

tending to infinity then for each f € Cyl0,00)

(3.7) lim Sy p.q(f) = fllo = 0.

n—roo

Proof. From Korovkin’s result, we put evidence that

lim ||STL,P,Q(ti) - J}1||19 =0, i=0,1,2.

n—oo

Since Sy, p.q(1;2) = 1, the result is clear for ¢ = 0.
Fori=1
lim_[1S,4(t) — o = Tim_ e = afly = 0.

n—roo

and for 7 = 2

. 2y 2. _ g 2 2
A0 [1Sn.p.0(#7) = 27llo = Him_fla”+ - L. " o
=0.
Hence S, p 4(f;2) is uniformly convergent to f € Cy|0, oo]. O

Example 3.1. For p = 0.99 and ¢ = 0.96, sequences of S, , 4 defined by (2.12) is convergent to f(z) =
22 —5x+10 (Fig. 1) and g(x) = 2® —x+ 1 (Fig. 2) with increasing values of n (n = 10,20, 30) respectively.
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FIGURE 2. Approximation to g by S, p 4 for n = 10, 20, 30.
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Example 3.2. For different choices of p and g, the sequence of operators S, , 4 defined by (2.12) is conver-
gent to f(x) = 2% — 52+ 10 (Fig. 3) and g(z) = 23 — x + 1 (Fig. 4) with n = 50 respectively.

FIGURE 3. Approximation to f by Sy, 4 for n = 50.

250

—s

500.7.068%
— Ss00s070%
200 Sso10s (O%
- = gk

S‘\‘n‘q(g.x)

50

FIGURE 4. Approximation to g by S, ;4 for n = 50.

4. SOME CONSEQUENCES

For this section, we provide several results on local approximation for Sy, p, 4(f; ). Here, Cy[0, 00) is the set

of bounded, continuous functions f on [0, 00). Attached norm on C3[0,c0) is defined by||f|| = sup |f(x)
z€[0,00)
Peetre’s K-functional is given by

K d) = inf —h 5||n"

2(£,0) = it {I1f = bl + 8"}

where W2 = {h € C}[0,00) : ', h” € Cp[0,00)}. From ( [9], p.177), there exists A > 0 such that Ks(f,8) <
Aws(f,61?),8 > 0, where

wa(f,01?) = sup |f(z+2n) = 2f(z+n) + f(z)]
0<n<d1/2,2€[0,00)

is the second order modulus of continuity of functions f in C3[0,00). The first order modulus of continuity

of function f € C4[0, 00) is defined by

w(f,6'?) = sup [f (@ +n) = f()].

0<n<1/2,2€[0,00)
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Theorem 4.1. Let 0 < ¢ <1 and p € (q,1]. The operators S, , 4 map from Cy into Cy

inequality is satisfied.

(4.1) 1Snp.a(f;2)llc, < 1 fllc,-

Proof. From the definition of S, p (f; x),

o

k k
1S g (f2)] < =t Z["]pvqx'

Epq([nlp.qx) =0 [F]p.q!

()|

1
SUD [ Sn,p.q (f3 2)] < sUp |f(2)] 5— S pq (15 2)-
>0 >0 P,q

Applying supremum to both sides here

One has

1Snp.a(f;2)llc, < I fllc,-

Theorem 4.2. Let (p,) and (g,) be the sequences such that p, — 1, ¢, — 1 and

. Also, the following

pN — a, qﬁ’/ — b as n tending to infinity. Then for f € Cp[0,00), there exists A > 0 such that

x
(4.2 Supalfia) = )] < Awn (£ [2-).
[n]p,q
Proof. For h € W2, using Taylor’s expansion

h(t) = h(z) + (t — 2)h' (x) + / (t —u)h" (u)du.

x

Now
|Sn.p.gh(t) = h(@)] < GlIR"[[Snp.q((t — 2)% ).
Also
1Sn.p.a(fi2)] < I
Hence

[Snp.q(f37) = F(@)] < [Snpo((f = h)(@);2) = (f = h)(@)] + [Snp.q(h;2) —

1
< 2||f - h” + §||hl/||5n,p,q((t - 37)2%1')-

Taking infimum of the right hand side of above inequality for all h € W2,

Supalfs2) = £ < 26 (£ bt )

Since wa(f, Ad) < (A +1)%wa(f;9),

|Snp.q(fiz) — f(z)] < Aws (f, [ni ) .

2q

h(z)]
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5. RATE OF CONVERGENCE

Suppose that C[0, c0) is set of all continuous functions on [0, 00) and consider following sets:
Cyl0,00) = {f € C[0,00) : |f(t)] < A(1 + )"} for A >0, ¥ >0
and

C5[0,00) = {f € C9[0,00) : limy 00 L < 00}

The first order modulus of continuity on [0, a] is defined as

Wa(f,(s): sup sup |f(t)—f($)|

[t—z|<6 0<z<a
Theorem 5.1. Suppose that f € C}[0,00). Let (p,) and (g,) be the sequences such that p, — 1, ¢, —
1 and pY — a, qﬁﬂ — b as n tending to infinity and wa11(f,d) be the modulus of continuity on [0,a+ 1] C

[0,00). Then

(5.1) 1Sn.p.a(f;2) = f(2)]lo < 6A7(1+a?)

a a
[n]p.q e (f7 []p,q )

Proof. For 0 <z < a; 0 <t,00; From [§]

|f(t) = f(2)] < 6A;(1+a®)(t —x)° +wa+1(f;5)(|t_5$| 4 1),

Combining above inequality and Cauchy-Schwarz inequality,
15n.p.q(f;2) = F(@)lo < Snp.q(|(f;2) = f(2)]; 2)
< 6A5(1+a?)Sypq((t —2)%2)
1
+ wat1(f;9) (1 + 5*251171741((75 - 37)23 x))
From the central moments of operators and for 0 <z < a

Snpa((t —2)%2) = i~ < - = Ga.

T Inlpg n]p,q

Taking 6 = 1/C

Pq nlp,q

”Sn,p,q(f;x) — f(@)o < 6Af(1 + Cﬂ)ﬁ + 2w 1 <f7 [a>

6. WEIGHTED APPROXIMATION RESULT

Here, we discuss weighted approximation of S, , ; through polynomial weight over the space Cj; defined
below.

Consider that

wo(z) =1, ry(r)=1+2M)" (x>0,M eN),
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Cy ={f €C[0,00) : vops(f) is continuous, bounded and uniformly convergent.}.
The norm is defined by
[fllar = sup roar ()| f ()]
x>0

Also, we refer some results associated to Steklov means. For h > 0 it is defined in [11]

fn(z) = (i)Z /OW /Oh/Q[Qf(x +s+1t) — f(z+2(s+1t))]dsdt.

We have
2 2 sh/2 ph/2
f(@) = fa(z) = () / A2, f(x)dsdt,
h 0 0
i (x) = h2[8AF , f(x) — A} f(2)],
and hence
(6.1) I = fullar <03, (Fh), (7 llar < 9h ™23, (f, )

Theorem 6.1. Suppose that Sy, p.q(f;x) is defined as in (2.12), where (p,) and (gy) are the sequences such

that p, =1, g, — 1 and pY — a, qul — b as n tending to infinity. Let M € N*, then for f € Cyy,

(6.2) mm&m%@—ﬂﬂSMm%O;>Wﬁ>0

[]p.q

Proof. For M = 0, the result comes from Theorem 4.2. For f € Cy;, M €N,

1007 [ S p.q(f32) = f(2)] S w0ar|Snpo(|f = ful; )| +1011[Sn p o (fas ) — fr()]

+ | fal@) — f(2)]-

From Theorem 4.1 and the first property of Steklov means,

1007 [ S p.q(1f = frli )| < 1Snpo(f — o)l

(6.3) <N = Fullar < w3e(F R,
Also, by Taylor’s expansion
s S g (fu3 2) = fu(@)] < | fllae Snipq((t — 2);2)
4 IS (2 — )% ).

From moments of operators Sy, j, ; and the second property of Steklov means

9

mM|Sn,p7q(fh;x) - fh(l‘)| < @m?\/[(ﬁ h>Sn,p,q(<t - $>2§$)

9
< ﬁm%w(fa h)Sn.p.q((t — x)25 )
(6.4) < %m%(ﬂ h)

T

[n]pq
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Setting h = /7 and from (6.1), (6.3), (6.4), we get

mM|Sn,p,q<f;x>f<w>|§Nmm2M(f; g )

[]p,q

7. STATISTICAL CONVERGENCE

In this section, we obtain statistical convergence for new modified (p;q)-Szdsz-Mirakyan operators. We
need the following theorem [10] to prove statistical convergence of the operators on H' and we set all real

valued functions on real-valued functions on [0, 0c0) with condition |f(x) — f(y)| < w(|z — y|).

Theorem 7.1. Let M,, be the sequence of positive linear operators from H' into Cy[0,00) with three condi-

tions
st — lim |M,(t/;z) — 27]|c, = 0, j=0,1,2.
n— o0
Then

st — lim ||Mn(f>x) - fHCb =0.
n—oo
Now, the result on statistical convergence of the operators defined in (2.12).

Theorem 7.2. Suppose that Sy, p.q(f;x) is defined as in (2.12), where (p,) and (g,) are the sequences such

that p, — 1, ¢, — 1 and pY — a, q,]lvl — b as n tending to infinity. Then
(7.1) st — nh_{%o |Sn,p.q(f;2) = fllc, = 0.
Proof. From above theorem, we only have to prove that

st — nh_{go Hsn’p’q(t];x) —2'|¢, =0, j=0,1,2.

From the moments of S, p, ,(f;x), it is obvious that the result is true for j =0, 1.

For j =2,
Sn t2' _ 2 < -
|| ,:D,q( 7:5) € ||Cb — [n]p,q
But
st — lim =0.
n—roo [n]m
We define

U={n:[Snpq(t*2) —2*[c, > €}

Ulz{n:
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Clearly, U C Uy.

Then
5k <n:||Snpq(t?x) —22||c, > €} <d{k <n: ! > €}
[n]p,q
But the right hand side of the above inequality is zero because st — nh_}n;O [n}l = 0. Hence,
P.g
st T[S, p0(%2) — %0, = 0.
The theorem is proved. O

8. VORONOVSKAYA TYPE RESULT

Theorem 8.1. Let (p,) and (q,) be the sequences such that p, — 1, ¢, — 1 and pY — a, q,]lV, —basn
tending to infinity then for each function f, f', f"” € C}[0,00)

X

(8.1) lim [n],,¢[Snpqo(f;2) = f(x)] = = f"(x),

n—»00 2

is uniformly convergent on [0,al], a > 0.

Proof. Consider Taylor’s formula on f € C[0, 00)
ft) = f@)+ (t—a)f'z+ it —2)?f"(x) + P(t,z)(t — x)?,

where P(t,z) is Peano’s remainder, P(¢,xz) — 0 as t — «.

Now

[1]p,q[Snpg(fi2) — f2)] = [n]an/(x)sn,p,q((t —x);T)

0l T (0~ %) + g S (P )¢ — )75 ),

From Cauchy-Schwarz inequality,

Sppa(P(t,2)(t — z)% ) < \/S7L,p,q((P2(t> r);7) \/Sn%q((t —x)hx)
is satisfied. Since P(t,x) € C}[0,00) and P(z,z) =0,

lim S, ,4((P?(t,z);2) = P*(z,2) =0,

n—oo

uniformly convergent for z € [0, a]. So

lim [n]p, qSn,pq(P(t,2)(t — x)%x) =0

n—oo

is obtained. Also

lim [”}p,qsn,p,q((t —z);z) =0.

n—oo
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and
nli_}nolo[n]ptqsn’p’q((t —2)%2) =
Hence,
T (0], [Sn g (f3) = ()] = 5 £ ().
(|

9. NUMERICAL EXAMPLES

Example 9.1. We compute the absolute error (A.E.) of Sy p.q with the function f(z) = 2* — 5z + 10 and

g(z) = 23 — x + 1 for the different values of n taking x = 1 and x = 2 in Table 1 and Table 2, respectively.

Also, the absolute error can be seen graphically in the Figure 5 and 6.

TABLE 1. A.E. of operators and function at x =1

n |Snpaf — [l |Sn.p.a9 — 9
10 0.1252 0.3914
20 0.0798 0.2458
30 0.0673 0.2064
40 0.0638 0.1940
50 0.0631 0.1934
TABLE 2. A.E. of operators and function at z = 2
n [Snpaf — [l |Sn,p.a9 — 9
10 0.2505 1.5342
20 0.1596 0.9704
30 0.1346 0.8165
40 0.1267 0.7682
50 0.1263 0.7657
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IS, o (F)-T0x)]

IS, ql@ixai)]

NS

o 10 20 30 40 50 &0 70 80 20 100

FIGURE 5. Absolute error of S, , ; at z = 1.

IS, o (F)-T0x)]

IS, ql@ixai)]

o

o 10 20 30 40 50 &0 70 80 20 100

FIGURE 6. Absolute error of S, , ; at z = 2.
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