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ABSTRACT. This paper presents the notion of intuitionistic fuzzy normed normal subrings. We investigate
the concept of intuitionistic fuzzy normal subrings over normed rings and characterize relevant properties of
such subrings. Further, we define direct product of fuzzy normal subrings over normed rings and investigate

some related fundamental properties.

1. INTRODUCTION

After an introduction of fuzzy sets by Zadeh [1] several researchers investigated on the generalization
of the concept of fuzzy set. In 1971, Rosenfeld [2] initiated the studies of fuzzy group theory by introducing
the concepts of fuzzy subgroupoid and fuzzy subgroup. Later in 1981 [3], Wu introduced the notion of fuzzy
normal subgroups of an ordinary group and Liu [4] defined a fuzzy invariant (normal) subgroup, Liu also
extended the notion of a subring of a ring and the product of complexes to the fuzzy setting in the same
paper. In 1984 [5], Mukharjee and Bhattacharya introduced the concept of fuzzy cosets and studied their
relation with normal fuzzy subgroups, proved that for a group G a fuzzy subgroup is fuzzy normal if and
only if it is constant on the conjugate classes of G and showed that the level subgroups of a fuzzy normal
subgroup are all normal. Moreover, Wu in [6] introduced the concept of a normal fuzzy subgroup of a fuzzy

group and used this concept to formulate the quotient structure of a fuzzy group. In [7], Mishref defined the
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maximal normal fuzzy subgroup and gave some of its properties in analogy to the crisp case, also he defined
the subnormal, normal and composition series of normal fuzzy subgroups and explained the interrelationship
between them and the series in the crisp case. In [8], a new type of fuzzy normal subgroups and fuzzy cosets

was presented.

The notion of intuitionistic fuzzy set was introduced by Atanassov [9] as a generalization of fuzzy sets.
After that many researches applied this notion in various branches of mathematics especially in algebra and
defined the notions of intuitionistic fuzzy subgroups, intuitionistic fuzzy subrings and intuitionistic fuzzy
normal subgroups. Hur et al in [10], studied and characterized some properties of intuitionistic fuzzy normal
subgroups of a group. In [11], Marashdeh and Salleh studied intuitionistic fuzzy groups by generalizing the
notion of the fuzzy normal subgroup to the intuitionistic fuzzy normal subgroup. Later, some properties of
intuitionistic fuzzy normal subrings were studied by Veeramani in [12], he described the algebraic nature
of intuitionistic fuzzy normal subrings of a ring under homomorphism and anti-homomorphism. In [13],
Sharma defined intuitionistic fuzzy magnified translation of intuitionistic fuzzy (normal) subring and ideal

of a ring.

The notion of intuitionistic fuzzy normed rings was introduced by Abed Alhaleem and Ahmad in [14].
The concepts of intuitionistic fuzzy normed subrings and intuitionistic fuzzy normed ideals was presented as
an extension of fuzzy normed rings which were studied by Emniyet and Sahin in [15], which presented the
notions of fuzzy normed subrings and fuzzy normed ideals. A generalization of normed ring was studied by
Aren in [16]. Later, Naimark introduced normed rings in [17], which gave the first comprehensive treatment
of Banach algebras. Gel'fand defined commutative normed rings in [18] and addressed them as complex

Banach spaces with introduction of the notion of commutative normed rings.

In this paper, we introduce the notion of intuitionistic fuzzy normed normal subrings. We study the
algebraic nature of intuitionistic fuzzy normed normal subrings and characterize relevant properties. We
introduce and study the notions of direct product of intuitionistic fuzzy normal subrings over normed rings.
Further we define the relations between the intuitionistic characteristic function and intuitionistic fuzzy

normed normal subrings.

2. PRELIMINARIES

In this section, we outline the most significant definitions and results needed for the following sections. We
review some basic ideas of intuitionistic fuzzy set, intuitionistic fuzzy normed subring, definitions of normed

linear spaces, t-norm and s-norm.
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Definition 2.1. [19] The fuzzy set A in a universal X is a set of ordered pairs:
A={(v,na)) : v € X}

Where, pa(v) is the membership function of v in A which associates each element in X with a real number

in the interval [0, 1].

Definition 2.2. [20] An intuitionistic fuzzy set (briefly, IFS) A in a nonempty set X is an object having
the form IFS A = {(v, pa(v),va(v) : v € X}, where the functions ppa(v) : X — [0,1] and ya(v) : X — [0, 1]
denote the degree of membership and the degree of nonmembership, respectively, where 0 < pa(v)+ya(v)) <1

for allv € X. An intuitionistic fuzzy set A is written symbolically in the form A = (ua,va).

Definition 2.3. [17] A ring A is said to be a normed ring (NR) if A possesses a norm ||||, that is, a

non-negative real-valued function ||| : A — R such that for any v,r € A,

1 v|=0&0v=0,

(1)

@) lv+rl <ol +1rl .

B3) [loll = = vll, and

@) forll < flolllirfl-

Definition 2.4. [14] Let A = {(v,ua(v),74(v)) : v € NR} and B = {(v,up(v),y5(v)) : v € NR} be

two intuitionistic fuzzy normed rings over the normed ring NR. Then A is an intuitionistic fuzzy normed

subring of B if ua(v) < pp(v) and ya(v) > vp(v).

Proposition 2.5. [14] Let A be an intuitionistic fuzzy normed ring and let 0 be the zero of the normed

ring N R, then the following is true for every v € NR:

() pa(v) < pa0) , 14(0) <7va(v),

(i) pa(v) =pa(=v), va(v) = va(-v).

Lemma 2.6. [14] Let 1yr be the multiplicative identity of NR then for all v € NR:

1. pa(v) 2 pa(lvg) 2. 7a(v) < va(lvr).

Proposition 2.7. [21] Let A be an intuitionistic fuzzy set in a ring R, we denote the («, B)-cut set by
App={vE€R:pa>a and v4 < B} wherea+ 5 <1 and o, B € [0,1].

Definition 2.8. [22] Let * : [0,1] x [0,1] — [0,1] be a binary operation. Then * is a t-norm if = satisfies
the conditions of commutativity, associativity, monotonicity and neutral element 1.
We shortly use t-norm and write vxr instead of x(v,r). Some examples of t-norm are v*r= min {v,r} and

VXr=7v-7T.
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Definition 2.9. [23] Let ¢ :[0,1] x [0,1] — [0,1] be a binary operation. Then ¢ is a s-norm if o satisfies
the conditions of commutativity, associativity, monotonicity and neutral element 0.
We shortly use s-norm and write v o r instead of o(v,r). Some examples of s-norm are v o r= maz {v,r}

andvor=v+r—uv Xr.

3. SOME PROPERTIES OF INTUITIONISTIC FuUzzy NORMED NORMAL SUBRINGS

Throughout the rest of this paper, R is the set of real numbers and NR is a normed ring. We define the

intuitionistic fuzzy normed normal subrings and some basic properties related to it.

Definition 3.1. [14] Let * be a continuous t-norm and ¢ be a continuous s-norm. An intuitionistic fuzzy set
A ={(v,pa(v),va(v)) : v € NR} is called an intuitionistic fuzzy normed subring (IFNSR) of the normed
ring (NR,+,.) if it satisfies the following conditions for all v,r € NR:

Definition 3.2. Let NR be a normed ring. An intuitionistic fuzzy subring A of NR is said to be an
intuitionistic fuzzy normed normal subring (IFNNSR) of NR if it salisfies the following for all v,7 € R:

(i) palvr) = pa(ro),
(i) va(or) = ya(rv)

Proposition 3.3. Let (NR,+,.) be a ring. If A and B are two intuitionistic fuzzy normed normal subrings

of NR, then their intersection (AN B) is an intuitionistic fuzzy normed normal subring of NR.

Proof. Let v,r € NR. Let A = {(v,pa(v),y4(v)) : v € NR} and B = {(v,up(v),v5(v)) : v € NR} be
intuitionistic fuzzy normed normal subrings. Let C' = AN B such that C' = {(v, uc(v),v7¢®)) : v € NR}

where pig(v)=min {p(v), pp(v)} and yo(v)= max{ya(v), v5(v)}.

po(v—r) =min{pa(v—r),upv —r)}
— jua(v = r)  pp(v =)
= {pa(v) * pa(r)} = {pp(v) * pp(r)}
= pa(v) * {pa(r) * pp(v)} = pp(r)
= pa(v) * {pp(v) * pa(r)} * ps(r)
= {pa(v) * pp(v)} * {pa(r) « pp(r)}
= pc(v) = pe(r)
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and
pe(vr)  =min{pa(or), pp(vr)}
= pa(vr) x pp(vr)
> {pa(v) * pa(r)}y = {pp(v) * pp(r)}
= pa(v) * {pa(r) * pp(v)
= pa(v) * {pp(v) * pa(
= {pa()* pp(v)}t* {pa(r)  pp(r)}
= pc(v) * pe(r).

Similarly
Yo(v—1) < ye(v) o ye(r)
and
Yo (vr) < ve(v) o ve(r).

Thus C is an intuitionistic fuzzy normed subring of N R. Now,

Therefore puc(vr) = pe(rv).
Also

Therefore vo (vr) = vo(rv).
Then, the intersection of any two intuitionistic fuzzy normed normal subrings is an intuitionistic fuzzy

normed normal subring of NR. ]

Definition 3.4. Let A be a non-empty subset of the normed ring N R, the intuitionistic characteristic func-

tion of A is defined as Aa = (lix,,Yr,), Where

1 ,if reA 0 ,if reA
HXa (7’) = » YAa (7’) =
0 ,if r¢A 1 ,if r¢A

Lemma 3.5. If A = (ua,v4) is a subring of NR then Ag = (ua,,Ya.) S an intuitionistic fuzzy normed

normal subring of NR.
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Proof. Tt shown in [14] that A4 = (4x,,7xr,) Is an intuitionistic fuzzy normed subring of NR when A is a
subring.

Now, we need to show that Ag = (ux,,7r,) is an intuitionistic fuzzy normed normal subring, since vr
and rv are in A, it follows that py,(vr) = 1 = pux,(rv) and v, (vr) = 0 = 7, (rv). Consequently,
i (07) = i (0) and 7, (01) = 9, (r0).

Thus the intuitionistic characteristic function Ag = (gx,,va,) of A is an intuitionistic fuzzy normed normal

subring of NR. O

Lemma 3.6. If A and B are two subrings of the ring N R, then their intersection AN B is a subring of NR
if and only if the intuitionistic characteristic function A\e = (Ure, Yae) of C = AN B is an intuitionistic

fuzzy normed normal subring of NR.

Proof. Let C = AN B be a subring of NR and v,r € NR. If v,r € C, then by definition of intuitionistic
characteristic function py. (v) =1 = . (r) and ya. (v) = 0 = va. (r). Since v —7r, vr in A and B, it follows
that v—7r, vrin C. Thus, pr, (r—v) =1 =11 = px, (r)*ur, (v) and pr, (rv) =1 = 1x1 = py (1) *prs (V).
Thus i (r = v) > fin () * fixe () and ixg (70) > pir(r) * fixg (v). Now aa(v —7) = 0 = 000 =
e (V) ©mMme(r) and yao(vr) = 0 = 000 = e (v) @ 1ac(r). Thus, Yao(v = 7) < e (V) ©ac(r) and
oo (V1) < Yag (0) © Y (). As vr and rv € C, s0 pur,(rv) = 1 = py.(vr) and v, (vr) = 0 = v, (rv).

Accordingly, px, (rv) = px, (vr) and ya. (vr) = Y. (rv). Similarly we have when v, r ¢ C:

fine (0 =71) 2 pac (V) * pac () and - pxg (0r) 2 pa (V) * pag (1),
e (0 =7) S (W) oM (1) and o (vr) < M (v) © e (1),
tixe (vr) = pac (rv) and Yac (vr) = 1ae (10).
Hence the intuitionistic characteristic function Ac = (pas, Yae) of C is an intuitionistic fuzzy normed normal
subring of NR.

Conversely, assume that the intuitionistic characteristic function Ac = (fiag,7a) of C is an intuitionistic
fuzzy normal normed subring of NR. Let v,r € C, this imply that px,(v) =1 = px,(r) and v, (v) =0 =
Yae (r), then:

frg(v—7) =

I
fiac(vr) = piac (V) xpac(r) =1x1=1,
Mev=71) <7

o

)
) (r)
Tae(r) <)o (r) =000=0.
v

=
=
=5
02]
5.
e}
=
D
w0
-+
=
Q
-+
=
>
Q
—
<
\
<
~
Il
\:—*
=
>
Q
—
<
=
~
Il
—_
&
=}
(o

re (v —71) =0, va,(vr) =0. Thus, v —r and vr € C.
Hence C' is a subring of NR. O

Proposition 3.7. If A is an intuitionistic fuzzy normed normal subring of a ring NR. Then AA = (pia, 19)

is an intuitionistic fuzzy normed normal subring of a ring NR.
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Proof. Let v,r € NR
Wo(o—7) =1 pualo—r)
< 1= (pa(v)*pa(r))
<1—min{pas(v),na(r)}
=maz{l — pa(v),1 — pa(r)}
= maz{p%(v), pi (1)}
Then, p5 (v —1) < pG(v) o ps(r).
pG(or)  =1—pa(or)
<1—(pa(v)*pa(r))
<1—min{pas(v),pa(r)}
=maz{l —pa(v),1 —pa(r)}
= max{p$(v), p5(r)}-
Then, 5 (vr) < p§(v) o ps(r).
Also, s (0r) = 1= palvr) = 1~ palro) = py(ro), then iy (vr) = 5 o).
Therefore, AA = (pa, ui‘) is an intuitionistic fuzzy normed normal subring of N R. U

Proposition 3.8. If A is an intuitionistic fuzzy normed normal subring of a ring NR. Then 0A = (¥4, 74)

is an intuitionistic fuzzy normed normal subring of a ring NR.

Proof. Let v,r € NR
Y(w—=7r) =1—7qa(v—r)
> 1~ (ya(v) oya(r))
>1—max{ya(v),va(r)}
=min{l —ya(v),1 —va(r)}
=min{v4(v),v4(r)}.

Then, v5 (v — 1) > 75 (V) *5(r).

Ya(vr) =1 —vya(vr)
>1—(ya(v)ovya(r))
> 1 —maz{ya(v),ya(r)}
= min{l — pa(v),1 —ya(r)}
= min{v4(v), 74 ()}

C

Then, ¥4 (vr) > 5 (v) * 54 (7).
Also, ¥4 (vr) =1 —~va(vr) =1 —ya(rv) = 75 (rv), then v (vr) = ~5 (rv).

Therefore, 0A = (v4,7v4) is an intuitionistic fuzzy normed normal ideal of NR.
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Proposition 3.9. If A is an intuitionistic fuzzy normed normal subring of a ring NR. Then A = (ua,v4)
is an intuitionistic fuzzy normed normal subring of NR if the fuzzy subsets pa and ~4 are intuitionistic

fuzzy normed normal subrings of NR.

Proof. Clearly, i 4 is an intuitionistic fuzzy normed normal subring of NR, we need to show that v, is an

intuitionistic fuzzy normed normal subring of NR.

1—valv—r) =~50w-r)

> va(v) *7a(r)

=min{l — y4(v),1 —ya(r)}

=1 —max{ya(v),va(r)}.
Then, ya(v —7) < ya(v) ©7a(r).

L—a(vr) =v4(vr)
= 74 (v) x4 (r)
= min{v4(v),va(r)}
Ya(r)}

=min{l —ya(v),1 -
=1—maz{ya(v),va(r)}.

Then, ya(vr) < ya(v) o 7a(r).
Also, 1 — ya(vr) =~5(vr) =5 (rv) = 1 — ya(rv). Then, ya(vr) = ya(rv).

Hence, A = (a,v4) is an intuitionistic fuzzy normed normal subring of NR. ]

Proposition 3.10. If A is an intuitionistic fuzzy normed normal subring of a ring NR. Then A = (a,74)
is an intuitionistic fuzzy normed normal subring of NR if the fuzzy subsets pu% and v4 are intuitionistic

fuzzy normed normal subrings of NR.

Proof. Clearly, v4 is an intuitionistic fuzzy normed normal subring of NR. We need to show that p4 is an

intuitionistic fuzzy normed normal subring of NR.

L—palv—r) =p4v—r)
< pi(v) o pG(r)
< max{pf (v), i (r)}
= maz{l — pa(v),1 —pa(r)}
=1—min{pa(v),ya(r)}.
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Then, pa(v —71) > pa(v) * pa(r).

1—pa(or) = pg(vr)
< pi(v) o ph(r)
< maz{pg (v), pG(r)}
= maz{l — pa(v),1— pa(r)}
=1—min{pa(v), pa(r)}.
Then, pa(vr) > pa(v) * pa(r).

Also, 1 — ppa(vr) = pS(vr) = pS(rv) =1 — pa(rv). Then, pa(vr) = pa(ro)

Hence, A = (a,7v4) is an intuitionistic fuzzy normed normal subring of NR. O

4. DIRECT PRODUCT OF INTUITIONISTIC FUZZY NORMED NORMAL SUBRINGS

In this section, we define the direct product of intuitionistic fuzzy sets Ai, Ay of normed rings Ry, Ro,
respectively and examine some fundamental properties of direct product of intuitionistic fuzzy normed normal
subrings. If NRy, NRy, are normed rings, then the direct product NR; x NRy of NR; and NR; is a
normed ring with addition + defined as (v,r) 4+ (z,d) = (v + z,r + d) and multiplication o defined as
(v,1) 0 (2,d) = (vz,rd) for every (v,r),(z,d) in NR; x NRa.

Definition 4.1. An intuitionistic fuzzy set (IFS) AX B = (paxp,vaxB) of NRy x NRy is an intuitionistic
fuzzy normed subring (IFNSR) of NRy x N Ry if for allv = (vi,v2) and r = (r1,72) in NRy X N Rs, satisfies:
(D) paxp(v =7) = paxp(v) * paxs(r);
(i) paxp(vr) = paxp) *paxp(r);
(ili) vaxB(v —7) < yaxp(v) ©vaxp(r);
) (

(iv) vaxp(vr) < yaxB(v) o yaxp(r).

Definition 4.2. An intuitionistic fuzzy normed subring A X B = (paxB,vaxs) of ring NRy x NRy is an

intuitionistic fuzzy normed normal subring of Rq X Ra if for all v = (v1,v2) and r = (r1,72) in Ry X Ry:
taxp(vr) = paxp(rv) and yaxp(vr) =vaxp(rv).

Lemma 4.3. If A and B are intuitionistic fuzzy normed subrings of the rings N Ry and N Rg, respectively,

then A x B is an intuitionistic fuzzy normed subring of the ring NRy X N Ry under the same operations

defined in NRy X NRs.

Let A and B be two intuitionistic fuzzy normed subsets of N R; and N Ra, respectively. The direct product
of A and B, is denoted by A x B, and defined as

Ax B={((v,r), pax(v,7),vyaxp(v,7)): for all v € NR; and r € NRy}
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where paxp(v,7) = min{pa(v), up(r)} and yaxp(v,7) = maz{ya(v),vs(r)}.

Lemma 4.4. If A and B are intuitionistic fuzzy normed normal subrings of rings NRy and N Ry, respec-

tively, then A X B is also an intuitionistic fuzzy normed normal subring NR1 X NRy.

Proof. Since the direct product of A and B is denoted by A x B = (tuaxp,vaxnB). Let (v,7),(z,d) be in
NR1 X NRQ, then:

paxs((v,7) = (2,d)) = paxp(v—2r—d)
=min{pa(v — 2), up(r — d)}
=palv—2)*pp(r—d)

b {us(r) = pp(d)}

> {pa(v) x pa(z

)
= pa(v) * {pa(z) * pp(r)} « pp(d)
= pa(v) # {pp(r) « pa(z)}  pp(d)
= {pa() * up(r)} *{pa(z) * up(d)}

= paxp(v,7) * paxp(z,d)
and
paxs((v,r)o(z,d)) = paxp(vz,rd)
= min{pa(vz), pp(rd)}
= palv2) * up(rd)
2)p#{pus(r) « ps(d)}

> {pa(v) * pal
pa(

)
=) x{pa(z) *xpup(r)} * pp(d)
= pa(v) * {up(r) * pa(2)} * up(d)
= {pa()* pp(r)} = {pa(z) * pp(d)}

= paxp(v,7)* paxp(z,d).

Therefore, A x B is an intuitionistic fuzzy normed subring of NR; x NRs.

Now,
paxp((v,r)o(2,d) = paxp(vz,rd)
=min{ua(vz), up(rd)}
=min{ua(zv), pp(dr)}
= paxp(zv,dr)
= paxs((2,d) o (v,7)).
Similarly,

FYAXB((Uﬂr) - (Z,d)) < VAXB(UaT) O’YAXB(Zad)a
Yaxs((v,7) 0 (2,d)) < vaxp(v,1) ©yaxp(z,d).
and ’VAXB((UvT) ° (Zv d)) = 'YAXB((Zv d) © (’U,’I")).

Hence, A x B is an intuitionistic fuzzy normed normal subring of NR; X NRs. O
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Proposition 4.5. Let A and B be an intuitionistic fuzzy subsets of the rings NRy and N Ry with identities
1nr, and 1NR,, respectively. If Ax B is an intuitionistic fuzzy normed subring of NRy X N Ry, then at least

one of the following must holds:

(i) pa(v) < pp(lng,) and va(v) = v8(1nr,); for allv € NRy,
(i1) pp(r) < pa(lygr,) and yg(r) > ya(lng,); for all v € NRs.

Proof. Let A x B be an intuitionistic fuzzy normed subring of NR; x N Ry, and let the statements (i) and
(ii) does not holds, we can find v € NR; and r € N Ry such that pa(v) > pp(lng,), v4(v) < vs(1ngr,) and

ILLB(’I“) > ,uA(leLl), ’}/B(’I") < ’YA(lNRl)- Thus we have

paxp(or) =min{pa(v), up(r)}
> min{pa(Ing, ), tB(1NR,)}

= paxB(INr; 1NR,)

and

'VAXB(UT) :mam{'yA(U)v’yB(T)}
<mar{ya(Inr,),vB(1NR,)}

=vaxB(INR,, 1NR,).

which implies that A x B is not an intuitionistic fuzzy normed subring of N R; x N Ry which a contradiction.

Therefore, at least one of the statements must hold. O

Lemma 4.6. Let A and B be an intuitionistic fuzzy subsets of the rings N Ry and N Rg with identities 1y g,
and 1nR,, respectively. If A x B is an intuitionistic fuzzy normed normal subring of NRy x N Ry, then the

following are true:

(i) if pa(v) < up(lygr,) and ya(v) > v(1Nrg,), then A is an intuitionistic fuzzy normed normal
subring of NR;.
(i) of pp(v) < pa(lygr,) and vg(v) > va(lyr,), then B is an intuitionistic fuzzy normed normal

subring of NRy.

Proof. Let A x B be an intuitionistic fuzzy normed normal subring of NR; x NRs with v,r € NR; and
InNgr, € NRy. Then (v,1yg,) and (r,1nyg,) are in NRy X NRy. Obviously, A is an intuitionistic fuzzy

normed subring of N Ry, then



Int. J. Anal. Appl. 19 (3) (2021) 352

pa(=r) = pav+ (=) = minfpa(v + (=), up(Iyr, + (~1nm,))}
= paxB((v+(=7)), Anr, + (=1NR,))

(v,1NR,) + (=7, —1NR,))

(v,

v,1NR,) = (1, 1NR,))

(
= paxs(
= paxn(
> paxp(V, INR,) * tax (1, INR,)

= min{pa(v), uB(Inr,)} * min{ua(r), ns(lng,)}

= pa(v) * pa(r).
Also,

pavr)  =min{pa(vr), pe(INr, INR,)}
= paxp(vr,INR,INR,)
= paxs((v,1nR,) o (1, 1NR,))
> paxB(V, INR,) * tax (T, INR,)
= min{pa(v), u(Inr,)} * min{pa(r), pe(Inr,)}
= pa(v) * pa(r)
and with,

pa(vr)  =min{pa(vr), ps(INr, INR,)}

= paxp((vr),(Ing,1NR,))

= paxp((v,1nRr,) 0 (1, 1nR,))
= paxs((r,1nr,) © (v, 1NR,))
= paxs((rv), Anr,1NR,))

= min{pa(rv), ps(INr,1NR,)}
= pa(rv).
Similarly, we can prove that y4(v —r) < va(v) ova(r), ya(vr) < va(v) o ya(r) and ya(vr) = ya(rv) for all

v,7 € NRy. Hence, A is an intuitionistic fuzzy normed normal subring of NR;.

ii. The proof is similar to the above. O

Definition 4.7. Let A x B be a non-empty subset of the ring N Ry X NRs. The intuitionistic characteristic

function of A x B is denoted by Aaxp = (Uaarns Taaxs) and defined as:

1 ,if r€eAxB 0 ,if reAxB
/“\AXB(T) = 7FY>\A><B(T) =
0 ,if ré AxB 1 ,if ré AxB

Theorem 4.8. Let A and B be two subrings of the rings NRy and N Ry, respectively. Then A x B is a
subring of NRy x N Ry if and only if the intuitionistic characteristic function Ac = (piae,Vae) of C = Ax B

is an intuitionistic fuzzy normed normal subring of NRy X NRs.
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Proof. Let C = A x B be a subring of NRy x NRy and v,r € NRy x NRy. If v,r € C = A x B, then
by definition of intuitionistic characteristic function py,(v) =1 = px.(r) and yx.(v) = 0 = v, (7). Since
v—r and vr € C and C is a subring. It follows that puy.(v —r) =1 = 1% 1 = uy,(v) * pr,(r) and
e (or) = 1= 161 = jir g (0) * fiag (): ThUS firg (0= 7) > pia (0) # pine () and fiag (07) > ing () % e (1)
Now (v —7) =0 =000 = 7. (v) o7 (r) and v, (v —7) =0 =000 = Y, (v) ©yr.(r). Thus
e (v =1) e (V) 01 (1) and yac (vr) < e (V) ©1ac (r). As vr and rv € C, 50 pag (vr) = 1 = pre (rv)
and v, (vr) = 0 = Y, (rv). This implies that px. (vr) = pas (rv) and ya. (vr) = Ya. (rv). Similarly we
have

fixe (V=7) = pac (v) * pac (1) and  pxe (vr) = pae (0) * pae (7),

eV =7) SMe(v) ome(r) and g (vr) < ac(v) 0 e (r),

pire (vr) = pac (rv) and e (07) = e (10).

when v,r ¢ C. Hence the intuitionistic characteristic function A\¢ = (piag,7ae) of C = A x B is an intu-

itionistic fuzzy normed normal subring of NR; X N Rs.

On the other hand, assume that the intuitionistic characteristic function A\¢ = (tiag,Yao) of C = A X B is
an intuitionistic fuzzy normed normal subring of NR; X NRy. Now we have to show that C' = A x B is
a subring of NR. Let v,r € C, where v = (v/,r/) and r = (v”,r”), where v',v" € A and r',r" € B. By

definition g, (U) =1=p (r) and 7. (U) =0="¢ (’f‘),

tae (0 =7) > o (W) *puag(r) =1x1=1,
e (0r) > e (V) *pae(r) =1x1=1,
e =7) <@ ome(r) =000=0,
Yac (1) < e o (r) =000=0

This implies that py, (v — ) = 1, pro(vr) = 1 and vy (v — 1) = 0, Y. (vr) = 0. Thus v —r and vr € C.
Hence C = A x B is a subring of NR; X NRs. O

Lemma 4.9. If V =AX B and Q = C x D are two subrings of NR1 x N Ry then their intersection V N Q
is also a subring of NR; X NRs.

Theorem 4.10. Let V = Ax B and Q = C x D be two intuitionistic fuzzy normed subrings of NRy X NRs.
Then VNQ is subring of NRy x N Rs if and only if the intuitionistic characteristic function Az = (tia, s Yry,)

of Z =V NQ is an intuitionistic fuzzy normed normal subring of NRy X NRs.

Proof. Let Z =V N Q be a subring of ring NR; x NRy and let v = (vy,v2), r = (r1,72) € NRy X NRs.
If v,r € Z =V NQ, then by properties of intuitionistic characteristic function py,(v) = 1 = pa,(r) and

Yoy () =0 ="7,,(r). Since v—r and vr € Z. Then, py,(v—7) =1=1%1 = py, (V) *ur, (1), pr, (vr) =1=
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Ix1= :[LAZ(U) *:U‘XZ(T) and FYAZ(U 77”) =0=000= ’YAZ(U)OFW\Z(U)a 'YAZ(UT) =0=000= PYXZ(U)OFY/\Z(T)'
Therefore,
Hxz (U - T) > Hrg (U) * Xy (’I“),
Mz (UT) 2 Hrg (v) * g (T)v

YAz (U - T) < Yz (v) C Yz (r)7

Yoz (0) < An, (V) 0, (7).

Since, vr and rv € Z, then py,(vr) = 1 = py,(rv) and v, (vr) = 0 = ya, (rv) so px, (vr) = pr, (rv) and

Yag (V1) =, (rv). We also have when v, r ¢ Z:

fire(V=7) = pro (v) % pac(r) - and g (0r) = pac (0) % pac (r),
eV =7) <o) ome(r) and g (vr) <y (v) 0 Me(r),
pxc (vr) = pr (rv) and e (1) = e (rv).
Hence the intuitionistic characteristic function Az = (ua,,vr,) of Z is an intuitionistic fuzzy normed normal
subring of the ring NR; x N Rs.
Conversely, assume that the intuitionistic characteristic function Az = (ua,,va,) is an intuitionistic fuzzy

normed normal subring. Let v,7 € Z =V NQ, then py,(v) =1 = px, (r) and yx,(v) = 0 = 7x,(r), hence:

tac (v =7) = pac (V) *pac(r) =1x1=1,
fac(vr) = piag (V) * pae () =1x1=1,
eV =7) <) ome(r) =000=0,
e (Wr) <) ome(r) =000=0.

Thus px, (v —71) =1 = px(vr) and ya, (v —r) = 0 = 7, (vr). This implies that v —r and vr € Z. Hence
Z is a subring of ring NR; X NR;. O

Proposition 4.11. If the IFS AX B is an intuitionistic fuzzy normed normal subring of the ring N Ry X N Ry,

then ANA x B = (taxB, b« ) 15 an intuitionistic fuzzy normed normal subring of the ring NRy x NRs.

Proof. Let A x B be an intuitionistic fuzzy normed normal subring of NR; x NRs and let (v,r),(2,d) €
NR1 X NR2 Then

W pg((v,r) —(2,d)) =1—paxs((v,r) —(2,d))
<1— (paxp(v,r) x paxp(z,d))
=1—min{paxs,r), paxs(z d)}
=maz{l — paxp(v,7),1 — paxp(z,d)}

= max{pl p(v,7), Wax (2, d)}

= ,Uile(’U,T) Ouile(Z> )
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and
1 (v, 1) 0 (2,d))  =1—paxp((v,r)o(z,d))
<1 — (axp(v,7) * ppaxp(z,d))
=1-—min{paxs(v,r), taxs(z,d)}
=maz{l — paxp(v,r),1 — paxp(z,d)}
= maz{uly, (v, 1), i p(2 d)}
= 4 p(v, 7)o G, gz, d).

Thus AA X B = (uaxp, 15« p) is an intuitionistic fuzzy normed subring NR; x N Rs.

taxp((v,r)o(z,d)) =1—paxp((v,r)o(z,d)
=1- MAXB((Z7d) © (U,T))
= /’LPAXB((Z’ d) 0 (Ua ’I“))

Hence, AA x B = (ftaxB, S« g) Is an intuitionistic fuzzy normed normal subring of NR; x N Rs. O

Proposition 4.12. If the IFS AX B is an intuitionistic fuzzy normed normal subring of the ring N Ry X N R,

then OA x B = (Y9« p:YAxB) 18 an intuitionistic fuzzy normed normal subring of the ring NRq x NRj.

Proof. Similar to the proof of Proposition 4.11 |

Corollary 4.13. An IFS A x B is an intuitionistic fuzzy normed normal subring of the ring NRy X NRy
if and only if AA X B = (paxp, taxp) (1esp.OA X B = (Yo« p,YaxB)) is an intuitionistic fuzzy normed
normal subring of the ring NR; X NRa.

Theorem 4.14. An IFS A x B is an intuitionistic fuzzy normed normal subring of the ring NRy X NRy
if and only if the fuzzy subsets paxp and ¥4, g are intuitionistic fuzzy normed normal subring of the ring

NR1 X NR2

Proof. Let AX B = (paxB,vAxp) be an intuitionistic fuzzy normed normal subring of the ring N Ry x N Rs.
This implies that paxp is an intuitionistic fuzzy normed normal subring of NR; x NRs. We have to show
that ¥4, 5 is also an intuitionistic fuzzy normed normal subring of the ring NR; x NRy. Let (v,7), (2,d) €

NRl X NR2 Then

Yaxp((v,r) = (2,d)) =1—=vaxs((v,r) = (2,d))
>1— (vaxp(v,1) ©vaxB(z,d))
=1—maz{vaxs(v,r),vaxp(z,d)}
=min{l —vyaxp(v,7),1 —vaxp(2,d)}

min{’yﬁle(U’ T)’ 72}><B(Z7 d)}

7f4><B(U7T) * %C4><B(Z7d)
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and
Yaxp((v,7) 0 (2,d)) =1—=7axp((v,r) = (2,d))
> 1~ (yaxp(v,1) ©yax5(z,d))
=1—maz{yaxs(,7),vaxp(z,d)}
=min{l — yaxp(v,r),1 —vaxp(z,d)}
=min{¥45(v,7),Yaxp(z d)}
=Yaxpv;7) * Vi p(2,d)

Hence, 74 is also an intuitionistic fuzzy normed subring of the ring NR; x N Ry.

’yi‘xB((’U,T) o (Zvd)) =1- ’YAXB((’UJ") o (Zvd))
=1- ’YAXB((Z’ d) © (Ua T’))
= VixB((Zvd) o (v,7)).

Hence, 74, g is an intuitionistic fuzzy normed normal subring of NR; X N Rj.

Conversely, suppose that paxp and 74, p are intuitionistic fuzzy normed normal subring of the ring
NR; x NRy. We have to show that A X B = (uaxp,Yaxp) is an intuitionistic fuzzy normed normal

subring of the ring NR; x NRy. Then

L =vaxs((v;r) = (2,d)) =74xp((v;r) = (2,d))
> Yaxp(zd) * Vi p(v,T)
=min{Vixp(2,d), Yaxpv,7)}
=min{l — yaxp(z,d),1 —yaxp(v,r)}
=1—maz{yaxp(z,d),vaxp(v,r)}
=1— (vaxB(2,d)ovaxB(v,7))

and

1—7axs((v,7) 0 (2,d)) =74p((v,r) 0 (2,d))
> Yaxp(z:d) x Vi p(v,r)
=min{y4,5(2,d),Yaxps(v,7)}
=min{l —yaxp(z,d),1 —vyaxp(v,r)}
=1—maz{yaxp(z,d),vaxB(v,7)}
=1— (vaxB(2,d) o vaxp(v,7)).

Therefore, A x B = (paxB,Yaxp) is an intuitionistic fuzzy normed subring of the ring NR; X NRs.

1 —vaxp((v,7)o(2,d)) = Pyile((va) o(z,d))
= '751><B((27d) o (va))
=1- ’7A><B((Z’d) © (U,’I“)).
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Therefore, A X B = (paxB,vaxp) is an intuitionistic fuzzy normed normal subring of the ring NR; X

NR;. ]

Theorem 4.15. An IFS A x B is an intuitionistic fuzzy normed normal subring of the ring NRy X NRy
if and only if the fuzzy subsets pS . g and yaxp are intuitionistic fuzzy normed normal subring of the ring

NR1 XNRQ.

Proof. Let AX B = (paxB,vAxp) be an intuitionistic fuzzy normed normal subring of the ring N Ry x N Rs.
This implies that y4« g is an intuitionistic fuzzy normed normal subring of NR; x NRy. We have to show
that (14, g is also an an intuitionistic fuzzy normed normal subring of the ring NR; x N Rs.

The proof of the first part is similar to the first part of Proposition 4.11.

Conversely, suppose that 4 . and yaxp are intuitionistic fuzzy normed normal subring of the ring N Ry x
NRy. We have to show that A x B = (uaxp,Yaxp) is an intuitionistic fuzzy normed normal subring of the
ring NR; X NRs. Then

1= paxp((v,r) = (2,d))

= Haxp((v,r) = (2,d))

< Maxp(z,d) o pg, pv,r)

= maz{pf, g(2,d), pa p(v,7)}

=maz{l — paxp(z,d),1 — paxp(v,r)}

=1—min{paxp(z,d), paxp(v,r)}

=1—(paxp(z,d)* paxp(v,r))

and
1 — paxs((v,r) o (2,d))

= paxp((v,7) 0 (2,d))
< pawp(z,d) o p p(v,7)
= maz{ i (2, d), play p (v 1)}
=maz{l — paxp(z,d),1 — paxp(v,r)}
=1-—min{paxp(z,d), paxp(v,r)}
=1— (paxs(z,d)* paxs(v,r)).
Therefore, A X B = (uaxB,YAxp) is an intuitionistic fuzzy normed subring of the ring NR; X NRs.
1—paxp((v,r)o(z,d)) = ph,p((v,7)0(2,d)
= Haxp((z,d)o(v,7))
=1—paxp((z,d)o(v,7)).
Therefore, A x B = (paxB,Yaxp) is an intuitionistic fuzzy normed normal subring of the ring NR; X

NRs. ]
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5. CONCLUSION

The objective of this paper was to initiate the notion of intuitionistic fuzzy normed normal subrings and
to establish some relevant properties. We extended the notion of intuitionistic fuzzy normed subrings to
intuitionistic fuzzy normed normal subrings. Also, we established the direct product of intuitionistic fuzzy
normed normal subrings and examined some fundamental properties of direct product of intuitionistic fuzzy
normed normal subrings. Further research could be done is to study the intuitionistic anti fuzzy normed
normal subrings. We hope that in future, this concept would be a useful contribution to the study of intu-

itionistic fuzzy normed rings by generalizing other fundamental properties.
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