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ABSTRACT. In this paper, we introduce a new class of convex function, which is called coordinated expo-
nentially m-convex functions. Some new Petrovié’s type inequalities for exponentially m-convex functions
and coordinated exponentially m-convex functions are derived. Lagrange-type and Cauchy-type mean value
theorems for exponentially m—convex and coordinated exponentially m-convex functions are also derived.
Several special cases are discussed. We also prove the Lagrange type and Cauchy type mean value theo-
rems for exponentially m-convex and coordinated exponentially m—convex functions. Results proved in this

paper may stimulate further research in different areas of pure and applied sciences.

1. INTRODUCTION

Convex functions and their variant forms are being used to study a wide class of problems which arises
in various branches of pure and applied sciences. For recent applications, generalizations and other aspects
of convex functions, see [1-5, 11-23, 28, 33, 34] and the references therein. One of the most significant
inequality is the Petrovié’s inequality [25]. Petrovié’s type inequality have been obtained by several authors,
see [7, 10, 24-31] and reference therein.

In recent years, the convexity theory have been generalized in several directions using novel and innovative
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techniques. Toader [34] introduced the concepts of m-convex sets and m-convex functions, which appeared
to be an interesting generalization of the convex sets and convex functions. Exponentially convex functions
were introduced by Bernstein [6], which have applications in covariance analysis. Avriel [4] investigated
this concept by imposing the condition of r-convex functions. It is well known that log- convex functions
is closely related to exponentially convex functions, which have important and interesting applications in
information theory and machine learning. Motivated and inspired by these applications, Noor et. al. [14]
considered exponentially convex functions and explored their basic characterizations. They have shown
that the optimality conditions of the differentiable exponentially convex functions can be characterized by
variational inequalities, which have appeared an interesting field with applications in various fields of pure and
applied sciences. For the applications and other aspects of the variational inequalities, see Noor et al.[12, 21]
and references therein. Pal and Wong [23] provided the application of exponentially convex functions in
information, optimization, statistical theory and related areas. For other aspects of exponentially convex
functions and their generalizations, see [2, 5, 12, 14, 16, 18, 19, 21-23, 33].

It is worth mentioning that the exponentially convex functions and m-convex functions are clearly two
different generalizations of the convex functions. It is natural to unify these classes. Motivated by these facts,
Rashid et al [33] introduced the exponentially m-convex functions and derived some Hermite-Hadamrd type
inequalities. These integral inequalities can be used to obtain the upper and lower bounds for the integrand,
which have applications in material sciences and numerical analysis. Petrovié’s [25] derives some integral
inequalities for convex functions, which are known as Petrovié¢’s type inequalities. For the applications and
other aspects of Petrovié’s inequalities, see [10, 24-27, 29, 31]. In this paper, we introduce some new concepts
of coordinated exponentially m-convex functions. We derive Petrovié¢’s type inequality for exponentially m-
convex and coordinated exponentially m-convex functions. The Lagrange and Cauchy mean value results for
the exponentially m-convex functions are derived. Several important cases are discussed as applications of
the obtained results. We expect that the ideas and techniques of this paper may be staring point for further

research in this areas.

2. PRELIMINARIES

In this section, we recall the basic definitions and concepts of the exponentially convex functions.
Definition 2.1. A nonempty set Q C R is convez, if
ou+(l—o)v e, Yuve, oel01].
Definition 2.2. A function F : Q@ — R is convez, if

Flou+ (1 —o)) <oF(u)+(1—-0)F), Vu,veQ, oel01].
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Toader [34] introduced m-convex functions as follows:
Definition 2.3. The function f :[0,b] — R, b > 0, is said to be m-convez, where m € [0,1], if we have
f (Uu + m(]- - U)U) < Uf(u) + m(l - (T)f(?)), VU,U € [07 b},CT € [Oa 1]

Remark 2.1. One can note that the notion of m-convexity reduces to convezity for m = 1. For m = 0, we

obtain starshaped functions.
Noor et al. [12, 14] introduced exponentially convex function as follows:
Definition 2.4. A function F is called exponentially convex on 2, if
(2.1) T wrev=w) < (1 — 5)e? W 4 5"V Yu,v e, oel0,1],
which can be written in the following equivalent form, which is due to Avriel [4].
Definition 2.5. A function F is called exponentially convexr function on €, if
(2.2) Fu+o(w—u) <log[(1—0)e” ™ +0e" ], VYu,veQ, oecl0,1].

For the applications of the exponentially convex functions in information theory and mathematical pro-

gramming, see Antczak [3] and Alirezaei and Mathar [2].

Rashid el al.[33] introduced exponentially m—convex function as follows:

Definition 2.6. A function F : & — R on an interval of real line is exponentially m-convez, where m € (0, 1],
if
(2.3) eFloutm=a)v) < e (W) L m(1 — 0)e” ™) Yu,v € Q,0 €0, 1].

From now onwards, we take Iy = [a1,b1] and Iz = [¢1,d;] as intervals in R.

Dragomir [8] introduced coordinated convex functions as follows:

Definition 2.7. Let us consider the bidimensional interval A = I; x Iy in R? with a1 < by and ¢1 < d.

Also, let F : Iy x I; — R be a mapping. Define partial mappings as

(2.4) Fo: 1 = R defined by F,(x) = F(z,v)
and
(2.5) Fu: I = R defined by Fu(y) = F(u,y).

The function F is called coordinated convex, if the partial mappings defined in (2.7) and (2.8) are convex

on I; and I respectively, for all v € I, and u € I;.
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Definition 2.8. The function F : A — R is convex in A, if

(2.6) Flou+ (1 —0)z1,0v+ (1 —o)wr) < oF(u,v) + (1 — o) F(z1,w1),

V(u,v), (21, w1) € A o €0, 1].
Farid et al.[9] introduced coordinated m-convex functions as follows:

Definition 2.9. Let Ay = [0,b] x [0,d] C [0,00)?, then a function f: A — R is m — convex on coordinates

if the partial mappings

(2.7) fv :[0,8] = R defined by f,(x) = f(x,v)
and
(2.8) fu:[0,d] = R defined by fu(y) = f(u,y)

are m — convex on [0,b] and [0,d] respectively for all v € [0,d] and u € [0, b].

We now introduce the concept of exponentially m—convex functions on coordinates, which is the main

motivation of this paper.

Definition 2.10. Let F : A1 — R be a positive mapping. The function F is coordinated exponentially
m—convez, if the partial mappings defined in (2.7) and (2.8) are exponentially m— convex on [0,b] and [0, d]
respectively, for all v € [0,d] and u € [0,b].
Definition 2.11. A positive mapping F : A1 — R is exponentially m—conver in A1, if
(2.9) e louwtmi=o)ziovtm(l=0)wi) < GeF () 4 (1 — g)e(z1wn)

V(u,v), (21,w1) € Ay,0 €10,1],m € (0, 1].

Lemma 2.1. FEvery exponentially m— convex mapping F : A1 — R is coordinated exponentially m— convez,

but converse is not true in general.
Proof. Let a positive mapping F : A; — R be an exponentially m—convex in A;. Also, let F, : [0,d] = R
defined as Fy (v1) := f(u,v1). Then

e.Fu(av1+m(1—U)w1) e]:(u,a'vl-‘rm(l—a)wl)

— ef(ou+m(l—o‘)zl,le—l-m(l—cr)wl)
< gef(wv1) 4 m(1— U)e}'(m,wl)

= ge? ) (1 — o)l (W) Vo € [0,1],v1,wy € [0,d],
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which shows the exponentially m—convexity of F,.

Similarly, one can show the exponentially m—convexity of F,.

Now, consider the positive mapping Fp : [0, 1] — [0, 00) given by e0(®?1) = yu;.

Clearly F is coordinated exponentially m—convex. But it is not exponentially m—convex on [0, 1]2.

Indeed, if (u,0), (0,w;) € [0,1]? and o € [0, 1]. Then
(F om0 +m(1=0)(0w1)) _ (Floum=0)un) _ ol — o)y,
and
oe? 0 L m(1 — 0)e”Ow) = o,
Thus, V o € (0,1), u,w; € (0,1), one has
(F OO +m(1=0)0w1) 5 GeF(0) | (] — o) FOw1),

which shows that F is not exponentially m—convex. (|

Petrovi¢ [25] derived some inequality for convex functions.

Theorem 2.1. Let (u;,i = 1,2,...,n) be non-negative n-tuples and (p;,j = 1,2,...,n) be positive n-tuples

such that 2?21 pj > 1,

n n
Zpﬁuﬁ € [0,a1] and Zpﬁuﬁ >y for eachl=1,...,n.
k=1

k=1

Consider the function F is convez on [0,a1], then

(2.10) > puFlu) < F (Z p,.iu,.@> + (Z Pr — 1) F(0).
k=1 k=1 k=1
Rehman et al. [31] gave the Petrovié’s inequality on coordinated convex functions.

Theorem 2.2.  Let (u;,1=1,2,...,n) and (vj,j = 1,2,...,n) be non-negative n-tuples and (pg, k =1,...,n)
and (q1,l =1, ...,n) be positive n-tuples such that

n n
z:p,‘€ >1, 0# z:p,@u,.i > uj for every j =1,2,...,n,

k=1 k=1

and

n n
quzl, O#quvl > v; for everyi=1,2,...,n.
=1 1=1
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Let F : [0,a1) x [0,b1) = R be a convexr on coordinates, then

(211) ZZ quf U/mvl —F (anunyquvl> + (qu - 1) —F <Zpliuﬁ70>
k=1 [=1 =1 k=1

+ (Kilpﬁ - 1) (]—' (0,12:;%111) + <§q; - 1) .7-'(0,0)) .

3. MAIN RESULTS

In this section, we prove an important lemma, which plays a key role for proving our next results.

Lemma 3.1. Let (u;,i = 1,2,...,n) be non-negative n-tuples and (p;,j = 1,2,...,n) be positive n-tuples
such that 377 pj > 1, 0 € [0, a1],

Zp,.iu,€ € [0,a1] and Zp,.iu,€ > u; > mb for eachl =1,.
k=1

Suppose a positive function F : [0,a1] — R is exponentially m—convez. If Zf:)e is increasing on [0, a1],

then
noo Xn: Prll — m0> n
(3.1) @f(glp““”> > <:§_1 Z Fux) .
leﬁ(un —mb) k=1

. Fa) o, . .
Proof. Since Y. ppuy > up > mb for all I =1,...,n and <— is increasing on [0, a;], we have

F( s Uk
e (sz:lp ) e]:(u»f)
n = _ 9) :
( Z Prlx — m9> (un m
k=1

This implies

n

(o —mo)e™ () 5 (Zpu - m9> ),
k=1

Multiplying above inequality by p, and taking sum for K = 1,...,n, one has

k=1 =1

from which, one has the required result. O

We now derive the Petrovi¢’s type inequality for exponentially m—convex functions.
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Theorem 3.1. Let (u;,7 = 1,2,...,n) be non-negative n-tuples and (p;,j = 1,2,...,n) be positive n-tuples

such that 377 pj > 1, 0 € [0,a1],

Zp,iuﬁ € [0,a1] and Zp,iuﬁ >wu; >0 for each Il =1,.

k=1

Let a positive function F : [0,00) — R be an exponentially m—convezx. Then

(3.2) i:ple]:(un) < Ae-F(mglpﬁuN) (Zpl > F(0)

=1

where

> pi(ug —mo)
Z Uk —

Proof. Let a function F be an exponentially m—convex and

oI @) _ ef(@)

r —ma

R(z) =

We take y > z > ma and x = ma + o(y — ma), where o € (0,1). Then

ol (oytm(1=0)a) _ o f(a)

N
@ = oy +m(l — o)a — ma)

oef W £ m(1 — o)el (@ — mef(@
o(y —ma)
W) _ ef(@

Yy —ma

This implies
Riz) < Ry)-

Hence R,y is increasing on [0, a].

ef () f(a)

As we have proved that, if F is exponentially m—convex, then “—="¢ is increasing for x > m#.
Substituting e/ by e/(®) — me/(® in Lemma 3.1, one has
(2
u PrlUx — me) n
J(Eﬁ’ﬁ“”) OB = S (ef(un) _ me]—'(9)) '
=1

z; pi(u —mb)

This gives us
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This leads to

i Pn”%) i n
E) 5 S g S e )
=1 =1

n
Z Prlx — mo
k=1
> pi(ug —mo)
+m l:nl e 0,
Z PrlUx — mo
k=1
Finally, we have
> pi(w —mo) " n
=1 f(éﬁ’“““) >3 pret )
> pru, — mb =1
k=1
n > pi(up —mo)
m Zpl _ l:nl e]—'(G)’
=1 > prtt — mb
k=1
which is the required result. O

If & = 0, then Theorem 3.1 reduces to the following new result. It can be considered as Petrovié’s type

inequality for exponentially m—convex function.

Theorem 3.2. Let the conditions given in Theorem 3.1 be satisfied and let a positive function F : [0,00) — R

be an exponentially m—convexr. Then
F = o, n
(3.3) Zplef("”’) <e <~Z=:1p ) +m (Zpl - 1) em O,

If m = 1, then Theorem 3.1 reduces to the following new result. It can be viewed as a new generalized

Petrovié’s type inequality for exponentially convex function.

Theorem 3.3. Let the conditions given in Theorem 3.1 be satisfied.

Also, let a positive function F : [0,00) — R be an exponentially convex. Then

n u; — 6 n
S o) < l%pz( 1—0) ef(n;p“"“)
1=1 > Pty — 0
(3.4) =l .
n > pi(w — )
+ Zpl — lznli e 0,
1=1 > Pty — 0
k=1

If m =1 and 6 = 0, then Theorem 3.1 reduces to the following new result. It can be considered as

Petrovié’s type inequality for exponentially convex function.
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Theorem 3.4. Let the conditions given in Theorem 3.1 be satisfied and let a positive function F : [0,00) — R
be an exponentially convex. Then
n ]__< i Pl ) n
(3.5) szef(“”) <e \i= Ty (ZPZ - 1) e’
=1 =1
Now, we derive the generalized Petrovié’s type inequality for coordinated exponentially m—convex func-

tions.

Theorem 3.5.  Let (u;,i = 1,2,...,n) and (vj,j = 1,2,...,n) be non-negative n-tuples and (pg,k =

1,2,...,n) and (q,1 = 1,...,n) be positive n-tuples such that 0 € [0,a1], >r_ pe > 1, > @ > 1,

meuﬁ €[0,a1), 0# z:;:;,.m,.i >u; >0 for every j =1,2,...,n
k=1

k=1
and
n n
quvl €1[0,b1), 0# quvl >, >0 for everyi=1,2,....,n.
=1 =1
Let a positive function F : [0,00)% — R be coordinated exponentially m—convex function. Then

S b < 4 {Bef<nilp““%i ) (f: a - B) F(Epe) }
=1

k=1 1=1

(3.6) .
n f 97 v n
+m <an _A> {Be ( l;ql l) +m (qu _B> ef(g,e)}7
k=1 =1
where
Z pn(un - m@)
(3.7) A= “:7}—
Z Prlx — mo
k=1
and
> qi(vy — m)
(3.8) B=|=2

n
> qup —mb
i=1
Proof.  Consider the partial mappings F, : [0,a1] — R and F, : [0,b1] — R defined by Fy,(v1) = F(u,v)

and F,(u) = F(u,v).

As F is coordinated exponentially m—convex on [0, 00)2. Therefore, the partial mapping F, is exponen-

tially m—convex on [0, b1]. By Theorem 3.1, we have
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k=1
This is equivalent to

=1 F(0,0)
n
r=1 Z Drly — mb
k=1
By setting v = v;, we get
> bl —mo)
Pr \Ux — m9 < n >
ane}-(u]’vl) < n:nl 6-7: H; PrUs 1
! Z PrlUx — mo
k=1
n
n Z pn(un —m#)
+m an - K:; F(6,v1)
r=1 Z PrUx — me
k=1
Multiplying above inequality by ¢; and taking sum for [ =1

n
non Z pn( - mg)
DY pege™ ) < [ 5

k=1 1=1
(3.9)

0 8 (),
Z Prlx — mo

x

=1

n
n Z pn(uﬁ — m@)
m D — n:n que}'(&m)-
k=1 > prug —mb | =1
k=1
Now again by Theorem 3.1, we have

n
n 9 n n
- ]:( = p“"""””’) l; Ql(vl " ) -7'-( >0 Prtins 2 qwz)
Z qie Kk=1 S n— e r=1 1=1
=1 > QU —
=1

S

> qi(vy —mb)
Zqz =

n
]:< Z pm“mﬁ)
- e k=1
> qup—mb
=1
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and
n
Z qel(0vi) <
=1

n

+m qu

=1

=1

n

>~ qi(vy —mbo) ef(e,élqm)

n

Z QU —

=1

é (v — mb)

0.0

qQu; —

Putting these values in inequality (3.9) and using the notations given in (3.7) and (3.8), we get the required

result.

]

If m =1, then Theorem 3.5 reduces to the following new result.

Theorem 3.6. Let the conditions given in 3.

be coordinated exponentially m— convex function,

Zn: zn: peqe” ) < C {Def<§=31Z[)Numlz::1 qm> + (i Q- D) ef<~
k=1 1—1 1=1

" (z . D) efww} ,
=1

(3.10) N
+ (an - C> {DefG’lZl qlvl>
k=1
where
C =
and
D =

5 be satisfied. Also, let a positive function F : [0,00)? — R
then

n
PrlUr 79> }
1

Kzn: Pr(u )

=1
n
Z PrlUx — 9

k=1

> q(v —0)

=1
>oqu—06
=

If # = 0, then Theorem 3.5 reduces to the following new result.

Theorem 3.7. Let the conditions given in Theorem 3.5 be satisfied.

> Prln,

k=1

If F :[0,00)% = R be coordinated exponentially m—convez, then
n n
Z kUk, Z v
S pege” ) < { <“ 7 "
(3.11) nhE

en(E 0B
k=1

()

o))

'}
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If 8 =0 and m = 1, then Theorem 3.5 reduces to the following new result.

Theorem 3.8. Let the conditions given in Theorem 3.5 be satisfied. If F : [0,00)?> — R be coordinated

exponentially convex, then

Zn: Zn:pfc‘ﬂef("j’”’) < {6F<“i1pﬁumlil qm> + (i @ — 1) ef<~i1p“““’0)}
=1

k=1 1[=1

+ (ipﬁ B 1> {ef<oaé:1‘hvl) + (iql _ 1) ef(0,0)}-
k=1

(3.12)

By considering non-negative difference of (3.3), we define the following functional.

F 3 kU n n
(3.13) pery = (E) (Z“ - 1) 7O =3 e,
1=1 1=1
Also by considering non-negative difference of (3.11), we define the following functional.

T(e]:) _ {ef(nzzlmumlg mv:) tm (i - 1) e]-‘(é:lpmumo) }
=1

(3.14)

+m <iprc - 1) {ef(o’lzl qlvl> +m (i q — 1) ef(O’O)} B i ipn%e}'(ug‘,vz).
r=1 =1

k=1 1=1

We need the following lemma.

Lemma 3.2. Let a positive function F : [0,b1] — R be an exponentially m—convex such that

(u —may)e” W F' (u) — eF ) 4 me” (@)

u? — 2maju + ma?

< Ny,

niy <

Yu e [O,bﬂ\{al} and a1 € (O,bl)

Let 71,72 : [0,b1] = R be positive functions defined as
y1(u) = log[Nyu? — e7 (W]

and
Yo (u) = log[ef(“) — n1u2],

then v1 and o are exponentially m— convex on [0,by].
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Proof. Suppose

671 (u) _ me'yl (al)

Py, (u) =

u — may

Ny - e —mNya ? + me” (@)

U — maq

B N1 (u? — may?) eF (W) — meF(a1)
U — may u — may .
By differentiating with respect to u, one has
(u —ma1)2u — (u? —ma?)  (u—may)e” W F (u) — 7 4 mes (@)

Py () = N (u — maq)? B (u —maq)?

Since

2

u? — 2maiu + mQal 2

—m?a? +ma? = (u —may)? —m(m — 1)a > 0,

by the given condition, one has
N (u? — mai2u + ma?) > (u — may)e” W F'(u) — 7 4 me (@),

This implies
u? — 2mayu +mad _ (u—may)e” W F(u) — e W 4 me”(a1)

Ny

(u — may)? - (u —may)? ’
N u? —2maju+ma?  (u—mar)e” WF(u) — e” W) £ me”(a1) >0
U (= may)? (u — may)? -

This implies
P’/Y1 (U) Z 0, Yu € [0, al) U (al, bl}
Similarly, one can show that
Pfyz(u) >0, Yu€[0,a1)U (a1, b].

This implies that P,, and P, are increasing on u € [0,a1) U (a1, b1] for all a € (0, b1).

Hence by (??), 71(u) and 72(u) are exponentially m—convex in [0, b;]. O

Here we prove the mean value theorems related to functional defined for Petrovi¢’s inequality for expo-

nentially m—convex functions.

Theorem 3.9.  Let (u1,...,uy) € [0,b1], and (p1, ..., pn) be positive n-tuples such that > _, pyur > u; for
each j =1,2,...,n.

Also let ¢(u) = logu?.

If a positive exponentially m—convex function F € C*([0,b1]), then there exist v € (0,b1) such that

— ]:(’Y)f/( ) — e]:('Y) + me]:(al)
| 5y _ (= ma)e D F .
(3.15) P(e7) EE T —— P(e?)

)
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provided that P(e?) is non zero and a € (0,by).

Proof. As F € C'([0,b1]), so there exist real numbers n; and N; such that

(u — may)e” W F'(u) — eF ) 4 me” (@)

(u? — 2maju + ma?)

< Ny, Yu €[0,b1] and a1 € (0,b1).

ny <

Consider the functions v; and v, defined in Lemma 3.2.

As 7 is exponentially m—convex in [0, b;], so

P(e™) =0,
that is
P (N1u2 — e]:(“)) >0,
this gives
(3.16) NiP(e?) > P(e”).

Similarly 2 is exponentially m—convex [0, by], therefore one has
(3.17) mP(¢) < P(e).

By assumption P(e?) is non zero, combining inequalities (3.16) and (3.17), one has

Hence there exist v € (0, ;) such that
Pe”) (v —may)e DF (y) — e 4 me”(a1)

Pled) (72 = 2mayy + ma?)

)

which is the required result. O
If we take m = 1, then Theorem 3.9 reduces to the following result.

Theorem 3.10. Let the conditions given in Theorem 3.9 be satisfied. If F € C'([0,b1]) is a positive
exponentially conver function, then there exist v € (0,b1) such that
(«'}/ — al)e}-(’)/)f/(fy) — ef('Y) + e}-(al)

(3.18) P(ej:) = (v —a1)? 'P(e¢),

provided that P(e®) is non zero and a € (0,by).

Theorem 3.11. Let the conditions given in Theorem 3.9 be satisfied. Suppose the positive exponentially
m~— convez functions Fi,Fa € C1([0,b1]), then there exist v € (0,by) such that

P(e’) (- may e Fl(y) — 1) 4 me1(@)
P(e”2) (v —may)e2NF)/ () — e72(0) + meF2(@)”

provided that the denominators are non-zero and ay € (0,by).
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Proof. Suppose k € C*([0,b1]) be a function defined as
k =log (c1e”t — cpe”?),

where ¢; and ¢; are defined as

Then using Theorem 3.9 with F = k, one has

(7 — may )elosere™ P =22 (1500 eF1) e F2(M)) — (£1eT1 ) — T2 (M)

+ m(clefl(“) - C2€]:2(a)) =0,
this gives
(v — may)(e1e77) — cpe?2 M) — 171 1y ey 1 (@)
— mege”?(@ =,
that is
(v — ma1)(c1e”* D Fi(y) — c2e”2 D Fhi(7)) — c1671 ) 4 ¢pe”2)
+ mere? M@ —meye”?@) =,
this gives

(v — mal)clefl(v)}-{h) —(y— ma1)026f2(7)}'§('y) — 171 4 geP2 ()

+ mere? (@ —meye”?@ = g,
which implies

ci{(y —=ma1)fi(v) = f1(v) + mfi(a)} —c2 {(v — ma1) f2(7) + Fa(y) — mFa(a)} =0
1 {(”y _ mal)efl(v)]:{(fy) _ 1) erefl(a)} =

e {(7 — may)eT2 M F(y) — T2 mefz(a)} .

This gives
e (v — may)e ' Fl () — 1) 4 meT1 ()
e (v— mal)e}-?(’Y)fé('y) — e72(7) + meT2(a)’
Putting the values of ¢; and ¢z, one has the required result. O

If we take m = 1, then Theorem 3.11 reduces to the following result.
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Theorem 3.12. Let the conditions given in Theorem 3.11 be satisfied. Suppose the positive exponentially
convex functions F1,Fa € C1([0,b1]), then there exist v € (0,b1) such that

P(e”) (v- a1)eT I Fl(y) — P10 4 F1(a)

P(er2) (7 — a1)e2M F () — e72(7) 4 eF2(a)’

provided that the denominators are non-zero and a; € (0,by).

Here we state an important lemma that is helpful in proving mean value theorems related to the non-

negative functional of Petrovi¢’s inequality for coordinated exponentially m—convex functions.

Lemma 3.3. Let A =[0,b1] x [0,d;]. Also, let F : A — R be a positive coordinated exponentially m—convex

function such that
(u —maq)e” @) 2 F(u,v) — e (0) 4 me (@1:0)

<N
(u? = 2maju + ma?)v? s

ny <

and
(U - mcl)e}—(“m%}"(u’ 1}) — e]:(“v”) + mef(u,cl)

(v2 = 2mayv + mc?)u?

Yu € [O,bﬂ\{al}, a1 € (O,bl) and v € [O,dl]\{cl}, cE (O,dl)

< Na

ng <

Consider the functions o, : [0,b1] = R, and «y, : [0,d1] = R, defined as
a(“q ’U) = log[max{Nh NQ}uQUQ _ e]'—(u,’u)]

and
B(u,v) = logle” ™) — min{ny, ny }uv?.
Then o and B are coordinated exponentially m— convex.
Proof. Suppose the partial mappings a,, : [0,b1] = R and «,, : [0,d1] — R defined as a, (u) := a(u,v) for all

u € (0,b1] and ay (v) := a(u,v) for all v € (0,d].

eQw (uw) _ me®v (a1)

For, (u) = U — may
e(x(u,v) _ mea(al,v)
U — may

elog[max{Nl,Ng}uzuz—me}_(“'“)] _ melog[max{Nl,Ng}afvz—e]:(al’“)]

U — may
Niu?v? — eF(ww) _ leanQ + me” (a1,0)

U — may

U2 _ ma%)vQ e]-'(u,v) _ me}'(al,v)

U — maq u —may
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Differentiating partially with respect to u, one has

Pl (u) = Nyo? (u —may)2u — (u? — ma?)
v (u — may)?

(u— mal)e}-(“’“)%}'(u, v) — 7 (W) 4 meF (@)
(u — may )?

Noo? (u? — 2maju + ma?)

= Nyv
! (u—may)?

(u— mal)e}-(“’”)%]—"(u, v) — 7 (W) 4 meF (@)

(u — may )?

By the given condition, one has

(u —maq)e? @) L F(u,v) — e (0) 4 me (@1v)

(u? = 2maju + ma?)v?

Ny >

Since

(u? — 2mayu + ma?)v? > 0.

This implies

2 (u—may)e @)L F(u,0) — S0 4 me (@)

(u —may)?

(u? — 2mayu + ma?)v

N

(u — may)? ’

(u? = 2mayu +ma3)v?  (u—may)e” @)L F(u,0) — eF(0) 4 me (@)

N _
' (u —may)? (u —may)?

This implies
P! (u) >0, Yu € [0,may) U (may,b].

Qy

Similarly, one can show that

P! (v) >0, Yu € [0,mer) U (mey, dy].

Ay

> 0.

This ensure that P,, is increasing on [0,ma;) U (mas,b;] for all a; € [0,b1] and P,, is increasing on

[O,mcl) U (mcl,dl] for all ¢; € [O,dl].

By (??), « is exponentially m—convex. Hence by Lemma 2.1, « is coordinated exponentially m—convex.

Similarly, one can show that § is coordinated exponentially m—convex.

O

Here we give mean value theorems related to the functional defined for Petrovi¢’s type inequality for

coordinated exponentially m—convex functions.
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Theorem 3.13. Let (uy,...,u,) € [0,b1], (v1,...,v,) € [0,d1] be non-negative n-tuples and (qi,...,qn),
(p1, -y Pn) be positive n-tuples such that

S or_ i peuk > uj for each j =1,2,....n. Also let o(u,v) = log (u?v?).

Let a positive coordinated exponentially m— convex function F € C1(A), then there exist (y1,(1) and (y2,(2)

in the interior of A, such that

J—') _ (71 - ma)ef(’h,(l)%]:(,h’ Cl) — 7 (1,61 L peF(aa)

3.19 T T(e?
(319 . (7 = 2man + ma?); )
and

_ F(r2:.$2) & F — oF(12:¢2) F(a,C2)
(320) T(e}') _ (’72 ma)e ov (72’ CQ) € + me T(egp)7

(73 — 2mayz +ma?)¢3

provided that 1 (e®) is non-zero and a € (0,by).

Proof. As F has continuous first order partial derivative in A, so there exist real numbers ni,ns, N7 and Ny

such that
< (u— mal)e}-("’”)%}"(u,v) — e () 4 eFlavw) <N
ny < ( 2_9 N2 X V1
U maju + mai)v
and
(U — mal)e]‘—(“ﬂ))%}'(u’ 1}) _ e]:(u,v) + 6‘7:(“’“)
ng < < No,

(v2 = 2maqv + ma?)u?

Yu € (0,01], v € (0,d] and a € (0, b1).

Consider the functions o and [ defined in Lemma 3.3.

As « is coordinated exponentially m—convex, then

Y(e*) >0,
that is
T(Niu?e? - 7)) > 0,
this gives
(3.21) N1 Y(e?) > T(eF).

Similarly § is coordinated exponentially m—convex, therefore one has
(3.22) nmY(e?) < T(e).

By assumption 7'(e?) is non-zero, so combining inequalities (3.21) and (3.22), one has
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Hence there exists (71, 1) in the interior of A, such that

(/')/1 — ma)ef(vlvgl)%f(f}q’ cl) — 6]:(’\{1’41) —+ mej:(avgl)

T = (v — 2may; + ma?)¢? T(e?).
Similarly, one can show that
ey = (M) 0 ) < T LT
(73 — 2mary2 + ma?)(3
which is the required result. ]

If we take m = 1, then Theorem 3.13 reduces to the following result.

Theorem 3.14. Let the conditions given in Theorem 3.13 be satisfied. Also, let a positive coordinated

exponentially convex function F € CY(A), then there exist (v1,(1) and (v2,(2) in the interior of A, such

that
(3.23) T(F) = (71 — a)eF ) L F(qy (1) — e G) 4 F (@) e
| (73 = 2am +a?)¢?
and
—a)e? 02 L F — &5 (12:62) 4 oF(aC2)
(3.24) T(e]-‘) _ (y2 —a)e v (72,C2) —e e T(ew)’

(73 — 2072 +a?)¢3

provided that 1 (e®) is non-zero and a € (0,by).

Theorem 3.15. Let the conditions given in Theorem 3.13 be satisfied. Also let the positive coordinated
exponentially m—convex functions F1, Fo € CY(A), then there exist (y1,(1) and (Y, C2) in the interior of

A, such that
T  (n— ma)ef(vl,cl)%]:(,yl’ (1) — eF 1) 4ome(a:tn)

T(e’2) (y2 — ma)e]:(’YmCz)%}'(ny’ G) — eF (v2:¢2) 4 meF(a:(2)

and

T(e7) _ (1 —ma)e”0 ) £ F(, ) = e70H) 4 meT ()

Y(e?2)  (y2 — ma)eZ 026 T F (75, (o) — €7 (02:62) - meF(ae)”

provided that the denominators are non-zero and a € (0,b1).

Proof. Suppose
kE =log (cie”* — cpe’?),
where ¢; and ¢y are defined as

c] = T(eFQ),

co =T(e™).
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Using Theorem 3.13 with F = k, one has
(,7/ _ ma)elog(cle}_1 7C26-F2)(77<)% 1Og(61€_7: . 026 )(’y C) _ elog(clefl 7626}'2)(7@)
+ melog (cle}_l —CQ@FZ)(G7<) — 0’
9.
(v —ma) o -(cre” — c2672)(7,¢) — (1€’ — c2¢”2)(7,¢)
+ m(cre”t — ™) (a,¢) = 0,
0 0
(71— ma)clefl(“’g)%]:l(’h, €)= (12— ma)c2ef2(”2’<2)%]:2(’72,Cz)

16-7:1(71741) + 026]:2(72’42) + mcle}—l(a7CI) _ m02€}—2(a’<2) =0,

1 {('71 _ ma)ef1 (71,¢1) gfl (717 Cl) — F1(61) + mel? (%Cl)}
u
— 02 {(72 - ma)eﬁm’@)%]iﬁm (o) —e72020) mef?(“’@} =0,

) Fi(n,¢) — 1) 4 mefl(a{l)}
u

= ¢y {(,72 — ma)ef2(72,42)§f2(727<2) —eT2(02:C2) | ppe(a ,@)} 7
(%

u

9 )
c1 {(’71 — ma)a—efl(”v“) —eflvu) 4 e]:l(avu)} = ¢y {('71 _ ma)ae}'z(v,u)
_eF2(vu) | mefz(mu)} :

e (n—ma)ef L F (5, ¢) — P01 4 eFlad)
C1 B ('YQ - ma)ef(’Yzyﬁz)%f’(rY% CZ) — eF(2:62) 4 meF(ate)”

Similarly, one can show that

2 _ (m — ma)ef(%,cl)%]:(,yh G) — eF(1:61) 4 e (aty)
c1 (’72 - ma)e]:(’h,@)%f(fy% 42) — eF(12:C2) 4 meF(ala)

Putting the values of ¢; and ¢z, one has the required result. ([l
If we take m = 1, then Theorem 3.15 reduces to the following result.

Theorem 3.16. Let the conditions given in Theorem 3.13 be satisfied. Also let the positive coordinated

exponentially conver functions Fi,Fa € CY(A), then there exist (v1,¢1) and (y2,(a) in the interior of A,
such that

T(e]'—l) _ (’Yl — a)e}-("/lagl)a%f(f}q’ Cl) — 6]:(7114‘1) -+ e}-(afCl)

T(e]:z) (72 _ a)e}-(’yzﬁz)%]:(q/z’ C2) — eF(12:¢2) 4 eF(a(2)

and

T(e7r) _ (71 — a)ef(’Yl,Cl)(%]-‘(»yh (1) — P mC) o7 (aC)
T (e72) (2 — a)e]:("f2a<2)%f<’}/2’ (o) — eF(12:62) 4 eF(a:2) ’

provided that the denominators are non-zero and a € (0,by).
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4. CONCLUSION

We have defined the coordinated exponentially m-convex functions. Petrovié¢’s type inequality for ex-
ponentially m-convex and coordinated exponentially m-convex functions have been derived. We obtained
Lagrange-type and Cauchy-type mean value theorems for exponentially m—convex and coordinated expo-
nentially m-convex functions. Some new special cases are discovered. It is expected the ideas and techniques
of this paper may motivate the researchers working in functional analysis, information theory and statistical

theory to find some applications. This is a new path for future research.
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