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ABSTRACT. The purpose of this paper is to revisit Chatterjea type contraction and determine some fixed
point results for interpolative Chatterjea type contraction mapping in the setting of quasi-partial b-metric
space using the concept of w-admissibility introduced by Popescu. Also we present some useful examples to

elucidate relevance of the concept.

1. INTRODUCTION

In the diversified field of non-linear analysis, Banach [1] contraction principle holds a significant position.
The fixed point theorems are used to demonstrate the uniqueness of a solution of differential equations,
Fredholm integral equations and Picard theorem etc. Forging ahead Banach’s approach, many celebrated
authors [2-7] introduced distinctive concepts. In the year 1972, Chatterjea [8] inaugurated his contraction

defined as
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Let (X, d) be a complete metric space. A self mapping H: X — X is called Chatterjea type contraction if
d(Ho, HO) < [d(o, HE) + d(0, Ho))

for all o, 8 € X, where § € (0, 1/2). Then he interestingly proved that it has a unique fixed point in
complete metric space. Additionally this result was proved by Mishra et al. [9] in complete quasi-partial

b-metric space for interpolative Chatterjea type contraction, which can be designated as,

Let (X, gpy) be a complete quasi-partial b-metric space. A self mapping H: X — X is called interpola-

tive Chatterjea type contraction if there exists ¢ € [0, %), p € (0,1) such that

1 e
o, 10) < Slamlo, H0) | Sam0, o)

for all o, 6 € X.
Afterwards as a modification in the concept of a-admissible maps, Popescu [10] introduced w-orbital admis-

sible maps.

In this research field, several authors [13—-15] have made valuable contributions. In this paper, we commence
the concept of w-interpolative Chatterjea contraction in quasi-partial b-metric space and deliver relevant

examples.

2. PRELIMINARIES

Definition 2.1 [10]: Let w : X x X — [0, oo) be a mapping and X# ¢. A self mapping H: X — X is
called w-admissible if,

w(o, Ho) > 1 = w(Ho, H*0) > 1

for all o € X.
In order to ignore the continuity of contractive mappings, we often consider the following condition.
(M) If we take a sequence 6,, in X such that w(6,,, 0,+1) > 1, for all n. Also as n — o0, 0, — 6 € X, then

from 6,, there exists 6,,(;y such that for all k, w(f,x), 0) > 1.

Definition 2.2 [11]: A quasi-partial metric space on a set non-empty set X is a function gp: X xX — [0, 00)
that satisfies the following properties:

[QPA] If gp(o, o) = gp(o, 0) = qp(0, 0) then o =0

[QP,] qp(o, o) < qp(o, 0)

[QPs] qp(o, o) < qp(0, o)
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[QP4] qp(o, 0) + qp(6, 0) < gp(o, 0) +qp(d, 0) for all o, 6, § € X.

Definition 2.3 [12]: A quasi-partial b-metric space on a set X # ¢ is a function gpp: X X X — [0, 00)
such that for a real number s > 1 satisfies the following properties:

[QPb1] If gpy(0, o) = qpu(0, 0) = gps(o, 0) then o =0

[QPbs] qpy(0, o) < qps(0, 0)

[QPbs] gpy(o, o) < qpy(0, o)

[QPb4] qpe(o, 0) < slgpu(o, 0) + qpu(6, 0)] — qpy(6, 6) for all o, 0, 6 € X.

Here, we present an example to show the usability of the concept.

Example 2.1: Let X= [0, i] Define qpy (o, 0) = sink|o? — 62|, where k > 1

Here, qpy(0, o) = sink|o? — 02| = 0 = qpy(0, 0), qpp(0, 0) = sink|o? — 62|
then 0 = sink|o? — 02| = o = 0 i.e [QPb;] satisfied.

apy(o, o) =0 < qpp(0, 0) as 0 < sink|o? — 62| i.e [QPbs] satisfied.

apy(o, o) =0 < qpp(0, o) as 0 < sink|6? — 02| i.e [Q Pbs] satisfied.

Aso, 0, 6e X

2 2 m 2 2 2 2 m
_ < _ _ <
02 = 0% < o [0 = 0% 4107 - 02| <

Kllo? = 82| +16% = 6] < 2,

Since sin k is increasing.

qp (o, 0) + qpy(6, §) = sink|o? — 62|

< sink(|o? — 82| + 62 — 62]) < k(jo® — 82| + |52 — 6%))
< k(sink(|o? — 6% + 16 — 6%])) < klgpy(a, &) + qpu (6, 0)]

< slgpp (0, ) + qpy(9, 0)]

where, s > k > 1 i.e. [QPby] satisfied.

Therefore, (X, gpy) is a quasi-partial-b metric space.
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3. MAIN RESULTS

Here, we introduce the concept of w-interpolative Chatterjea type contractions in quasi-partial b-metric space.

Definition 3.1: Let (X, gpy) be a complete quasi-partial b-metric space. A self mapping H: X — X

is called w-interpolative Chatterjea type contraction if there exists § € [0, %), p € (0, 1) such that

(o, O)api(Ha, 1) < dlan(o HOV | San6. o)

for all o, 6 € X.

Our main result is as follows:

Theorem 3.1. Let H: X — X be an w-admissible self mapping which forms w-interpolative Chatterjea
type contraction on a complete quasi-partial b-metric space (X, qpp). If there exists oo € X such that

w(og, Hog) > 1, then H has a fized point in X.

Proof: Let o9 € (X, qpp) such that w(og, Hog) > 1.

Let us consider a sequence o, defined as ,, = H"(0g), n > 0.
Considering for some ny,

If 05y = Opg+1, this implies that on, s o fized point of H.

If opy # Ong+1, for all n > 0 then,

qpy(on, Hon) = qpo(on, Hongr) >0

Also H is w-admissible, w(o1, 02) = w(Hog, Hoy) > 1.
= w(on, ont1) > 1, for alln > 0.

Taking 0 = 0, and 6 = 0,,_1, we get
qpb(an+1a Un) < W(U’ru an+1)qpb(Hana Han—l)

1—p
1
< dlgpy(on, Hop—1))’ |:82qpb(0n—17 Hon)}

1 1=
< dlgpy(on, on)]’ Lqub(anh on+1)}

< 5[qpb(0n+17 Un)]p ng[s [qpb(gnflv Un) + qpb(am Un+1)] - qpb(on» Un)]] i

s 1=p
< Olapo(ons1s o) | S5lap(0n-1, o) + apo(0ns o)

1 e
(31) < 6[qpb(0n+17 Jn)]p [S[qpb(onla Jn) +QPb(Un; O'n+1)]:|
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If qpp(on_1, 0n) < qpp(On, Ony1) for allm > 1, then
1 _ N
3 [apb(0n—1, 00) + qPo(0ny ns1)]' " < apy(n, Tni1)t ™"

that is,

S apo(0n—1, 00) +aps(n, Ont1)] < ap(0n; Tnta)
but qpp(on+1, on) < qpo(on—1, on), which is a contradiction as per equation 3.1.
Thus qpp(on—1, 0p) is a decreasing sequence.
Now, let lim,, o0 qpp(0r—1,0n) = L.

As we have, from equation 3.1
qPo(On+1, 0n) S W(n, Ony1)qpy(Hoyn, Hoy 1)

1-p
6[qpb On+1, Un |: qub On—1, Gn>:|
1-p
(0, B)aps(asn, o) < 8 [[ C m]

1 |1
W(On, On—1)qPp(Ont1, 05) < OT-F {[Squb(Un_l, Un)]

(32) W(Una Jnfl)qpb(an+1a0—n) S (qub(a—nfly Un) S Spnqpb(o—m 0-1)

So putting n — oo in equation 3.2, we get L = 0.
Now, to show o, is Cauchy sequence.

Letn, te€ N.

apb(Ony Onit) < 3q0o(0n, Tnt1) + S2q0e(Tnt1s Ong2) + oo+ 8 APL(Tnti—1, Tnit)

< [86™ + 526" 4 4 s T gpy (00, 01)

n+t—1

(33) st )" 8qpy(oo, 01) <st26’qpb (00, 01) -
i=n i=n
From equation 3.3,
i qpy(on, Onge) = lm  qpe(Onim)s Ontmt) < s' lim Z lim &"qpy(n, ons1) =0

1=m

Now, if o, # Hoy,.
1 1=
apy(ony1, Hn) = qpo(Hoy, Hn) < dlgpy(on, Hn)JP Lqub(ny Hun)]

< 8laps(om, HN)  lapo(n, ongr)]' 7
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forne X.
Here, for n — oo, qpy(n, Hn) = 0.

This is a contradiction and hence Hn =n.

Corollary 3.1 Let (X, gpp) be a complete quasi-partial b-metric space whose subsets &; and & are closed.

Suppose that H: & U &y — £ U &, satisfies:
1 e
(o O Ho, 1) < Saplo. HO)? [ a0, 150)]

for all o € & and 0 € & such that o, § € X\ Fiz(H), where p >0, s > 1. If H(&;) C & and H(&;) C &,

then there exists a fixed point of H in & N &s.

. 1 if(& x &)U (& x&)
Proof: In Theorem 3.1, it is enough to take, w(c, 0) =

0 otherwise

Corollary 3.2 Suppose (X, gpy, <) be a complete partially-ordered quasi-partial b-metric space. Let
H: X — X be the mapping such that:

w(o, 0)gpy(Ho, HO) < [qps(o, HO)]? {;qpb(& HU)] -

such that o, § € X\ Fiz(H) where p >0, s > 1.

Let us assume the following:

a) H is non decreasing with respect to partial order =;
b) There exists 0g € X such that o9 < Hoy;

¢) H is continuous on (X, gpyp).

Then H has a fixed point in X .

1 if(c 2 0)or(8 <o)
Proof: In Theorem 3.1, it is enough to take, w(c, ) =
0 otherwise

Example 3.1 : Let us consider the set X = [0, 3] with quasi-partial b-metric defined as gpy(o, ) =

sink|o? — 02| and H be a self-mapping on X which is defined as

[\elley

ifo €2, 3] 1 if(o, 0) €2, 3]
Ho = and taking, w(o, 0) =

ifo €0, 2] 0 otherwise
Let 0, 6 € X be such that o # Ho, 6 # HO and w(o, 6) > 1 0, 6 € [2, 3], and we have Ho = Hf = g

=~

Therefore, Definition 3.1 holds, for og = 3.
w(3, H3) =w(3, 3) =1, w(o, §) > 1foro, 6 € X. So o, 0 € [2, 3] and Ho = Hf € [2, 3].
Thus H is w-orbital admissible as w(Ho, Hf) > 1.

Now we show that condition (M) holds, let us take a sequence 6,, in X such that w(6,, 6,41) > 1 for all n,
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FIGURE 1. The fixed points of H are 5 and 2.

then 6,, C [2, 3]. Also as n — o0, 0, = v € X, we get |0, — v| = 0. Therefore v € [2, 3], w(By, v) = 1.

Hereby Theorem 3.1 holds true and the fixed points of H are % and % as shown in Figure 1.

4. CONCLUSION

The accession of this study is to commence the proposition of Interpolative Chatterjea type contraction on
w-admissible mapping in quasi-partial b-metric space. w-admissibility finds it’s real world applications in
varying fields be it in classical game theory for finding behaviour in multi-player games or even infinite games
that are played on graphs. Apart from this it is also used in deciding the extensions of DLs by concrete
domains. This concept has been conceded in many researches earlier. The current research can also be

exercised effectively in all these areas of study.
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