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ABSTRACT. In this paper, we establish the existence and continuity of a trace operator for functions of the
Sobolev space W1P(Q) with 1 < p < oo on the boundary of a domain 2 that has the Sobolev W1:? —extension
property. First, we prove the existence and the continuity of such an operator when it is applied to the
elements of the subspace of the up to boundary smooth functions by using a uniform estimate. The essential
ingredients used in the proof of this estimate are Green’s representation of a function on a disk as well as
Banach’s isomorphism theorem. Finally, we conclude the trace result using the density of smooth functions
in W1P(Q). The presented proof fully exploits the extensibility hypothesis of the domain Q. The relevance
of the result lies in the existence of extension domains which are not Lipschitz and under this point of view

it constitutes a generalization of the usual trace theorem.

1. INTRODUCTION

The trace operator, when applied to the functions of the Sobolev space WP (Q) defined on a Lipschitz
domain ), is a standard notion in the theory of Sobolev spaces. More precisely, it is well established that
the trace operator is well defined on the boundary of a Lipschitz domain and, moreover, it is continuous,
cf. [1]. The result established in this paper generalizes this fact to the case of a non-Lipschitz domain, namely
to W1P(Q)-extension domains. The regularity of this class of domains is intermediate between Lipschitz

regularity and Jordan regularity.
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The functions of the Sobolev space WP(€) defined on such a domain constitute a relevant class of
functions in the following sense: there exists domains whose boundary is parameterized by a continuous
function that is not Lipschitz but admit the property of (1, p)— extension. Indeed, Maz’ya has constructed,
cf. [2], an example of a Jordan domain, €2, such that the boundary 9 is not Lipschitz in the neighborhood
of at least one of its points and such that the property of (1,p)— extension is only valid for p < 2. We
emphasize that a Lipschitz domain is always an extension domain.

We give, herein, a proof of the existence and the boundedness of a trace operator defined on the Sobolev
space W1P(Q) where  is a WP —extension domain, 1 < p < co. The proof that we present in the framework
of extension domains fully exploits the domain’s extensibility hypothesis.

We start by introducing some preliminary notions as well as the tools and results that are essential to

carry out the proof of the main result.

2. CLASSICAL FACTS AND TOOLS

Let © C R? be a domain. We denote by Int(£2) the topological interior of 2. Throughout this section,
and only otherwise explicitly stated, p is a real number with 1 < p < co. The usual Sobolev space W1 (£2)
is defined by

WhP(Q) :={u € LP(Q), Vue LP(Q)}.

We further assume that € has the property of WP —extension. Recall that the property of WP —extension

of a domain {2 means that a Sobolev extension operator can be defined on W1P(Q), we recall its definition:

Definition 2.1. We say that a domain Q C R? is a WP —eatension domain, if there is a linear operator

P defined by
P:WhP(Q) — WHP(R?)
u — Pu.
such that P is continuous i.e. there exists cops > 0 such that Yu € WP(Q) we have
(2.1) [[Pullwro®e) < Ceat||ullwrr(a)
where Cezt depends only on Q and (Pu)(x) = u(x) almost everywhere in Q.
The reader may refer to [2] for a detailed discussion of this class of domains. We recall a density result

established in ( [3], p.261). This result is valid in the case where € is an extension domain or more generally

a Jordan domain:

Theorem 2.1. Let Q2 C R? be a domain whose boundary is a Jordan curve, then C*(Q) is dense in WP(Q)

with 1 < p < 0.
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We recall the property of continuity of the trace operator, on the Lipschitz (or weakly Lipschitz) boundary
of a domain D C R?, defined for the Sobolev space WP (D), cf. [1]:

Proposition 2.1. Let D C R? be a Lipschitz domain. There exists Cp > 0, depending merely on D and p,
such that

(2.2 lull 130y, < Colltlliroo)

for all w € WHP(D).

It should be noted that proposition 2.1 does not apply in principle neither to an extension domain nor to
the more general Jordan domain given the primordial assumption of the Lipschitz character of the ambient
domain D.

Let us also recall a trace result for the functions of the Sobolev space W11(D,) where D, C R? is a disk

of radius r > 0, cf. ( [4], estimate 7.1):

Proposition 2.2. For all u € WHY(D,.) we have

2
(2.3) / luldo < 7/ |u|dx+/ [Vu|d .
oD, " Jp, D,

T

In addition, we recall the integral representation of a function u € C?(D,) N C°(0D,) on the disk D,,
cf. [5]. For such a function, this representation writes: for all « € Int(D,) we have

(2.4) M@:LAmmwmw+Aqwmmww@,

D,

where G is the Green function of the disk, D,., associated with the Laplace operator and defined by:
Gz, y) :==T(z —y) + ha(y),

with T'(z) = 5-1In|z| being the fundamental solution of the Laplace operator in dimension two and h,
is the harmonic function in y that equals —T'(z — y) for € Int(D,) and y € dD,. On the other hand

K(z,y) = W is the Poisson kernel which in the case of the disk is written:
Y

r? — |z|?
K = -

where ws is the measure of the two-dimensional unit ball. This integral representation is interesting insofar
as it makes it possible to point-wisely express a function using its Laplacian and the values it takes on the

boundary of the disk D,..
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3. PRrRINCIPAL RESULTS

The main result of this paper is stated in the following theorem, its proof will be given after establishing

an auxiliary lemma.

Theorem 3.1. Let Q be a domain having the WP —extension property such that 1 < p < oo, then we can

define a trace operator
T:WhP(Q) — LP(09)
u— Tu

that coincides with the restriction operator on the boundary 0S) for continuous functions. In addition, T is

continuous i.e. there exists c; > 0 independent on u such that for all u € WHP(Q) we have

(3.1) ITullp00 < cillullwrr@)

where we denote || ||p.00 the usual norm of the Lebesgue space of p—integrable functions.

3.1. Auxiliary lemma. We now state with a proof an auxiliary lemma essential for establishing the main

theorem:

Lemma 3.1. Let 1 < p < 2 and fiz a point zg € R%. We denote D, := D(xq,70) C R? the disk with center
xo and radius ro > 0. There exists a constant c(ro,p) > 0 which is independent of both u and x such that

for all u € C*°(D,.,)
(32) Vo € Do, |u(@)] < c(ro, p)l|ullwrr(p,,)-
We denote by |z — y|2 the Euclidean distance between the points x and y.

Proof. let u € C*(D,,). There exists f € C*(D,,) and u® € C°>(dD,,) such that the function u solves the

problem

—Au(y) =f(y) in Dy,

u(y) =u(y) on 0D,

(3.3)

Let € Dro. By using the integral representation (2.4) applied to the function u at z, we have:

2

(3.4) u(z) = /D F()C,y) dy + /a w(y) K (2, y) d o (y).

Dyy
Given that 9D, is C*°—regular, then the Green’s function satisfies G(x,.) € WYP(D,,) for 1 < p < 2,

cf. ([6], estimate 1.5). By using the continuity of the linear form associated with f € W~1?(Q), we obtain
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from estimate (3.4) the following

d
u(@)| < || fllw-10(D,) |G, WD, +y£“a%>io |K (x,9)] /{)Dm [u(y)|do(y).

The last term of this inequality does make sense since |z — ylo > % for € D%} and y € 0D,,. By
applying the trace inequality on the boundary of the disc D,,, cf. Estimate (2.3), we get
(@) <|[fllw-r20,)[1G(@ lwrro,,)

2
+ K)o, + Fullm,)).

y€9dDy

the Holder inequality then yields
(@) <|[fllw-10D,) |G, )llwrr (D)
+ yé%%)io |K(I7y)|cf’o (||u||P,Dr0 =+ Hvu”%Dro) .
We apply Banach’s isomorphism theorem to the continuous bijective operator L; defined by
_ 1,
Ly: (W YP(Dyy), || ||W_1’p(Dro)) — (Wo P(Dro)s |l HWW(DTO))
f — L(f) = Uz,

with Au; = f. We then deduce the existence of a constant ¢} independent of f such that

fu(@)] <l |y, ) 16 llwo o,y

(3.5) + o K (@, y)lerolullwe(p,,)

with u; = u — us and us solves the problem

—Auy =0 in Dy,
(3.6)

uy =ud on 9D,,.

By using the Poincaré inequality, the estimate (3.5) then becomes

(3.7) u(z)| <er ([IVullp,p,, + [[Vuz|

p.0) |G (2, )lwir(D,y)

+ (K Cen ullwogo,,)

Using Proposition 2.1, we can apply the isomorphism theorem to the operator associated with the problem

(3.6) to establish the existence of a constant ¢y such that
IVuzllp,p,, < eaflusll .-

1 .
o = 5P (9D,q)
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where ¢y is independent of ug and Aus = 0. The estimate (3.7) becomes

@) a1 (I9ullo, +eallllyo oy, ) 16 ioio,

(0Drg)

+, o3 K (2, 9)ler, (lullp.p,, + IVullp.p,,) -

Applying the trace theorem in W1P(D,,), cf. Proposition 2.1, allows to infer the existence of a constant

c3 > 0 such that

u(@)| <e1 ([[Vullp.p,, + es(|lul

p.0ry HIVUllp,0,)) [1G(@, )llwrr(o,,)

+ o (K@ y)len|lullwrr o),

then we infer that there exists a constant ¢(rg, p) which is independent of both u and x such that

Vo € Dro,  |u(z)| <c(ro,p)||ullwir(p,,)-

2
This last estimate is obtained by using the fact that ||G(x,.)|lw1s(p,,) is uniformly bounded for = €

r

Dro. ]

vl

We now present a proof of Theorem 3.1:
3.2. Proof of the main result.

Proof. Let u € C*(Q). The function u is obviously Lipschitz on Q. If we denote L the Lipschitz constant

of the function x — u(z) relatively to the domain , then for all 2 € 9Q and all y € Int(Q2) we have
u(e) —u(y)] < Lz = yla,

which immediately implies

(3.8) lu(z)] < Llz = yl2 + [u(y)],

for all x € 90 and all y € Int(2). Let x € 9Q be fixed and let (ys5)s>0 be a sequence of point such that
ys € Int(Q) and |ys — x|z — 0 when § — 0. Let’s fix 6 > 0. The estimate (3.8) yields

(3.9) lu(@)] < Lz = ys|2 + u(ys)],

for all § > 0. Pose & = Pu with P being an extension operator defined on WP(£2) whose range is
Whr(R?) c WHP(Q), cf. Definition 2.1. Such an extension operator is well defined.

It should be noted that the function % is not necessarily continuous over R? — €2 i.e. it does not have a
representative continuous function. Indeed, this is due to the fact that 1 — % < 0 for 1 < p < 2; therefore
the classical Sobolev embedding into Holder spaces doesn’t apply in this case, namely when 1 < p < oc.

Since €2 is bounded, there exists ro > 0 and zo € 2 such that if we denote D,, the disk with center z

and radius r then we have Q C D,,;. The set, C*°(Da,, ), of smooth functions up to the boundary defined
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on the Lipschitz domain Ds,, C R? being dense in WP(D,, ), cf. Theorem 2.1, therefore there exists a

sequence (Up,)n, vn € C°°(Day, ), such that
(3.10) lon — @llwre(D,,,) =0 n— o0

The estimate (3.10) implies that there exists a subsequence (¢(n)), such that vge,)(z) — 4(z) a.e. in

Ds,,. As v, and @ are continuous in €2, this almost everywhere convergence is valid everywhere in 2 i.e.
(3.11) Vy €Q, vem)(y) = u(y) , when n — oo.

Using (3.9) and (3.11) we get: Vd > 0 and Ve > 0, In(e, ys) > 0 such that:
(3.12) ()] < Lz = ysl2 + [Vg(n(eys)) (Ws)] + €

where € > 0 is intended to tend towards zero and (n(e, ys)).~ is a sequence of integers which tends to +oo
when € — 0 for all § > 0. On the other hand, the formula (3.12) and the regularity of vy, (c,ys)) allow to

write

()] < Lz = ysl2 + [Vg(n(es)) oo, 5rp + 6
for all § > 0. By applying the lemma 3.1 in the disk Dy,, with center xy, we have
(3.13) lu(z)| < Llz — ysl2 + c(ro, P)|[Vg(n(e.ys) lwin(Ds,,) 1 €

where ¢(rg,p) is the constant appearing in the estimate (3.2). The estimate (3.13) is valid for all € > 0

independently of §. So, passing to the limit ¢ — 0 and using Estimate (3.10), we obtain

(3.14) ()| < Llz = ysl2 + c(ro, p)l|allwrr(Da,,)

for all 6 > 0. Given that all the elements involved in the estimate (3.14) are independent of ¢ then by letting
0 — 0 we find

(3.15) lu(@)| < c(ro, p)lal|wrr(Ds,y)-
So the estimate (3.15) yields us

(3.16) lu(z)] < c(ro, p)||Pullwir®2)-
Using (2.1), the estimate (3.16) in turn gives

(3.17) |u(a)| < e(ro, p)ceat||ullwrr(9)-

Note that the estimate (3.17) is valid for all z € T := 99 independently of the quantities present at the

right side of this inequality.
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Now, let us denote t € [a,b] — x(t) = (¢,7(t)) the parametric function representation of the curve I'. So,

according to (3.17), we have:

(3.18) [t A < (ero, p)eet) 1l

for all ¢ € [a,b]. By definition of the line integral, we have

b
(3.19) /|u|pds ::/ |uovy[Pds,.
r a

Thus, by integrating the two sides of (3.18) with respect to the curvilinear abscissa ds, and using (3.19),

we find
b
[ 17 s < (@tru P ully oy [ 15
it yields
(3.20) /39 |ul? ds < (c(ro, p)Ceat)?| [ul 51,0 () O
Set ¢; := [(c(ro,p)cmt)ﬂa(l\]%. This constant does not depend on u but merely on {2 and on the exponent

p. From (3.20), we have for all u € C*°(Q)
(3.21) [lullp.oe < cillullwrr)-

Currently, we conclude the estimate (3.1). According to Theorem 2.1, for any u € WP(Q) there exists
(1) nen, u; € C°(€2), such that

Hul — U||W1,p(Q) — 0.
Thus, by applying (3.21) to the elements of the sequence (u;);, we have for all | € N the following estimate:
(3.22) luillp.oa < cillullwrr )

Since (1), is a Cauchy sequence in the normed space W1P(€2) then estimate (3.22) implies that it is also
a Cauchy sequence in the normed space LP(92). But LP(0N2) is complete, then there exists u* € LP(9)

such that

[u*[lp,00 < ctf|ullwrr(a)-

Finally, by setting Tu := u*, we have

[ Tullp00 < cllullwrr@
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for all u € WHP(Q). This defines a continuous trace operator on the space LP(9Q) on the boundary 99
T:WhP(Q) — LP(09)
u— Tu

]

Remark 3.1. The relevance of the established result lies in the fact that it is valid for functions of the space
WLP(Q) which are not necessarily continuous for 1 < p < 2. The existence of the trace for this category of
functions is not obvious. The example of the domain constructed by Mazya in [2] illustrates perfectly not
only the relevance but also the generality which results from the fact that we have considered the domain )

having the WP —extension property.
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