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ABSTRACT. We propose new approaches to the investigation of a reaction-diffusion model of fractional order
in which we apply the fractional derivative in the sense of the Caputo by contribution to time on the model
proposed by Nourddine Alaa in 2014, this study is based on the restoration of digital image such that a

digital result is given on a noisy image in which this model is found to be effective in eliminating noise.

1. INTRODUCTION

Fractional order calculus is a topic which provides a good tool to describe physical memory and heredity,
this topic has been applied to many fields such as flabby, oscillation, stochastic diffusion theory and wave
propagation, biological materials, control and robotics, quantum mechanics, where it has also become used
in the field of image processing. That field has become hot in recent years, and one of the topics recently
included in this field is image processing or digital image processing, the latter is has become an important
problem thanks to its wide importance in several fields and because this methode used to perform some
operations on the digital image to get an enhanced image and to recovery lost information from it, and in
this field we find a topic of The restoration of the image, which has become of interest to many researchers
and scientists, where we find in 2019 [ [11], [12]] S. Lecheheb, M. Maouni and H. Lakhal, they proved the

existence of the solution of a quasilinear equation and they give its application to image denoising and in the
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same year, they used a nonlinear eliptic model in image restoration. In 2013 [14] M. Maouni and Nouri, used
a new model based on p-gradient using to restore a digital image. Leheheb, Maouni and Lakhal, in 2021 [13],
they used a novel model combining the Perona-Malik equation and the heat equation in image restoration,
but the most problem in this topic that always arises in the form of question is how to treat the image while
preserving edges but the answer of this quesion is given in 1987 [16] by Perona-Malik in his model, which is
one of the first attempts to derive a model that incorporates local information from an image with in a partial
differential equations (PDE's), which the main reason for using (PDFE's) in this domain is that it is possible
to analyse the image in continuous spaces. A nonlinear diffusion model, which they called’s anisotropic
diffusion was can ducted by Perona and Malik [16] in to reduce noise and enhance contrast while preserving
the edge, but the basic Perona-Malik [16] PDE model is ill-posed in the sens of Hadamard. From where the
idea of Catté, Lions, Morel and coll in 1992 [5] to integrate directly the regularisation into the equation by
convolving the image with the gaussian filter on the gradient of the noisy image to smooth the image first in
order to avoid the dependence of the numerical scheme between the solution and the regularization procedure
to make the problem well posed and they prove existence, uniqueness and regularity for the related model and
demonstrate experimentally that the related model gives similar results to the Perona-Malik equation [16].
In 2006 [15] Morfu proposed a model on the contrast enhancement and noise filtering where he combined

the nonlinear diffusion process ruled by Fisher equation, his model is given as follows

3 — div(g(|vul)vu) = f(u) in Qr,

(1.1) u(0,z) = up(z) in Q,
9u =0 on I,

with Q is the domaine of the image, Qr =]0, T[x§, X7 =]0,T[x9Q, where T > 0, ug is the original image
and f(s) =s(s—a)(1—s) with0<a<1.

The model of Morfu [15] has two disadvantage, the first one is the sensitivity to noise and the second is
that no results of existence and consistency in proved. To overcome this problem, in 2014 [2] Alaa and
all combining the regulaisation procedure in Catté [5] and Morfu [15] model, they proposed to modify the
model of Morfu [15] by applying a gaussian filter on the gradient of the noisy image during the calculation
of coefficient of anisotropic diffusion, the authors we reable to demonstrate the existence and consistency of

the their proposed model, which is given by:

% div(g(|Vuo|)Vu) = f(t,z,u) in Qr,
(1.2) u(O,x) — Uo(l‘) in Q’

du _
5e =0 on Xr,
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with ©Q =]0,1[x]0, 1[ the picture domain with boundary 99, with Neumann boundary conditions,u(t, x) is
the restored image and wg is the original image to be processed. Qr =]0,T[xQ, X7 =]0,T[x9Q, (T > 0),

o > 0 and G, is the gaussian filter where:

They consider the gradient norm of w as:

=2

ol = (S 22) ",

i=1

Vw, is the smoothed version of gradient norme where :

Vwe = V(w * Gy) = w * VG,. The diffusivity ¢ is smooth decreasing function defined by

(1.3) g(0) =1, lim g¢g(s) =0,

S§—> 00
one of the diffusivities Perona and Malik [16] proposed is:

d
9(s) = ———,
1+n(3)
with n > 0, d > 0 and ) is a parameter that separates forward and backward diffusion [20]. In 2016, Bassam
Al-Hamzah and Naji Yabari [4] proposed a new reaction-diffusion model in image processing, which they

proved the existence of global solution for the nonlinear reaction-diffusion model. this study deal with the

equation:

9u — div(g(|Vug|) V) = f(t,z,u, Vu) in Qr,
(14) u(0,z) = up(z) >0 in Q,

ou __
Se =0 on Xr,

with Q =]0, 1[x]0.1], Q7 =]0, T[xQ and X1 =]0, T[x 0.

The results f(t, z,u, Vu) and f = f(t,z,u) is a generalization of the work f = 0 presented by Catté [5], and
Alaa [2]. In 2018 Aaraba, Alaa, and Khalfi [1] provided the existence of global solution to a reaction-diffusion
generic system with application in image restoration and anhancement. This study is a generalization of
the work presented by [ [2], [5], [16]] in the case of reaction-diffusion equations. They give an example of
application demonstrated on a novel bio-inspired image restoration model [1]. In the same year, Alaa and
Zirhem [3], proposed a new model of nonlinear and anisotropic reaction diffudion system applied to image
restoration and to contrast enhancement. This Model is based on a system of partial differential equations
of type Fitzhugh-Nagumo. They compared the performance of their alghorithm with the classical Fizhugh-

Nagumo model.
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The aim of this work is to show how fractional order differential equations are used to restore a digital
image. It is afact to apply the fractional derivative in the sens of Caputo on the model the reaction-diffusion

proposed with Alaa and all in 2014 [2], the proposed model is as follows:
(1.5) SDXu(t, x) — div(g(|Vue|)Vu) = f(t,z,u) in Qr,

with the conditions given by:

u(0,z) =up in Q,

ou .
Y =0 in Xp,

with 0 < @ < 1, Qr =]0, T[x and £ =0, 1[x]0, 1] is the image domain with limit 09, u(¢, z) is the solution
to the problem, wg is the original image, v is an outward normal to domain 2. Let ¢ > 0, Vu, be a
regularization by convolution of Vu, X7 =0, T[x0%, where (T' > 0) and 0 < ¢t < T, the diffusivity g check
the same properties provided by Alaa [2], which is given in the equation (1.3) and the function f(¢,z,u) is
used to represent sources. §Dfu(t,x) is the fractional derivative in the Caputo sense of order o of u(t,z)

defined as [10]:

C o _ 1 /ta o -
(1.6) ODtu(t,w)—ip(l_a) | 8tu(s,x)(t s)7%s 0<a<l

In this study, we need the following assumptions and properties:

(H1)- f: Qr x R — R mesurable for (¢,z) and continous for w.
(H2)- V(t,x) € Qr, f(t,x,0) is a positive function.
(H3)- Vu € R and for all (¢,z) € Qr, uf(t,z,u) is negative.
(Hy)- Assumed that u(t, z) is differentiable in the sence of the gateau(See [8], page 67), so
_,0u(t,x)
Crya l1—a ’
Diu(t =t —_—
0 ~t 'LL( "T) at

(Hs)- Let B(t) =t*"Y and sup | B(t)|< Cp, where Cg >0 and 0 < a < 1.
0<t<T
The equation(1.5) is given as follows:

%1; — B(t)div(g(|Vus|)Vu) = B(t) f(t,z,u) in Qr,

(1.7) u(0,2) = up(x) in Q,
gu =0 in S,

In this case, we will recall some functional spaces that willbe used throughout this paper. Yk € N, H*(Q) is

the set of functions u defined in 2 such as u and its order D™u derivatives where |m| = Zfl:l m; < k are
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in L2(Q). H*(Q) is Hilbert space with the norm

D™u|?d %.

Im|<k

(1.8) el v ) = (

By setting (H'(2))’ the dual of H().
Lr(0,T, H*(Q)) is the space of functions u such that, ¥V t € (0,T), u(t) belongs to H*(Q) with the norm

T P
(19) oy = ([ 1O Bpade) . 1<p<o0 ke

L>(0,T, L*(Q)) is the space of functions u such that, V t € (0,T), u(t) belongs to L*(Q) with the norm

(1.10) ull oo 226y = ( sup ||u<t>|%z<m)
o<t<T

L>(0,T,C>(£)) is the space of funcions u such that, for all every ¢t € (0,T), u(t) belongs to C*° () with

the norm

(1.11) l[ull Lo (0,7,0 (02)) = inf{e, [Ju(t) | ¢ (@) < C in (0,T)}.

this study is based on the existence of the solution for our model, we truncate the equation and show that it
can be solved in the sens of the Schauder fixed point theorem. Finally by making some estimations, we prove
that the solution of the approximate problem converge to the solution of the aour our problem. We state
this paper first by an introduction, then we give a definition of solution with the presentation of the most
important results of this work, followed by a description of the existence of the reaction diffusion equation
problem, finally we give a straightforward application of our result in the fractional reaction diffusion model

for image restoration.

2. THE MAIN RESULT
First, we clearly state our definition of weak solution to the reaction-diffusion equation, we define the
folowing spaces:
X = {uin L*>®(0,T; L?(Q)) N L?(0,T; H(Q)), u(0,.) = uo}.
Z = {p in CYQr), where ¢(T,.) = 0}.

D = {u in C([0,T]; L3(Q)) N L2(0, T; H*(Q)}

Definition 2.1. Let u the weak solution of the problem (1.7) if
For allu € X and ¢ € Z with f(t,z,u) € L*(Q1)

(2.1) / —uaa—fdxdt + B(t)g(|Vue|)Vuvedrdt = B(t)f(t,x,u)pdzdt + / uo(0, z)dx.

QT Qr Q
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Theorem 2.1. Under the assumption (Hy) — (Hs) and for all R > 0,

(2.2) sup (| f(t,z,u)]) € LY(Qr).

[ul<R
Then with fivred T >0, 0 >0 and 0 < a < 1 and for any 0 < ug € L?(Q), the equation (2.1) admits a weak

positive solution. If moreover for all T > 1, f(t,x,r) <0 and up(z) < 1, we have 0 < u(t,z) <1 dans Qr.

Proof of Theorem. The proof of Theorem(2.1) is done in four step:

Stepl: The positivity of the solution. Let the function sign™ defined as:
(2.3) sign™ (r) =

We build a sequence of convex function j.(r) where j.(r) is bounded and for all » € R, jL(r) converge to
sign~(r) when ¢ — 0.
We consider u the solution of (2.1), we multiply the equation by j.(u) and by integration on Q; =|0,¢[xQ
for t € [0,T] we get:
0
[ Giktdeds + [ BOg(Tu) TS5 0dnds = | B0 5,00 s
we set A(t,z) = g(|]Vue|) and with

Vg Lo (@) < Co,

for the properties of g, we have a = g(Cp) where Cy depend to o and |Jug||Le(£2), such that

Alt,z) >a Y(t,z) € Qr.

/ e (u(t)) — o (u(0))dz + a / B®)|Vulj! (u)dedt < / B(6)f(t, 2, u)" (u)dwdt,
Q

then
/ @)z < Co [ F(t )i (w)dedt,
Q Qr
< CB/ f(t, z,u)jl(u)dedt + C’B/ f(t, x,u)jl (u)drdt,
[u<0] [u>0]
then
(2.4) [t <ca [ ftsu)idod
Q [u<0]
By crossing in the limit, when ¢ — 0
(2.5) /(u)_(t)dgc < —CB/ f(t, z,u)dzdt,
Q [u<0]
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then (u)~ >0, so (u)~ =0, hence u > 0.

Then, we have to prove the following lemma:

Lemma 2.1. We consider u the weak solution of (2.1), and assume that 0 < ug <1 in Q then 0 <u <1

mn QT-

Proof. In the previous results, we have obtained the positivity of the weak solution if the initial data is
positive, so, we assume that vy < 1 and prove that u < 1.

We take u = 1 — u, where Vi = Vu.

For all 4 € X and ¢ € Z with f(t,z,1 —1u) € L*(Qr)

—/ ﬂ%fdzdt + B(t)g(|Vie|)Vavedzdt = B(t)f(t,x,1 — u)pdzdt.
T Qr Qr

Let j.(r) a sequence of convex function, where j.(r) is bounded and Vr € R, j.(r) — Sing™ (r) when ¢ — 0,

Let ji(u) = ¢

/ 812“) deds + | B(t)g(|Vie|)\VavVij.(a)deds = | B(t)f(t,z,1 — @)j.(a)dzds,
t Qt Qt
[wys < c [ fe-wi@a
Q QT
< Cp | ot -wjidedt+ Ca [ [t - njl(@dsdt
[a<0] [a>1]
pass to the limit when € — 0
(2.6) - / (@)~ (t,z) < Cp / F(t,x, 1 — @)5 (@) duwdt.
Q [@>1]
Hence
2.7) / (@) (¢, 2)dz > 0,
Q

hence (@) >0,sou=1—a<1. O

Step2: Existence result for bounded nonlinearity. First, we will show the existence result for bounded

source term f.

Lemma 2.2. Under the above assumption of the nonlinearity f and (Hs), if there exists My > 0, for almost

(t,z) € Qr and every r € R, we have
(2.8) |f(t,z,r)| < My,

then for allug € L*(S2), the problem (2.1) admits a weak solution. Moreover, there exists C = C (Mg, a, T, ||ul|r2(o))

where:

(2.9) lw() || Lo 0,7:22(02)) + llull 20,1581 (2)) < C-
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Proof. Firt, we introduce the space W (0,T) to show the existence of a weak solution with the classical

Schauder fixed point theorem:

W(0,T) = {v e L*0,T; H'(Q)) N L>=(0,T; L*(Q)) : % € L*(0,T; (HY(2)))},

Let v € W(0,T) and u be the solution of a linearization of problem (1.7) given by
eVue DandVpeZ

(2.10) /T (— u%f + B(t)g(|va|)Vquo> dzdt = /

T

We take u as a test function ¢ in (2.10), with 0 <t < T

1 1
f/u2(t)dx—|— B(t)g(|VUU|)|Vu|2dxdt:/ B(t)f(t,x,v)ud;vdt—l—f/ uddz.
2 Ja Qr Qr 2 Ja

with (3.1) and A(t,z) = g(|Vus|) > a, V(t,z) € Qr

(2.11) /QuQ(t)dx—i—%/Q |B(t)|\w|2dxdthf/

quxdt—i—/u(Q)dx,
Qr Q

using Gronwall lemma

/Q W2 (1) < [[uo]2a 0y (exp(MyT) — 1),

sup /uz(t)dx <y,
Q

0<t<T

then
(2.12) lull L= 0,7,22(2)) < Ch-
From (2.11), we have
2a/ |B(t)||Vu|2d:cdt+Mf/ |u|2d:cdt§/ |u(t)|2dx+/ugdx
Qr Qr Q Q

using (Hj) we obtain that

[[uo 17
/ |Vu|>dxdt —|—/ lul?dxdt < ,7]:2(9),
. Or min(2a, My)

(213) Hu||L2(O7T7H1(Q)) < CQ, Cy > 0.

From the previous estimates we introduce the space

B(t)f(t,x,v)cpdmdt+/ uop(0, x)dz.
Q

Wo(O,T) = {U IS LQ(O,T, Hl(Q))ﬂLOO(O, T, LQ(Q)) , ’U(O) = up and ||U||L2(0’T’H1(Q))+ HU”LOO(O’T’LQ(Q)) < C},

where C(My, T, a, [[uol|22(q))-
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The space Wy(0,7) is nonemply closed convex in W (0,T), moreover it injects with a compact way in
L?(0,T, L*(9)), we define the application
1) F:Wo(0,T) — Wo(0,T)
w —  F(w).
F is well defined, to apply the Schauder fixed point theorem, we have to show that the application F' is weakly
continuous from Wy(0,T) in Wy (0,T) we consider a sequence v, € Wy(0,T) where v, — v in Wy(0,7T) and
let u, = f(vy). According to the classical result of compactness, we can extract from the sequence (u,) a
subsequence yet denoted (u,,) such taht
o u, — u weakly in L2(0,T; L?()).
e u, — u strongly in L?(0,T; L?(Q2)) and almost every where in Qr.
o Vu, — Vu weakly in L?(0,T; L*(Q)).
e v, — v strongly in L?(0,T; L*()) and almost every where in Q7.
o VG, * v, — VG, x v strongly in L?(0,T; L?())) and almost every where in Q7.
B(t)g(|[VGy * v,]) — B(t)g(|VGy * v|) strongly in L2(0,T; L*(Q)).
o f(t,z,v,) — f(t,m,v) strongly in L*(Qr) .
o B(t)f(t,z,v) — B(t)f(t,z,v) strongly in L'(Qr).

The latter is obtained by applying the dominated convergence theorem. We can then pass to the limit,
then the sequene w,, = F(v,) converges weakly to u = F'(v) in Wy(0,T), then we deduce the existence of

u € Wy(0,T) such that w = F(u) and thus the existence of u € W(0,T). O

Step3: The truncated problem and a priori estimates. We consider the truncated function ¥,, in

C°(R), such that 0 < ¥,, <1 and defined by:

(2.15) U, (r) =

We truncate the nonlinearity f by ¥,

fn(taxaun) = \I/n(|u|)f(t,x7u)’

thus, we can earily check that f,, satisfies (H1) — (H3) with My = My, and for every (t,z) € Qr, Vr € R

f’n,(ty x? un) *> f(t’m’ u)?

since ug € L*(Q) and |f,, (¢, 2, un)| < My, so lemma (2.2) is applied, then we get the existence of a weak
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solution of the problem

dun : .
S = Bdiv(g(|V (n|)Vun) = Bt)fult.z,un) in Qr,
(2.16) un(0,2) = tup, in £,
Qs =0 in Sp.

Now, we are in the case to prove that a subsequence u,, converge to the weak solution u of the problem (1.7),

for this we have to prove that lemma:

Lemma 2.3. We consider u,, as sequence of weak solutions given in (2.1):

(1) / | fn(t, 2, up ) |dadt < / |teno|dx.
Qr Q
(i1) uy, is bounded in L*(0,T, H*(Q)) and

/ \unfn(t,x,un)\dxdtg/uflodx
T Q

(ii7) u, is relatively compact in L*(Qr).

Proof. (i) We have:

Ouy, .
S — B(O)div(g(9 (o) V) = BE)falt, 2, un)
o a;t"dxdt—/TB(t)div(g(|v(um|)Vun)dxdt— /TB(t)fn(Lx,un)dxdt,
(2.17) /Qlun(t)|dac+CB/TIfn(t,z,un)|dl“dtS/ﬂlunoldzs,
. n\l, L, Un drdt < n dz.
(2.18) /T|f(tmu)|xt</gu0|x

(1) First, we prove that u, is bounded in L?(Qr), for this, we consider u, as a test function ¢ in the
approximate problem

1

1
f/ |un|2(t)dx+CBa/ |Vun|2dxdt§ C’B/ \uan(t,x,un)\dasdthf/ |un0\2d:177
2 T Qr Qr 2 Ja

we have that Cga [, |Vun|?dzdt > 0 then

1
(2.19) / [t f (t, Ty up ) |[dcdt < 7/ |tno|d,
- 2 Jo
where
(2.20) sup [[un(Q)llz20) < lunoll72(q)-

0<t<T
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Let from the previous result

1 1
f/ui(t)dx—FaCB/ |V, |*dedt < %/ uidﬂcdt—&—(%—&—f)/uio,
2 /o 2 2 "2 ),

T T

min(aCB,%)/ \Vun|2dxdt—|—/ |, [Pdzdt < (CB—l—l)/uiodaﬁ.
T T Q

Setting C = min(aCp, %)

(2.21) / |Vun\2dxdt+/ \un\Qd:Edthg/ u?dr,
Qr Qr Q

(2.22) [unll L2 0,717 () < CallunollZ2(q)-

(iii) Let f,(t,x,u,) bounded in L'(Qr) and % bounded in L(0,7T, (H(2))"), with Simon [19], u,, is

relatively compact in L?(Qr). O

Step4: Convergence. According to the previous result of Lemma (2.3), u,, is relatively compact in L?(Qr),
we can extract a subsequence still denoted u,, where:

o u, — u weakly in L?(0,T; L?(f2)) and almost every where in Q7.

o VG, * u, — VG, * u strongly in L?(Q7) and almost every where in Q7.

e B(t)g(|VGy * un|) — B(t)g(|]VGy x u|) strongly in L*(Qr).

o f(t,x,v,) = f(t,x,v) for almost every where Qr .

e B(t)f(t,z,v) = B(t)f(t,x,v) for almost every where in Q7.

To prove that u is a weak solution of (1.7), it suffices to prove that f,,(¢,x,u,) — f(t,z,u) in L}(Qr), since
fu(t,z,uy) = f(t,z,u) almost every where in Q7. We will prove that f, (¢, z,u,) is uniformly integrable in
L'(Q7). For this we use the vitali theorem where:

Ve > 0, 36 > 0, such that VE C Q7 measurable with |E| < ¢ we have:

/ ‘fn(tvxvun” <e.
E

VK > 0:
/|fn(t,x,un)\dxdt§/ |fn(t,x,un)|dxdt+/ o (b, 2, )| daccl.
E [EN|un|<K)] [EN|un|>k]
Where:
(2.23) / |fn(t,x,un)|da:dt§/ sup |fn(t, x, uy,)|dadt.
(B un | <K] E fun| <K

/|fn(t,x,un)\dxdt§/ sup |fn(t,x,un)|dxdt+/ | fn(t, 2, up ) |dadt,
E E |un|<K [EN|un | >k]
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we have that sup |fu(t, 2, un)| € L (Q7), Ve > 0, 36 > 0 such as |E| < § then:
[un | <K

| ™

(2.24) / sup | fn(t,z,u)|dzdt <
E

We have |u,| > K

1
/ | fn(t, z,uy)|dedt < — Up fn (L, 2, uy,)dadt,
[EN|u,|>K] K Qr
1
< / sup |fn(t,x,un)|dxdt+—/ [t fr (t, 2, Uy ) | dacdlt,
E |un|<K K Jeaju, >k
1
< g—&—?/Emnfn(t,x,unﬂdxdt,
. Hu\lg(m
lfK 2 -z then
€
[EN|un|>K]
hence
(2.26) [ 1t <
E

3. THE APPLICATION

If u(t, z) is differentiable in the sense of the gateau, so §Dfu(t,z) = t'=*2% with 0 < a < 1. (See[ [8],

page 67]).
So the problem (1.5) became:

ou 2

(3.1) tl_“—t — div(g(|Vue|)Vu) = T@3) exp(z)(2 — x)t*? — u(t,z) — 2exp(x)t?,

with 0 < a < 1. The explicit finite difference approximation for (3.1) is

-« un+1(i7j) - un(z7 ])
dt

¢ — div(g(|V(Go *u(i, )], \") Vu" (i, 5))

2

F(ZS) t70.7 - 1)un(la.7) - 26Xp(i,j)t2,

=

with dt is the time step, 0 <t < T with T is the processing time and u;’; is the approximation of u(t,x) in
the pixel (7, 7) in time ndt.
First of all, we consider an original image without noise then we apply the new model on a noisy image with

an additive gaussian noise.

Figure 1. Cameraman image without noise.
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We apply an additive Gaussian noise on the binary image (1) with variance o = 0.09.

Figure 2. Noisy image with o = 0.09.

Then, we apply the fractional model on the noisy image (2), where we set the parameters of the model
as follows:

we set the processing time T" at 0.009, t = 0.001 and o = 0.7.

Figure 3. Restored image with proposed model.
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This fractional model can also be applied to the processing of color images.

Figure 4. Peppers image without noise.

Figure 5. Noisy image with o = 0.09.

Figure 6. Restored image with proposed model.
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4. THE CONCLUSIONS

In the case of summary, we demonstrated the existence of a global weak solution of the proposed model.

Also, we proved that the truncated problem admits a weak solution according to Schauder fixed point the-

orem. For the nonlinear function satisfying suitable conditions, we established the equi-integrability and we

derived a compactness result to be able to pass to the limit to get the desired result. To show the importance

of the obtained result, a new application in the field of image restoration.
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