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ABSTRACT. The aim of this paper is to introduce interpolative weak contraction in the notion of Berinde
weak operator in quasi-partial b-metric space and to extend and generalize fixed point results by adopting
the condition of w-admissibility. We also discussed convex contraction mapping and obtained a fixed point
result in the setting of Berinde weak operator in quasi-partial b-metric space. Consequently, we present

some examples to show the applicability of the concept.

1. INTRODUCTION AND PRELIMINARIES

In 1922, Banach [1] introduced the highly recognized Banach’s contraction principle in the field of non-
linear analysis. This result is used to prove the uniqueness of fixed point theorems as well as in Picard

theorems. The Banach’s contraction in metric space is stated as follow:

Theorem 1.1. [1] Let us consider (M,d) to be a complete metric space and T: M — M is the given self
mapping. Let ¢ € (0,1) such that
d(TT,Tv) < {d(T,v)
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for all T,v € M. Then T has a unique fized point in M.

In 1992, Matthews [2] brought up the concept of partial metric space. Motivated by which in 1993,
Czerwik [3] introduced a more generalized form of Banach fixed point theorem in b-metric space. Many
authors including Miculescu et al. [4], Oltra et al [5], and Valero [6] introduced some fixed point results and
its topological properties. Later, Karapinar [7] and Shukla [8] introduced quasi-partial metric-space and
partial b-metric space respectively. In 1968, Kannan [9] removed the continuity condition from the Banach

contraction principle.

Theorem 1.2. [9] Suppose (M,d) is a complete metric space and T: M — M is called the Kannan

contraction mapping. Let € [O, %) such that

d(TrT,Tv) < [d(7,TT) + d(v, Tv)]
for all T, v € M. Then T has a unique fixed point in M.

In the year 2004, Berinde [10] brought up the concept of Berinde contraction also known as almost

contractions and stated that:

Theorem 1.3. [10] Let (M,d) is a complete metric space and T: M — M s almost contraction if there

exists ¢ € [0,1) and some R > 0 such that
d(Tr,Tv) < {d(7,v) + Rd(v,TT)
for all T,v € M. Hence, T has a unique fixed point in M and is called a weak contraction.

Additionally, Berinde obtained some fixed point theorems that serves as the most important results in
literature. Some results are the generalization of Banach, Kannan, Chatterjea, and Ciri¢ etc. Others can
be found in [11-13]. Recently, Turkoglu [14] formulated a fixed point theorem consisting of four mappings
using the concept of Berinde contraction in partial metric spaces.

In 2018, the idea of interpolative Kannan-type contraction was introduced by Karapinar [15] which is

proved to be a very notable outcome for solving mathematical analysis.

Theorem 1.4. [15] Suppose a self mapping T: M — M in complete metric space (M, d) is an interpolative

Kannan-type contraction, i.e. there exist ¢ € [0,1) and o € (0,1) such that
d(T7,Tv) < ld(r, Tv)]*[d(v, Tv)]
for all T,v € M with 7 # Tt. Then T has a fixed point in M.

Taking this approach forward Ampadu [16] introduced the concept of interpolative Berinde weak contrac-

tion in metric space and expanded its approach in cone metric and partial metric space as well.
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Definition 1.1. [16] Let us consider (M, d) is a metric space. Let T: M — M is an interpolative Berinde

weak operator if it satisfies,

(1.1) d(Tr,Tv) < ¢[d(r,v)]*.[d(r, TT)]* =
for all ;v € M and 7,v ¢ Fiz(T), where, ¢ € [0,1) and o € (0,1) .
Remark 1.1. The Fiz(T) denotes the set of all fixred points of T

The idea of w-orbital admissible maps was introduced by Popescu [17] as a refining of a-admissible maps

of Samet et al [18]. Further, Karapinar proposed that

Definition 1.2. [19] Let w: M x M — [0,00) and M is non-empty subset and T: M x M be a self mapping

is called w-orbital admissible if for all v € M, we have
(1.2) w(v, Tv) > 1 implies w(Tv, Tv?) > 1.

Recently in 2015, Gupta and Gautam [20,21] brought up the concept of quasi-partial b-metric space and
its related topological properties. Several authors [22-29] have made valuable contributions in this research

field.

Definition 1.3. [20] A quasi-partial b-metric on a non-empty set M is a function qpy: M x M — RT such
that for some real number s > 1 and for oall T,v,x € M following condition hold:

(QPb1) qpu(1,7) = qpp(7,v) = qpp(v,v) implies T = v,

(QPb2) qpy(7,7) < qpu(T, V),

(QPbs) qps(7,7) < qpp(v, 7),

(QPbs) gpy(T,v) < slaps(7, X) + apu(x; V)] = apo (X, X)-

A quasi-partial b-metric space is a pair (M, qpy) such that M is a nonempty set and qpy is a quasi-partial

b-metric on M. The number s is called the coefficient of (M, qpy).

Example 1.1. Let M = [0,00). Define gpp = In(k) |7 —v| + 7, where k > 1
Here

apy(7,7) = qpy(T,v) = qps(v,v)

= In(k) |7 —7|+7=Ink) |7 —v|+7=Ink)|v—v|+v.

Therefore, (QPby) holds for any (t,v € M x M).

Now as In(k) |7 —v| > |7 — v| > 0 then qpy(7,7) = 7 < qpp(7, V)
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and

app(T,7) = T
= |r—v+v]
< Jr—vl+w
< Ink)|r—v|+v
< Ink)|lv—7|+v
< gpp(v, 7).
Therefore, QPbs and QPbs both holds.
Now, qpy(7,v) + qpo(x; X) = In(k) |7 — v[ + 7 + x.
Since
[T—v| > 0
(k) —vl > |r—u

AV
o

k(lm = x[+Ix = vl)

Since, In(k) is an increasing function. Therefore,

apy(T,v) + qpu(X; X) In(k) [T —vl+71+x

< In(R)(IT = xl+ Ix —v) +7+x

< k(r=xl+Ix—v)+7+x

< (B)Ink) |7 = x| + (k)in(k) [x — v[+ 7+ x
< (B)(n(k) |7 = x|+ Ix —vl) +7+x

< slape(7, x) + qpo(v, X))-

forall T,v,x € M and s > k.

So (M, qpy) is a quasi-partial b-metric space with s > 1.

Remark 1.2. Note that a metric space is included in the class of quasi-partial b-metric space. In fact, the

notions of convergent sequence, Cauchy sequence and complete space are defined as in metric spaces.

Miculescu and Mihail [4] (Lemma 2. 2.) obtain the following result for b-metric spaces.
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Lemma 1.1. Every sequence {x,} of elements from a b-metric space (X, d,b), having the property that there

exists A € [0,1) such that

(1.3) d(Tnt2, Tnt1) < Ad(Tpy1,Tn),

for any n € N, is Cauchy.

Remark 1.3. Note that Lemma 1.1 holds in quasi-partial b-metric space (see proof of Lemma 2. 2 in [/]).

2. MAIN RESULTS

In this section, we introduce interpolative Berinde weak contractions in quasi-partial b-metric space and

adopted the condition of w-admissibility to obtain a fixed point.

Definition 2.1. Let (M, gpy) be a complete quasi-partial b-metric space. We say that self-mapping T: M —
M is an interpolative Berinde weak operator if there exist ( € [O, %) and « € (0,1) such that
1 11—«
(2.1) (77T < Clam(r. 0 | Zam(n 7|
for all T,v € M\Fiz(T).

Theorem 2.1. Let (M, qpy) be a complete quasi-partial b-metric space and T be an interpolative Berinde

weak operator. Then T has a fized point in M.

Proof. Let 19 € (M, gpy). Consider a constructive sequence 7, by 7,41 = T"(7) for all n € NU {0}. We
assume that 7,, = 7,,41. Indeed if there exist ng such that 7,,, = 7,41 = T'7p,, then, 7,, forms a fixed point.

Thus, we have qpy(7n, TTn) = qPo(Tn, Tn1) > 0, for all n € NU{0}. Let 7 = 7,41,V = Tipo

qpb(Tn+1a Tn+2) = qpb(TTna TTn-‘rl)

r 11—«
o |1
< C[qpb(TanH)] . qupb(Tn,TnH)]

N 1 11—«
< Claps(Tns Tng1)]*- qupb(Tn—lan—O—l):|

11—«
1
< C[qpb(Tnv T7l+1)]a' ?[qub(Tn—lv Tn) + qpb(Tna Tn—i—l) - QPb(Tn7 Tn):|

N 1 11—«
(22) S C[qpb(Tna T7L+1)] . ;qpb(Tn—la Tn) + qpb(Tna T7L+1):|

By induction, for all n € NU {0} we get

apo(Tns Tng1) < oy (70, 71)-
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On generalising the inequality,

8”717'” snfl,rn

apo(Tns Tnt1) = ( and gpy(Tn41,7n) = m

1—sm)"

Now, we shall show that 7, is Cauchy sequence. Let n,k € N

qpb(Tn; Tn+k) S qub(Tn7 Tn+1) + SQ(JPb(Tn+1, Tn+2) +...+ Skqpb(’rn+k71a Tn+k)

s.snTlenrn g2 (L et snfk.sn’?g“"’lﬂ'”*l
S T S E A A G s v
s Sn+2.7_n+1 82n—k—2.7_n—1
e s Tl G v B G R RS
s 82.7' 82n—k—2.7_n—k—1
< —_—
~ (1—sT)” [ (1—s7) Tt (1 —s7)n—k-1 }
. . 2
The inequality, 0 < 7 < 52(:+1) then (15_.;) <1
( or )" {1 B ( )”—’“}
1—sT 1—st
qpb(TnaTn—Hc) < 5
(1-£5)
1—sT1

(2.3) g( ST )" (1—s7)

a—st) 1—s1—5821"
Therefore, we claim that 7, is a Cauchy sequence in (M, gpy). Let m,n € N. By triangle inequality in (2.2),

we deduce that

st )" (1— s7)

T, T, <
qpb( n4m» n+m+k> = (a 57 1— 57 — g2

T

ST

Since, < 1 and taking n — oo in (2.3) and using lim,, ., 7(t") = 0 for ¢ > 0, we get

l—st7 —
st \" (1—s7)
qpb(Tn+ma Tn+m+k) S 2
a— ST 1—s7—s5°T
Therefore,
(24) lim qpb(Tnv TnJrk) - lim qpb(Tnera Tn+m+k) =0

n—oo m—0o0,n—00

Since M is complete, so there exist x € M such that
lim 7, = x.

n—oo

Suppose 7, # T'1, for each n > 0

apy(Tn+1, Tx) = qpo(T'Tn, TX)

11—«
< Claps (o, X)) ngqpb(fme)}
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Since % < 1, this implies S% < 1 therefore

11—«
< C[qpb(Tna X)]a' |:812qpb(7-n7 TX):l

(2.5) < Clapy (o, 201 Laps (7o, TX)) 7

Letting n — oo in (2.5), we get

aps(x, Tx) =0
which is a contradiction. Thus Ty = x. |

Definition 2.2. [7] Let T: M — M be a map and a: M x M — R be a function. Then T is said to be

a-admissible if
(2.6) a(r,v) > 1 implies a(TT,Tv) > 1.

We introduce w-admissible interpolative Berinde weak contraction in quasi-partial b-metric space en-

grossed by Gupta and Gautam [20].

Definition 2.3. Let (M, gpy) be a complete quasi-partial b-metric space. The map T: M — M is said to be

an w-interpolative Berinde weak contraction if there exists (, w: M x M — [0,00) and o € (0,1) such that

11—«
(2.7) w(,v)gpe (T, Tv) < ([gpy (1,v)]* ngqpb (T, TT)} ;
for all T,v € M\Fix(T).

Theorem 2.2. Let us consider (M, qpy) to be a complete quasi-partial b-metric space with self mapping
T: M — M is w-orbital admissibile and forms an w-interpolative Berinde weak contraction on a complete
quasi-partial b-metric space (M, qpy). If there exists 1o € M such that w(to, TT) > 1, then T posses a fized

point in M.

Proof. Let 7 € M be a point such that 7,41 = T"(79) for all n € NU {0}. If we have, 7,, = Tp,4+1 then 7,
is a fixed point of T which ends the proof otherwise 7, # 7,41 for all n € NU {0}. We have w(rp, 1) > 1.

Since T is w - orbital admissible,

(2.8) w(t1,m2) =w(T10,T11) > 1
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continuing w(7y,, Tny1) > 1.

Let 7 = Tp41, U = Th42, we have

apy(Tns Tng1) < W(Tna1s Tag2) 0o (T g1, TTn2)

apo(Tnt1; Tnt2) = apu(T7, TTr1)

11—«
o |1
< Clapy (7o, Tng1)] . SQ(JPb(Tn,TnH)]

N 1 11—«
< Clapp(Tns Tng1)]”. qupb(Tnlanle):|

11—«
1
< Clapy (T, Tny1)] ?[qub(m—h Tn) + qpo(Tns Tat1) — qPu(Tn, Tn)}

1 11—«
(29) < C[qpb(Tna Tn+1)]a- gqpb(Tn—la Tn) + QPb(Tn’ Tn+1):|

By induction, for all n € NU {0} we get

w(Tn—i-h 7-n+2)qpb(7—n7 Tn-i—l) S qupb(7_07 Tl)'

On generalising the inequality,

n—1_n n—1_n

S T
and qpb(Tn-i-laTn) =

S
apy(Tn, 1) = ( T

1—s7m)n

Now we shall show that 7, is Cauchy sequence. Let n,k € N

Ao (Tos Tntk) < G0 (Trs Tnt1) + 82q00 (Tt 1, Ta2) + « -« + 8" 2y (Tnsk—1, Tntk)

s.snTlengn g2ttt sk gn=2 (n-1 gn—1
+...+
- (1—sT)” (1 —s7)ntl (1 —s7)nt
s sn+2.7_n+1 S2n7k72.7_n71
“(1—sm)»  (1—sT)t! e (1—s7)n1
s 32'7_ S2n7k72.7_n7k71
~ (1 —s7)" 1—s71 et 1 — sT)n—k—1
( ) (

. . 2
The inequality, 0 < 7 < Sg(slﬂ) then 7= <1

A

qpb(Tna T7L+k) >~ >
(1-+%)

(2.10) §< ST )" (1 s7)

a—st) 1—s1t—827
Therefore, we claim that 7,, is a Cauchy sequence in (M, gpy). Let m,n € N. On account of the triangle

inequality in (2.9), we deduce that

a— ST 1—s7— 827

o7 )” (1— s7)

qpb(Tn+maTn+m+k) S (
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$T_ < 1, and taking n — oo in (2.10) and using lim, ., 7(¢") = 0 for t > 0, we get

Since, 7= <

lim qpb(Tru TnJrk) = lim qpb(TnJrnu Tn+m+k> =0
n—00 M —$00,N—00

Since M is complete, so there exists xy € M such that

lim 7, = x.
n—oo

Suppose 7, # T'T, for each n >0

apy(Tng1, Tx) = qpu (T, Tx)
1 —a
< Clapn (o, 01" [ apo(ma, TX)) 7

Since % < 1, this implies b% < 1, therefore

(2.11) < Clape (T, X)]*[ap (10, TH)]

Letting n — oo in (2.11), we get

ap(x,Tx) =0

which is a contradiction. Thus Ty = x. O

Corollary 2.1. Let (M, gpy) be quasi-partial b-metric space. Let T: M — M be the mapping, such that

s a0 T0) < e TO)" | ()]

for all 7,v € M\ Fix(T) with 7 <v,s > 1 and a € (0,1).
Assume that:

(1) T is non-decreasing with respect to =<,

(2) there exists 1o € X such that 79 < T,

(3) T is continuous.

Then, T has a fixed point in M.

Proof. Tt suffices to take, in Theorem 2.1,

1 if (1=2v) or (v=1),
w(T,v) = ( ) ( ) O

0 otherwise.

Corollary 2.2. Assume that the subsets By and Bo of a quasi-partial b-metric space (M, qpy) are closed.
Suppose that T : By N By — By N By satisfies,

1 -«
S (T7.T) < a0 | S )
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for all 7 € By and v € Bag, such that 7,v ¢ Fix(T), where a € (0,1),8 > 1, If T(By) C By and T(Bs) C By,
then there exists a fixed point of T in B1 N Bs.

Proof. Tt suffices to take, in Theorem 2.1,

1 if (1=2v) or (v=x1),
w(r,v) = ( ) ( ) O

0 otherwise.

Example 2.1. Let a set M = [0, 4] with qpy(7,v) = Log(k)|T —v|+7. Let T be a self-mapping on M shown

as
B if T e (3,4],

TT =
%, if T €10, 3].

We illustrate the self-mappings of T in the Figl.

FIGURE 1. 1 and 2 are the fixed points of T.
Take,
1, if T,v € [3,4],
w(t,v) =
0 otherwise.

Let 1,u € M such that 7 # Tt,v # Tv and w(t,v) > 1. Then T,v € [3,4] and T,v ¢ %. We have

Tr=Tv = %. For 7o = 4, we have
w(4,T4) = w(4, g) =1

Now, let T,v € M be such that w(t,v) > 1. This shows that T,v € [3,4], so Tt = Tv in [3,4]. Hence,

w(TT,Tv) > 1, that is, T is w-orbital admissible. Suppose T, to be a sequence in M such that w(y, Thy1) > 1
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for each n € N. Then, 7, C [3,4]. If 7, = w as n — oo, we have |1, —w| — 0 as n — co. Hence, w € [3,4]

and so, w(ty,w) = 1. Therefore, Theorem 2.1 holds. So, 13—0 and % are the two fized points of T.

In 2016, Berinde and Fukhar-ud-din [30] modified the concept of convex metric space and applied it to
obtain fixed point results of quasi-contractive operators. Motivated by this, Ampadu [16] introduced convex
interpolative Berinde weak operator in metric spaces. Forging this approach, we introduce the following

result in quasi-partial b-metric space.

Definition 2.4. Let (M, gpy) be a complete quasi-partial b-metric space with continuous mapping T: M — M

is convex interpolative Berinde weak operator if the following is true for all T,v € X,7,v ¢ Fix(T), Fix(T?).
(2.12) apo(T?7, T%0) < Ciqpy(7,0)* + Cagpy(T'7, T) 2 qpy(T7, T?7) 2,
where (1,2 € [0, %) with (1 + (2 < % for s> 1.

Theorem 2.3. Let (M, gpy) be a complete quasi-partial b-metric space with self mapping T: M — M be a

convex interpolative Berinde weak operator. If (M, qpy) is complete, then the fized point exists.

Proof. Let 7, be a sequence in M such that 7,,.; = T'7, = T?%7,_1, for all positive integers n. Now, we

observe that

apo(Tns1, Tat2) = apo(T° 701, T°7)
1 1
S <1qpb(7—n7Tn—l)qub(Tn—lyTTn—l)z+

<2qpb(TTn; TTnfl)%qpb(TTnfla TQTnfl)%

Nl

1
= C1qpp(Tns Tn—1) 2 qpo(Tn—1,Tn) 2+

=

1
C2qpy(Tns Tnt1) 2 qPo(Tns Tna1)
= Clqpb(T'ru 7—nfl) + <2qpb(7—na TnJrl)
< (G + G)max{qpy(Tn, Tn—1), qPs(Tn, Tn—1)}

= (C1 + C2)apo(Tn, Tny1)-

From the above, we deduce that

1
apy(Tn+1: Tnt2) < hgpe(Tn, Tng1) = qpu(Tns1, Tag2) < gqpb(fn,7n+1)~

where h := (1 + (5 < % By induction, the following is clear for all n € N J0

apo(Tns Tnt1) < R qpy(70,71).
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Now, we shall show that 7, is a Cauchy sequence. For this, let n,m € N with m > n, and we have

apo(Tms ™) < qou(Tims, Tm—1) + @06 (Tim—1, Tm—2) + - .. + qDs(Tn+1, Tn)

< sqpo(Tos Tm—1) + $2q06(Tim—1, Tm—2) + - - . + s qpp(Tns1, )
< [S(GHQ) (G +HG)" T+ 5™ (G+ @)™ ape(10,71)
< [s(h)n +s2(R)" 4+ sm(h)er”*l] qpy (10, T1)
m+n—1
< 5™ > Pap(ro,m)

i=n

o0
< 5™ higpy(ro, 7).

i=n
Now, letting m,n — oo in the above inequality it follows that 7, is a Cauchy sequence and since M is

complete x € M such that

lim 7, = x.
n—oo

Suppose gpy(x, Tx) = 0, but gpy(x,Tx) > 0. Therefore we observe that

0> gpy(x, T?x)
> qpy (X, Tnt1) + ao(Tng1, T2X)
= qps (X, T1) + aoo(T? 701, T?X)
> qpo(X, Tas1) + CLapy(Tae1, X) 2ap(Ta1, Ty—1)
+ Coapy (T, TX) 2 qpy (T 71, TP 1) 2.

Taking n — oo in the above inequality we find that gpy(x,T'x) = 0, which is a contradiction. Thus
Tx = x. (]

3. CONCLUSION

The main contribution of this paper is to prove the existence of fixed points via interpolative Berinde
weak contraction. The interpolative weak contraction is extended to adapt various nonlinear self mappings
leading to achieve best topological and geometrical results. One of the major applications of Berinde weak
contraction is that it is used to solve multivalued mappings, that is, it can be used to get more than one
fixed point. Also, it is used to solve initial value problems in ordinary differential equations and integral
equations. Weak contraction merged large amount of contractive operators and formulated fixed points by

the means of Picard iteration.
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