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ABSTRACT. The class Pu,m[A, B] consists of functions p, analytic in the open unit disc E with p(0) = 1 and

satisfy

6= (F+3)me- (5 -3)me, m22

«@
and p1, po are subordinate to strongly Janowski function (%igz) ,a € (0,1] and -1 < B < A < 1. The

class Po,m[A, B] is used to define Vo m[A, B] and Ta,m[A, B;0; Bi], B1 € [—1,0). These classes generalize
the concept of bounded boundary rotation and strongly close-to-convexity, respectively. In this paper, we
study coefficient bounds, radius problem and several other interesting properties of these functions. Special

cases and consequences of main results are also deduced.

1. INTRODUCTION

Let A denote the class of analytic functions defined in the open unit disc

E ={z:]|z| < 1} and be given by

(1.1) flz)=2z+ i anz", z€E.
n=2
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Let S C A be the class of univalent functions in F and let C, S* and K be the subclasses of S consisting of
convex, starlike and close-to-convex functions, respectively. For details, see [3].
For f,g € A, we say f is subordinate to g in E, written as f(z) < g(z), if there exists a Schwartz function

w(z) such that
f(z)=gw(z)), g(z)=2z+ Z b 2"
n=2
Furthermore, if the function ¢ is univalent in E, then we have the following

equivalence
f(z) = g(z) < f(0) = g(0) and f(E) C g(E).
Convolution of f and g is defined as

(g« )z) =2+ Z anbp2".
n=2

The class P,[A, B] of strongly Janowski functions is defined as follows.

[0
Definition 1.1. Let p be analytic in E with p(0) = 1. Then p € P,[A,B], if p(z) < (iigz) , where

€(0,1] and -1 < B< A<

We denote P,[0, By] as P,[B], —1 < B; < 0.

The class P,[A, B] is generalized as:

[e.e]
Definition 1.2. An analytic function p : p(z) = 1+ Y c,2™ is in the class P, m[A, B, if and only if, there
n=1

exist p1,pa € Py[A, B] such that

(12) o= (5 +5)me - (5 -5)me m=2

3
B

It is obvious P, 2[A, B] = P,[A, B]. For the class P;[A, B] = P[A, B, we refer to [6].
About the class P,[A, B], we observe the following.

(i) p(z) < (}igj) implies p € P,[A, B] and it can easily be shown that ¢, (4, B;z) = (igi) is

convex univalent in E. In fact simple calculation yield that

(1—]Ap—t

>0, z€E.

This shows ¢, (A, B; z) is univalent in E.
Also

(20, (A, B; 2)) T(r)
Re{ o (A, B: 2) }> A+ A0+ Br)’

where

T(r)=1—-a(A— B)r — ABr?
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is decreasing on (0,1) and T(0) = 1.
.. s (2¢,(A,B;z))’ .
This implies Re [W} >0in E.

(ii) For A=1, B=—1,p € ¢4(1,—1; z) implies

arg p(z Sg, ze k.
argp()| < &

Definition 1.3. Let f,g € A, M #0, z€ E. Then f € VoA, B;gl, if and only if,
N
(2((5:;))/) € Pam|A,B], z€E,

with F = zf', F € Rom|A, B;g|, if and only if, f € Vo.m|A, B;g] in E.

Special Cases.

(i) VimlA, B; %] = Vi[A,B] C Viu[1,—1] = V,, where V,, is the well known class of functions of
bounded boundary rotation. See, for example, [2,10,12].
(ii) Riml[A, B; %] = Rm[A,B] C R,, and R,, is the class of functions with bounded radius rotation,

see [9].
(iii) VamlA, B; %52 = RamlA, B; 7] = Ra.m[A, B].

1—2)2 ' 1—2

Definition 1.4. Let f,g € A with (g% f)(z) # 0. Then f € Tom|A,B;0;By;gl, if there exists ¢ €
Va.m[A, B; g] such that, for By € [—1,0),

(g f)
(g*v)

€ P,[Bi), z€E.

We note that T1[A, B;0; —1 | = Tin|A, B]. For certain special cases, see [8,11,12].

.z
11—z

2. THE CLASS Va.m[A, B; g]

(o)
Theorem 2.1. Let f € Vum[A, B;g] and let g(z) = 2+ > byz™. Then, with f given by (1.1), A, = anby,

n=2

An=0pn7, o={(T+1)1=p)-(p+2)},

«
where p = (%) , m > 2(1%7’) and O(1) denotes a constant.

Proof. Let F = fxg. Then F € V,,,[A, B]. Since p € P,[A, B] implies Rep(z) > p, p = (%) , it follows
that V. m[A, B] C Vi (p).

Now, F € V,,(p), we can write

(2.1) Fi(z) = (F{(2))'"™", F €Vy,
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see [13].

Using a result due to Brannan [2], we can write

(2.2) 2F(2) =

Therefore, from (2.1), (2.2) and Cauchy Theorem with z = re‘?, we have

1 2m _
w24 < 5 n/ |Fl(2)h(z)|" "6, b€ PolA,B] C Pulp)
r 0
27 (2+3)0-p)
(23) w g [ b,
27 o |82(Z)|(Tf§)(1*p)

Applying distortion result for s, € S* and Holder’s inequality in (2.3), we get

1+p

m_ 1
1 /4N (2-3)0=p) /1 2n {(#+3)0-n}1E5 4 i
, D) S e
n |4n‘ < m (> <2ﬂ_‘/0 |51(Z)| 1472 I 9>

r

(2.4) : (;ﬁ /OQW |h(z)|2d9>12p

Now, for h(z) =14 > ¢,2", we use Parsval identity to have
n=1
R |n(z)|*d6 = i |en[r?"
2 0 ne0

S 1 +m2(1 _ p)2 ZT,Q’H,
n=1

1+ [m*(1 - p)* — 1r?

2. =
( 5) 1—7r2 ’

where we have used coefficient bounds |¢,| < m(1 — p), for h € P, (p).

From (2.5) together with subordination for starlike functions, and a result due to Hayman [5] for m > 2(%7’),

we have

] >{(’;+1)<1p>}p

(2.6) n*|An| < e1(m, p) <1 .

b

where ¢1(m, p) denotes a constant.

Taking r =1 — % in (2.6), we obtain the required result. O

Special Cases.
(i) Let g(z) = %, then A, = a,. Take A = 0, and in this case f € V,,. This leads us to a known
coefficient result that a,, = O(l)n(%fl).

(ii) Let f € Vim [0, -1, ﬁ] = Ry (3). Then a, = O(1)n% =2, m > 6.
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Theorem 2.2. Let f € V, ,u[A, B;g]. Then, for F = fxg, z =ref,

0 <60 <0y <27m, we have

0 (zF'(2)) m 1—A\"
2. IV L — (1) - (=2 .
Proof. Proof is straight forward, since Vo m[A, B] C Vi (p) and F' € V,,,(p) implies there exist Fy € V,,, with

F'(2) = (F{(2))~P). Now, using essentially the same method given in [2], the required result follows. [

Remark 2.1. Let (% — 1) (1 — p). Then, from a result of Goodman [4] and from (2.7), it follows that
F = fxg € VamlA, B] is univalent for 3 = (% — 1) (1—p) < 1. Thatis F € S form < 2(%_;). As a special
case, with g(z) = =, A=0, B=—1 and a = 1, we have F = f, p= 1. Then f € V1 ,[0, —1] implies

[ e = (53)

For this, we can conclude that

Vim[0,—1] C S for 2<m<6.

Also, with g(z) = =, A=1, B = —1, we have a well known result that f € V, is univalent for 2 <m < 4.

Theorem 2.3. Let f € V,, ,[A4, B;g], m < 2(%7;) and p = (%) . Then F(E) with F = f % g, contains

the disc d:

d=dw: )< ————
B 8 + am|A — B|

Proof. From Theorem 2.2, F' is univalent in E. Let wq (wg # 0) be any complex number such that F(z) # wo
for z € E. Then the function

Fl(z):w:z+<142+;)z2+...

is analytic and univalent in F. Using the well known Bieberbach Theorem for the best bound for second
coefficient of univalent functions, see [3], we have

i*|142|§|Az+i’§2~
wo

|wo

This gives us

1
T S 2+ |4
|wol

am|A—B] 8+ an,|A— B|
<2 = .
<2+ 1 1

This completes the proof. O
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Special Cases.

(i) Let A=1, B= -1, a=1; (p =0) and so F'(E) contains the disc |w| < ;75-, m < 4.

(ii) With A =0, B=—1, a = 1, we have p = %, and F(E) contains the disc |w| < z5—, m < L.

1 _8
1 6+m> "' =73
The following properties of the class V, m[4, B; g] can easily be proved with simple computations and well

known results and therefore we omit the proof.

Theorem 2.4. (i) The class Vom[A, B;g] is preserved under the integral operator L : A — A defined

as
0o = [ @) s ds
where L; € Vom[A, B;gl, t = 1,2 and B, are positively real with B+ v = 1.
1-B

(ii) Let f € Vom {AB; ﬁ} Then, with p = (ﬂ) , 2 € FE and z = re'?, we have

(14 Br)-(%+3)
(1 - Br)t-n(2-2)

) m 1
<2< :
Fora=1, feV,[A, B] and A=1, B = —1,the result reduces to f € V,, studied in [2].

(iii) Let f € Vi [A, B; i} and define F € A as

F(z) = 5;1 /O tP=Lf(t)dt, B > 0.

Then F is convex of order v(p), p = (%) , where

) - (B+1)
v=17(p) = {2F1 (20 -p), (B +2);3) B}’

oF1 represents Gauss hypergeometric function.

(iv) The set of all points log f'(z) for a fized z € E and f ranging over the class Vo m[A, B; g] is convex.
(v) Let f € Vam [A,B; ﬁ}, B #0. Then f is close-to-convex for |z| < ri, where

T 2 1—A\“
= 3 —_— B j— :1_ P
" {““<B<v—2>>’ 20 m>2 <1—B>

(vi) Let f € Vom [A,B;g|, and let F = f*g. Then F is convex of order p = (%)a for |z] < rm,

where

Theorem 2.5. Let f1, fo € Vom [A,B;g], B, 9, ¢ and v be positively real,
c>f>1, (w+d)=0. Let F=F,xg, G; = fixg, i = 1,2 and define

(2.8) [F(2)) = 2P~ /zt“l(Gi(t))‘s(G'z(t))u dt.

0
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Then, for z =re’, 0 < 6, < 0y < 2, Z——p, we have

/:QRe{p(z)_Fm}d9>—(l—p)(rg—l>m p= <1:g>a

Proof. First we show that there exists a function F' € A satisfying (2.8). We assume Fy x g # 0, f; x g # 0,
z€ E. Let

Qz) = (G4(2))" (Gh(2)) =1+ drz+da2® + ...

and choose the branches which equal 1, when z = 0.

For K(z) = 271 (G} (2))° (GYy(2))” = 2~1Q(2), we have

/K

d12+

Hence N is well defined and analytic.

Now let

Wl

F(z) = [:’N(2)]? = 2[N(2)]7

W=

where we choose the branch of [N(z)]? which equal 1 when z = 0. Thus F € A and satisfies (2.8). We write

(2.9) Z;S) —p(z), F=F xg.

From (2.8) and (2.9) with some calculations

. Br(x) S [GGHE)T] ) [GGE)
PO h e e | T { &) ]
That is
R 5O R PR C /O A I [<zGa<z >'}
pR)+5e-0 o | Gile) | B Gl

We now apply Theorem 2.2 and obtain the required result.

For m < 2(%? and applying a result proved in [14], it can easily be deduced that

02 ’
Re{p(2)}dl > —m, p(z) = ———=.
| Retro) (x) = Lt
Taking g(z) = 7=z, it follows that Fy € S in E, see [4]. O

3. THE cLASS Ty m[A, B;0; B1; 9]

TomlA, B;0; B1]. Then, for z =re'?, 0 < 6; < 05 < 27,

Theorem 3.1. Let f € Thm [A,B;O;Bl; f]

@
=)= (4)

/‘9192Re{(’z]]:,/((z'z)))/}d9>—ﬁ7r, 8= [(1—p1)+(%—1)(1—p)}.



Int. J. Anal. Appl. 19 (6) (2021)

897

Proof. For f € Tym [A, B;0; B1], we can write

') _ e
) =@ Y EVamld Bl he R0, B

To prove this result, we shall essentially follow the method due to Kaplan [4].
For ¢ € Vi, m[A, B], it implies that ¢ € V;,,(p), where p = (%)a.

Also h € P,[0, B1], By € [-1,0) is equivalent to h < (T}Blz)a. That is,

he Play) C P ay=(3)"

Now, with z = re?| write p(z) = arg f’(z) and ¢(z) = argv’(z). Then

(3.1) )~ a2 < (1 (;)) r

Let P(r,0) = p(ret?) + 6, Q(r,0) = q(re'?) + 0 be defined for 0 < r < 1 and

for all 6. This gives us

(3.2) |P(r,0) — Q(r,0)| < <1 - (;)a> g

From Theorem 2.2, for ¢ € V,, ,[A4, B] C V,,(p), we have

[ e S a2 0) (1 (222) ) e
Thus

(3.3) 1Q(r,01) — Q(r, 02)] < (1 - G:‘;)a) (% - 1) .

From (3.2) and (3.3), it follows that

|P(r,01) — P(r,02)]

= [{P(r,01) = Q(r,01)} — {P(r,02) — Q(r,02)} + {Q(r,61) — Q(r,62)}|
<(-(3))5 () )i (- (75) ) G-
10-G)) (- (5) ) G-

and this proves our result.

Special Cases.

(i) Let « =1, A=1and B = —1. Then 8 = 25! =1 for m = 3. This implies

f €T m[l,—1;0; —1] is univalent for 2 < m < 3.

(i) For A=0, B=—1, =1 we have 8 = 7} and, in this case, f is univalent for 2 < m < 4.
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Remark 3.1. For F' € A, Goodman [4] introduced a class K(B) as

92 / /
/ Re M do > —pBmr, z=re’?, 0<60; <0, <2,
61 F'(z)

and > 0. When 0 < 8 <1, K(B) consists of univalent functions

(close-to-conver), whilest for 5 > 1, F need not even be finitely-valent, see [4].

We note that, for p; = (%)a, p= (%) )

m
Ta,m[AvaoaBl] CK (E(l - p) + (P - pl)) .
This implies F' € Ty, [A, B; 0; —1] is univalent for m < 2 [1 + 1”_—1,0].

Theorem 3.2. For g(z) = 1=, let f € To2[A, B,0, B1] and for v, 3 > 0, let
Fy be defined by

(3.4) Fi(z) = [(1+5)z—5 / tﬁ‘lf“*(t)dtr.

0
Then Fy € TLQ[A,B; 0; Bl] m FE.

Proof. We can write (3.4) as

55 Filz) = [(f()) (222)] g

where

(3.6) bry,8(2) = i (n:;rﬁ>

n=1

is convex in F.
Since f € Ty 2[A, B;0; By], there exists ¢ = 29’ € Ry 2[A, B]
such that £ € P[0, By], v = Vi 2[A, B] in E. Let

(3.7) Gi(z) = [(5+1)z—5 / tﬁ—lwy(t)dtr, G1 = 2G'.

0
We first show that G € V,, 2[4, B].

From (3.7), it follows that

(3.8) (PG (2)} = 2P~ (v (2))

That is

(3.9) (@I B+ ()] =), Hi() = Al
! 1= G1(2)

Logarithmic differentiation of (3.9) and simple computations give us

dHi(z) w1442\ (1+4e
(3.10) ) 18 () (HBz) ) <1+Bz>'
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Now, using Theorem 3.3 of [7, p: 109], It follows from (3.10) that H; € P[A, B] and G; = zG’ belongs to
Ry 2[A, B] = S*[A, B]. Therefore G € V3 5[A, B] = C[A, BJ.

From (3.4), we have

ZF(2)F 7 (2) _ bry,5(2) % 2 (“jz))7 (zf’(z) . f12§)>)

G1(z) byp(2) % 2 (qplz(z))W
—(/)%B(Z)*z(%@)vh(z) he P,(B
bl (BE) € Pa(B1).

Since h(z) is analytic in E, h(0) = 1, and ¢, g(2) is convex, ¢ € S*, we use a result due to Ruscheweyh

and Sheil-Small [17] to conclude that (ZF{CJ??]) (E) C Coh(E), where Coh(E) denotes convex hull of h(E).

This implies Fy € Ty 2[A,B;0;B4] in E. or v = 1 in (3.4), we obtain the well known Bernardi integral

operator, see [7]. O

Theorem 3.3. Let F = fxg, f € Ty, m[A, B;0;B], B#0. Then with

p=(1=8) andv=43E.
(i)
1 @ (1 — Bp)YA=p(F+3) 1 4+ Br)YA=n(2+3) 1 @
(311) LB <) < BT
1+ Br (1+ Br) (1=p)(3=3) (1 — Br)(=n(3-3) 1— Br
(ii)
ov(1=p) B
W [Glg(a, b;c; —1) — r{ “Gi2(a, b; ¢; —7“1)]
< |F(2)]
97(1—p) B
< W : [G12(a7 byc;—1) — Ty “Giz(a, b;c _TQ)] )
where 1 = —ry " = %‘_’Fg:, m < [i((ll:ap; + 2} and a is given in (3.16).

Proof. We can write for F' € T, ,,[A, B;0; B],
F'(2) =G'(2)h(2), h€Py[B1], G=1vxg€V,nlA, B
Since h € P,[B], it easily follows that

(312) () <heis (=5)

From Theorem 2.4 (ii) and (3.12), the proof of (i) is established.

We know proceed to prove (ii).
Let d, denote the radius of the largest schlicht disc centered at the origin contained in the image of |z| < r

under F(z). Then there is a point zg, |z9| = r, such that |F(zo)| = d,. The ray from 0 to F'(zp) lies entirely
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in the image and the inverse image of this ray is a curve in |z] < r.

Using (3.11), we have

A-B
— — / —
&= PGl = [ 1P @l r=

LT (1 = Bs)A-n (45}
> ;i s
/0 (14 Bs)1r(=p)(F—3)+a}
|2|
(3.13) = /
0

Let }tgz - t Then ﬁ = dt’ and 1 _ BS —

m 1

1 _ Bs {v(A=p)(F—35)+a}
(1 +Bs>

(11— Bs)”upa)] ds,

2
%-kt' This implies ds = % (ﬁ) dt. Therefore, from

(3.13), we have

1+Br l—p—a 2
1-Br m 1 2 2 ]-
Pl > a=p)(3--ay (2 e T
| (Zo)|7/1 v 14+t B\1+t¢
1— e
_ _2|(mp) / P p-p) (-1 -a (1 +t)Yd=P=gt
0

1
_/ tr(l—p)(’z—wa_(Ht)r(l—p—a)dt}
0

(3.14) )
. = ———— |11 + 12].
|B|

Now put t = ryu with r, = ifg: Then dt = r1du and

1
Il = / (Tlu)i[’Y(lip) %7%)70] . (1 +r1u)1_p_0‘du
0
1
_ Tl—{v(l—p)(%—%)“l—l}/ w 7= (F—3)-a (14 ru)~ U=t gy,
0

— — m__ 1y o I r -
(3.15) =y 0P 2% 1}-(a)r((c) % Grafa,bic 1),
C

where I' and G129, respectively denote gamma and Gauss hypergeometric functions. Also, here, b,c are
2(1—a)

positively real for m < 2 {1 + 5=

} and are given as

m 1 A-B
a:—v(l—p)(4—2>—a+1, Y= 28 ) B#O

(3.16) c:—'y(l—p)<m—1>—a+2, (c—a)>0.

Similarly, we calculate I and have

_ D(a)l(c—a) abie—
(317) 12 = F(C) G12( aba ) 1)
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Using (3.15), (3.16) and (3.17) in (3.14), we obtain the lower bound of |F(z)|. For the upper bound, we

proceed in similar way and have

B y(1=p)(Z+1) o
rols [ S (g @
0 (1—38)7(17”)(775) 1— Bs

m

l2l /14 B Y(1=p)(F—3)+a
[ (e 1 B
0

1— Bs

Now similar computations yield the required bound and the proof is complete. O

By choosing suitable and permissible values of involved parameters, we obtain several new and also known

results.

Remark 3.2. (i) We use a result of Pommerenke [16] together with
Theorem 3.1 and easily deduce that the class Ty m[A, B;0; —1],

«
m < 2{1—|— 1/)—1,3}’ p1 = (%)a, p = (%) , 18 a linearly tnvariant family of order Bs =

{21 —p)+ (p—p1)+1}. With similar argument given in [16], we have the covering result for
TomlA, B;0; —1] as:
The image of E under F = f % g € Ty, [A, B;0; —1] contains the Schlicht disc |z| = ﬁ, where
Bo={Z(1—p)+1+p—p1}, and F(z) =z+ Y A,2".
n=2
(ii) Let F. be defined as

1

B 00
142\ .
(1—2) —1]:2’—1—5 A",
n=2
where

Blz{%(l—p)Jr(p—pl)JrZ},

Bzz{%(l—p)ﬂp—m)ﬂ}-

It can be shown, with some computations, that F, belongs to the linearly invariant family of To m[A, B; 0; —1].

Using this concept, together with the same argument of Pommerenke [16], we have |A,| < |A%],n > 1
and L, (F') < L, (Fy), F € Ty m[A, B;0; —1] when L, (F) is the length of the image of the circle |z| = r

under F', 0 <r < 1.
Theorem 3.4. Let f € Ty m|A,B;0;—1;9] and let F' = f % g # 0 in E with
F(z)=z+ ZAHZ”.
n=2

Then, for m > 2,
An=00) 0", i ={Z0=p) +lp -1 +n)},

where O(1) is a constant depending on m, «, A and B only.
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Proof. For F € T, |4, B;0; —1], we can write
FlZG/h) GEVa,m[AvB]a G:'(/)*ga ’(/)Eme[A,B;g].

Since Vo m[A4,B] C Viu(p), p = (%)a, and it is well known that there exists G; € V,, such that
G'(z) = (G'(2)) " for z € E.
Also h < (ﬁlz) , which implies |arg h(z)| < 247, p1 = (%)a

Therefore we have

in E.

For G € Vi, there exists s € S* such that G = sh'? " m > 2 and
Rehy > 0 in E, see [1].

Thus, for F € T, m[A, B;0; —1], it follows that

(3.18) F'= ()P (h) P E D (), hie P, i=1,2

So, by Cauchy Theorem and (3.18), we have for z = re*?.

1
Al <
n\ n| = 2mrn

2
/ |s|1”’|h1|”1|h2|(1’p)(%’1)d9
0

(1-p) 27 071 27 27201
1 1 1
= : / [af*d6 ) - */ [ha| 57 db :
rm \ (1 —7)? 27 Jo 27 Jo

where § = (1 — p) (2 — 1) and we have used distortion result for s € $* and Holder inequality.
2

—pP1

Now, for m > {2 + }, we apply a result due to Hayman [5] for h; € P and obtain

1-p

1 > 1+6+p1—2p

(3.19) n|An| < e(p, pr,m) - (1 —

where ¢(p, p1,9) is a constant.

Setting r =1 — %, n — oo in (3.19), the required result follows as

o). i EA—p) (1]} (1T (1-4)°
An O(l) ntz2 5 P1 D) ) P 1—B ’

andm>{2—i—2ff';1}7 n > 2. O

Special Cases.

(i) A=1 implies that p =0 and for a =1, p; = 3. Then

7
A, =0()n 3, m> g

o

Taking m = 4, we have A, = O(1) - n
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(i) A=3,B=-1l,a=1=p=1. Alsop = 3. Then m = 5 > 4 implies 4, = O(1) - n=.
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