International Journal of Analysis and Applications

Volume 19, Number 6 (2021), 904-914 I J A A

URL: https:/ /doi.org/10.28924 /2291-8639 INTERNATIONAL JOURNAL
DOI: 10.28924 /2291-8639-19-2021-904 OF ANALYSIS AND APPLICATIONS

SOME RESULTS BY USING CLR’s-PROPERTY IN PROBABILISTIC 2-METRIC SPACE

V. SRINIVASY K. SATYANNA?2"

Department of Mathematics, University College of Science, Osmania University, Hyderabad, Telangana
State, India
2Department of Mathematics, M.A.L.D. Government Degree College, Gadwal, Palamoor University,
Mahaboobnagar, Telangana State, India

*Corresponding author: satgjls@gmail.com

ABSTRACT. The aim of this paper is to generate two fixed point theorems in probabilistic 2-metric space by applying
CLR’s-property and occasionally weakly compatible mappings (OWC), these two results generalize the theorem

proved by V. K. Gupta, Arihant Jain and Rajesh Kumar. Further these results are justified with suitable examples.

1. INTRODUCTION

Menger [1] pioneered the statistical metric(SM) space theory. One of the major
achievements was the translation of probabilistic concepts into geometry. Menger used the
notation of new distance distribution function from p to q by a Fpq. B. Schweizer, and A. Sklar
[2] introduced a new notion of a probabilistic-norm. This norm naturally generates topology,
convergence ,continuity and completeness in SM-space. Mishra [3] used compatible mappings
and generated some fixed points in Menger space. Altumn Turkoglu [4] proved some more
results of SM-space by utilizing the implicit relation in multivalued mappings. Zhang,

Xiaohong, Huacan He, and Yang Xu [5] employed the Schweizer-Sklar t-norm established fuzzy
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logic system to contribute in development of SM-space. Sehgal, V. M., and A. T. Bharucha-Reid
[6] used classical Banach contraction to establish the first result of Menger space for coincidence
points. Weakly compatible mappings were generalized by Al-Thagafi and Shahzad [7], by
introducing occasionally weakly compatible mappings. Futher Chauhan, Sunny, Wutiphol
Sintunavarat, and Poom Kumam[9] proved some more theorems by using CLR’S-property in
fuzzy metric space. Further some more results can be witnessed by using the concepts of sub

sequentially continuous and semi compatible mappings in Menger space [10].

2. PRELIMINARIES
Definition 2.1 [8] A continuously t-norm is mapping t: [0, 1] x [0, 1] — [0, 1] and it satisfies the
following properties

(t1) tis abelian & associative

(t) tr, D) =y, Vy € [0,1]
(tz3) t(y,w) < t(a,9) fory <aandw < IVy,ad,weE [0,1].
Definition 2.2 [8] The pair (X, F) named as Probabilistic 2-metric space (2-PM space) where X +#

@and F:X X X X X - L here L is the set of all distribution functions and the F value

at (u,v,w) €X X X X X isrepresented by F, ,,, and obeys properties as under

a) Fu,v,w (0) = 0’
b) For all distinctu, vin X 3 w € X with F,,,,, (t) <1 for somet >0,

c) F,pw () =1V t>0,If any two of the three points have to be the same,

d) Fu,v,w ( t) = Fv,w,u (t) = Fw,u,v ( t),
e) Fu,v,w ( ta) = Fv,w,u (tb) = Fw,u,v ( tc) =1 then Fu,v,w (ta +ip + tc) =1

Definition 2.3 [8] A sequence (x,) in 2-Menger space ( X, F,t) is

(i) Converges to f if for each €* > 0, t >0, 3 N(¢) € N implies Fy gq (€) > 1 -,

VaeXandn = N (e").
(ii) Cauchy if for each € >0, t > 0,3 N(¢) € Nimplies £, ,(€)>1-t,
Va€Xandnm = N(e).

(i) If the cauchy sequence converges in X then it is referred as a complete 2-Menger space.
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Definition 2.4 [8] Self-mappings P, S in 2-Menger space ( X, F, t) are called

(1) Compatible If Fpgy spx, a(d) > 1, Va€ Xand d >0 whenever a sequence (x,) in X
3 Px, Sx, — z where z is an element of X as n — co.
(ii) Weakly compatible if the mappings commute at their coincidence points.
(ilf)  Occasionally weakly compatible (OWC) if 3 xin X 3 Px=5x = PSx = SPx.
Remark 2.5 Two weakly compatible mappings are obviously OWC mappings, but the converse

does not have to be the case.

Example 2.6. By treating X = [0, 1] and d be the usual metric on X and for all t; € [0, 1],

define
ty
——, ;>0 . .
Ey v, a(ty) = {fﬁ a-p| 1 V a,f in X and fixed a, t; > 0.
0 ) tl =0

2
Define mappings P,S: X — Xas P(x) = x?, x € [0, 1]and S(x) = g, x € [0, 1].

We notice that the pair (P, S) has two coincidence points 0, % .

Ifx=>thenP (3)=S(3)=> (2.6.1)
Ps(2)=pP)=2, (2.6.2)
SP(3)=8(3)=+. (2.6.3)

From (2.6.2) and (26.3) PS(Z) #SP(Z).
Atx=0,P(0)=S(0)and PS(0) = SP(0).
This shows the mappings P, S are OWC but not weakly compatible.

Definition 2.7 [9] “Self maps P and S of a 2-Menger space (X, F, t) are said to satisfy

CLR’s - property (common limit range property) if there exists a sequence

(x,) € X 3 Px,Sx, > Sz, forsomeelementz€ X asn — oo.

This example shows that mappings P, S satisfy CLR’s- property but they do not have closed
ranges.

Example 2.8. Take X = (0, 1] and ¢t € [0, 1], define
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t
,t>0 .
E,,(t) = {H a=p | VapfinXandt > 0.
0 ,t=0
1—x, x €(0,
DefineP,S: X - XasP(x) = 2
x, x €[z,
3
and
2
2x, x € (0, 5]
S(x) = 2
1, x €3 1]

. 1 1
Consider a sequence x, = 37 forn=1,2,3... then

1 1 2 12
Pr,=1-(; - =)=2+ =2
n 3 3n 3+ 3n 3
1 1 2 2
Sx,=2(; — —)= 7 — — —zasn - ©
n (3 3n) 3 oan 3

Thus Px,, Sx, — S(%) = gasn - oo,

1

)

(2.8.1)

(2.8.2)

(2.8.3)
(2.8.4)
(2.8.5)

(2.8.6)

Where P(X) = (5, 1], S(X) = (0, g] U{1} this shows that P, S are satisfy CLR’s- property but they

3/

do not have closed ranges.

Now we give the statement of Theorem (A). It is proved by V. K. Gupta et al.

Theorem (A) [8] “ Let A, B, S and T be self -mappings on a complete probabilistic 2-metric space

(X, F, t) satisfying:

(A) AR € T(), BR) € 5(%)

(A,) one of A(X), B(X), T(X) or S(X) is complete,
B

(A3) pairs (A, S) and (B, T) are weakly compatible,
(As) Fax. By, o (t) 21 Fsx 1y, o (t) forallx, yand t >0,

where 1: [0, 1] = [0, 1] is some continuous function such that r(t) > t for eacho <t <1,

then A,B,S and T have unique common fixed point in X",

We now generalize Theorem(A) as under.

3. MAIN RESULT

Theorem 3.1 Let A, B, S and T be self -mappings on a complete probabilistic 2-metric space

(X, F, t*) satisfying :

(3.11) A®) cT®), B®) <SX),

(3.1.2) the pairs (A, S), (B, T) share the CLR’s property with OWC,
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(3.1.3) Fyx. By, a (t") =1 Foy. Ty, a (t") forallx, yand t* >0,
where 1: [0, 1] - [0, 1] is some continuous function such thatr(t* ) > t* foreacho < t* <1
then A, B, Sand T have unique common fixed point in X.

Proof:

Iteratively the sequences (y,) and (x,) can be constructed as

x0€ X= Axo€ A(X) € T(X), 3 x1 €X in such a way that Axo = Txi,

Bx1 € B(X) € S(X) then we have x; € X with Bx; = Sx»

(Yan) = Axzn= Txzny1and (Yope1) = Bxonys = Sxong o (3.1.4)
Now our claim is to show (y,) is cauchy sequence.

For this take x =x,,, ¥ = x3,41 in (3.1.3) we get

Fszn' B X2n+1, a (t*) = rFS’Czn- T Xa2n+1 (t*)’ (3'1‘5)
:FYZn‘ Yon+1, a (t*) = rF)’zn—1- Y2n, a (t*) > F)’zn—1- Ya2n, a (t*) (316)
Similarly

F)’2n+1' Y2n+2, a (t*) > Fan- Yon+1, a (t*) (317)

In general we have F, (t") > By, o (¢7) for all values of n.

n+1- Yn, @

Then < F,

Yos1. yn, a (t7) > is an increasing sequence bounded above by 1 therefore it must

converge to L, where L < 1.

IfL<1thenF

Yn+1- Yn @

(t) =1 for all n and p.

(t*) =L >r(1) >1 as a result of the contradiction, L=1.

Hence F,

Yn+1- Yno @

As a result, because Cauchy sequence exists in complete space X, it has a limit z in X and
consequently each sub sequence has the same limit z.

That is AX2n, Sxon = z and Bxon+1, TXon+1 = z as n — oo. (3.1.8)

On using CLRs-Property of (A, S), (B, T) implies there are

sequences (an ) as well as (b, ) in order for

Aan,San,Bb,, Tb,— Spas n— o forsome p in X. (3.1.9)

To prove z = Su put X = az, y = xan+s in (3.1.3) we get

Faayn. Bxomes, @ () 2T (Fsay, Txpnys, a (87)) @sn—> 0 (3.1.10)
S P o (€) 2T (Foy s, 0 (E)> Fsy o a (£ (3.1.11)
Resulting Fs,, , ¢ (t*). > Fsy. 2, o (t7) (3.1.12)
which is a contradiction. Hence Sp =z. (3.1.13)
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Claim A p=5Sp.

Put x = p, y = xans3 in (3.1.3) we get

Fap Bxgnys, a (E7) =T (Fsp 7xpp45, a (£7))asn - o
= Fap 2, a (£7) 271 (Fsy 4, o (7)) using (3.1.13)

= Fap 7, a () 21 (B4 o (t7))=1(1) =1

This results A p=Spu=z.

Since the pair (A, S) obeys OWC resulting
Apn=Su=SApn=ASu. Thatis Az =Sz.

Claim Az = z.

Substitute y = x2n+3, X = z in (3.1.3) we have

Faz Bxypys a &) 2T Fsy 15, ., o (£7) letting n — oo,
= Fay 7 2 (t7)=71Fs; , 4 (t7) using (3.1.18)
= Faz, 2,0 (1) 27Faz. 2 0 () >Faz 5 o (1),
= Faz, 2,2 (") >Faz. 5 a ()

This is a contradiction. Thus z = Az.

Resulting Az =5z = z.

Since Az € A(X) € T(X) then 3 p € Xsuch that Az =T p.

Claim z = Bp.

By employing x = x4, y = p of (3.1.3) we obtain
Fax,, Bp (t7)2TFsx, 1p, a(t)asn—-oo.
From (3.1.22) & (3.1.23)

=>F, gp () 27F, 1p, o(t7)=1(1) =1

Thus z = Bp = Tp.

Since the pair of mappings (B, T) obeys OWC, this results

Bp =Tp = BTp = TBp. Thatis Bz=Tz.

Claim z = Bz.

By substituting y = z, x = z in (3.1.3) results

Faz, Bz a (t") 27Fs; 17 o (t7) using (3.1.22) &(3.1.26)

Fz, Bz a (t*)ZTFZ.Bz, a (t*)>Fz.Bz, a (t*)

Resulting F, Bz a (t*) > F;. gz, o (t7).Itis impossible. Therefore Bz =z.

Combining all we get Az=Bz =z =5z =Tz

3.1.14

—
~—

3.1.15
3.1.16

3.1.17

—
~

(3.1.18)

(3.1.19)

(3.1.20)
(3.1.21)

(3.1.22)
(3.1.23)

(3.1.24)

(3.1.25)

(3.1.26)

(3.1.27)
(3.1.28)
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Thus z is the required common fixed point for these mappings A, B, Sand T.
Uniqueness:

Assume z; is second common fixed point.

Now assume z # z;.

By considering y = z1, x = z in (3.1.4) we obtain

Fyg, Bz, a (t") = 71Fs;, Tz,, a (t")

Fym o €)27E 0 o ()2 F 4 o (t)

E, 5, a (tY) > F; 4, 4 (t") whichis absurd. Hence z = z1.

As a result, four self- mappings A, B, S, and T have the only one common fixed point.

Now we justify our theorem as under.

3.2 Example

Let us take X = [0, m] and eacht € [0, 1], define

t
,t>0 ,
E,,(t) = {HI a-p | foralla,pin X, t > 0.

0 ,t=0
Define mappings P,S,T&Q : X - Xas

2e"™, x €0, 2)
A(x) =Bx) = . (3.2.1)
m—x, x € [E’ |
2¢7™" x €0, 5)
and S(x) =T(x) = - 2 (3.2.2)
X, x € [E’ |
Now A(X) = B(X) = [0, 2] and S(X) = T(X) = [0, m]
implies A(X) €S T(X) and B(X) S S(X).
Clearly % and 1 are coincidence points for the mappings B, T.
=T Ty _ T T\ _ T\ _ T
Atx=Z2,B(2)=T(5) and BT(3)=B(5)=1%
i s T . . T s
TB (E) =T(;) = 5 implies BT (E) =TB (E)
Atx =1, B(1) = T(1) and BT(1) # TB(1).
Thus the pairs (A, S), (B, T) satisfty OWC but are not weakly compatible.
Ifx,= Z—= foralln> 1. Then (3.2.3)
2 n
1 1
Stp= Txp=S( Z—= )= 2 -~ =~ (3.2.4)
1 1 1
Ax,= an=A(§—; )—n—(%—;)=§+; —>§asn—> 00, (3.2.5)
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= Axy, Sxp, Txy, Bx, = S( g )asn — oo, (3.2.6)

This gives the pairs of maps (A, S), (B, T) sharing the CLR’s property with OWC.

Thus A, B, S and T satisfy all the norms of Theorem and having the unique commonly fixed
pointat>as A (5)=5(3) =B(3)=T(3) =7.
Now we present another generalization of Theorem (A) as under.

Theorem 3.3 Let A, B, S and T be self -mappings on a complete probabilistic 2-metric space
(X, F, t*) satistying :

(3.3.1) ARX) < T(X), BX) = S(X)

(3.3.2) the pair (A, S) satisfies CLRs property with OWC and (B, T) satisfies OWC.

(3.3.3) Further Fyy gy o (t*) 21 Fsx, 1y, ¢ (t¥) for all elements x, y in X andt*>0

r is continuous self-map on [0, 1] such that r(t*) > t* for each o <t*<1.
Then A, B, Sand T have unique common fixed point in X.

Proof:

Take the constructed sequences < x,>, <yn»> in Theorem (3.1) as

(V2n) = Axn=Txzpi1and (yani1) = BXzns1 = Sxony 2 - (3.34)

It is already shown that (y,) as cauchy sequence.

As a result each sub sequence has the same limit point z in complete space X.
That is Axon, Sxon = z and Bxon+1, TXon+1 = 2.
The pair (A, S) obeys CLRs-property this implies there is a sequence (z,,) such that
Az,,Sz, = Sv for some v in X.

Claim z = Sv.

By putting y = Xon+1, X = zy, in (3.3.3), that results

Fanm, 5xomss a ()2 TFs 1apss o (£) asn— oo (3:35)
Sy 0 ()2 TFsy 5 o (8> Foy s o (), (33.6)
S, 50 (6> Fsy s o (). (33.7)
This is absurd. As a result Sv =z. (3.3.8)
Claim Av = Sv. (3.3.9)
By inserting x = v, y = xan+3 in (3.3.3), that results

Fav, Bxynss o« (&) 27Fsy 1x,,,,, o(t?)lettingasn - oo (3.3.10)
= Fpy, 7 2 (t7)27Fs, , 4 (t) using (3.3.8) (3.3.11)

= FAv, Sv, a (t*) = TFS‘U. Sv, a (t*) = 1'(1) =1 (3.3.12)
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> Av=Sv=2z

Since the pair (A, S) satisfies OWC property, that results
Av =5v = SAv = ASv. This gives Az = Sz.

Claim Az = z.

By replacing y = xon+1, x =z in (3.3.3), as a result

Faz, Bxynsr a (") Z7Fsz. Txppyy , a (7). Asn—> 0
SFy, 2 a0 t)21Fs, , 4 (t7), using (3.3.14)

= Faz 500 ) 27Faz 2 o () > Faz. 7 o (t7),

= Faz, 2,0 (€)>Faz 7 o ()

This is a contradiction. Consequently Az = z.

By combining (3.3.14) and (3.3.18) gives z = Sz = Az.
Since Az € A(X) € T(X) then 3 w € Xsuch that Az=T w.
Claimz =B w.

By using x = x4n, y = w of (3.3.4), we obtain

Fax,, Bo (67) 2TFsx,, 1w, a(t’)

Taking limit as n — oo and from (3.3.19) and (3.3.20) we get
SF, b ()2TE , ot) = (1) =1,

Thusz=Bw =T w.

Since the pair (B, T) obeys OWC property gives
Bw=Tw = BT w = TB w implying Bz = Tz.

Claim z = Bz.

Applying x =y = zin (3.3.3), this resulting

Faz, Bz a (t*) 27Fsz 17 o (1),

using (3.3.19) and (3.3.24)

> Fy, Bz a (t)27F; gy o (') > Fy gy, a (),

=F, Bz a (t') >Fz Bz o ()

Contradicting the fact implies Bz =z.

Asaresult Az=Bz=Sz=Tz = z.

(3.3.13)

(3.3.14)

(3.3.15)

(3.3.16)
(3.3.17)

(3.3.18)

(3.3.19)

(3.3.20)

(3.3.21)

(3.3.22)
(3.3.23)

(3.3.24)

(3.3.25)

(3.3.26)
(3.3.27)

As a consequence four self-mappings A, B, S, and T, there is a fixed point commonly.

Uniqueness can be easily proved as in the Theorem (3.1).
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Now the Theorem (3.3) can be supported by discussing with suitable example.

3.4 Example

We choose X = [0, 1], d be usual metric on X and each t € [0, 1],
define

t
—, t>0
Py (1) = {H a=p |
0 ,t=0

Choose mappings P,S,T&Q: X — Xas
1—-2x, x €[0, 0.2]

foralla,Bpin X, t > 0.

Pm=00={ 2\ coz 1] (341)
3%, x €0, 02
and S(x):T(x)z{x’,j . Ego.z 1]]. (3.42)

Now P(X) = Q(X) = (0.04, 1] and S(X) = T(X) = [0, 1]

sothat P(X) €ET(X) and Q(X) € S(X).

Clearly 0.2 and 1 are coincedence points of the graphs Q, T.

Atx=0.2,Q (0.2) =T(0.2) =0.6 but QT(0.2) = Q(0.6) = 0.36, TQ(0.2) = T(0.6) = 0.216
Atx=1,Q(1)=T(1) and QT(1) = Q(1) =1=T(1) = TQ(1).

This demonstrates that the pairs (P, S), (Q, T) are OWC mappings, although they are not weakly

compatible.
If we choose x, = 1— - foralln>1. Then (34.3)
4 4
4 4
Sx,=S( 1-5-)= (1-7)° —lasn— oo (3.4.5)
This implies Px,,, Sx, = S(1) asn - oo. (3.4.6)

This gives the pair (P, S) satisfies CLR’s-property with OWC and the pair (Q, T) is OWC.
Thus the mappings P, Q, S and T satisfy all the norms of the Theorem (3.3), containing unique
common fixed point at 1 as 1=P(1) = Q(1) = S(1) = T(1).

4. CONCLUSION
In this paper Theorem (A) is generalized in two ways.
(@) Theorem (3.1) is formulated by employing CLR’s-property and applying OWC for both the

pairs instead of assuming weakly compatible mappings.
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(b) Theorem (3.2) is formulated by employing CLR’s-property and OWC for one pair and OWC

for the other pair instead of assuming weakly compatible mappings.

Further these two results are justified with suitable examples.
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